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’MATH 202 SECOND MIDTERM SOLUTION KEY

IMPORTANT

1. Write your name, surname on top of each page.

2. The exam consists of 4 questions some of which have more than one part.

3. Please read the questions carefully and write your answers neatly under the corresponding questions.
4. Show all your work. Correct answers without sufficient explanation might not get full credit.

5. Calculators are not allowed.

1 2 3 4 TOTAL

30 pts. 20 pts. 30 pts. 25 pts. 105 pts.

1.)[30] Find a power series solution of the initial value problem:

y'—2xy —2y=0, y(0)=1,%(0)=0.

When does the series solution converge and what is its sum?

Solution:

Given the IC at x = 0 we need to solve the DE about this point. Clearly x = 0 is an

ordinary point and hence a power series solution near this point has the form: Z anpx"

n=0
Computing the derivatives:

o0 o
y = Z a,nz™ ' and Z a,n(n—1)z""
n=1 n=2

To find the recurrence relation equations we plug these into the equation:

Zan (n—1x —QZannx —QZan =



Rewriting the first summation so that each summation has the same x factor by n +— n+2
yields:

Zan+2 n+2)(n+1)z" —ZZan nx" —QZ% =0
n=0 n=1 n=0
< 2(ay —ag) + Z [(n+2)(n+ 1)ansa —2(n + 1)a,] 2™ =0
n=1

2a,
n+2
The last line above is the recurrence relation which lets us compute every single coefficient
a;. The nth coefficient depends only upon the (n —2)nd one. So it is natural to split the
solution series into 2 parts: even powers and odd powers. This is:

& ag=ag and a0 = n>1

a _ 2an,2 _ 2- 2&2n74 _ _ 2”&0 _ @
2 2n 2n(2n — 2) 2rpl ol
2a2, 1 2 2a9,3 2"ay
a n — —— .
T 1l 2n+D)(2n—1) 2n+1)2n—1)---5-3

Hence the general solution becomes:

o 2n [e.o]

z 2" 2n+1
_aoz n!+a1§3_5m(2n+1)x .

n=0

Now using the IC: y(0) = ap = 1 and 3/(0) = a; = 0 the solution of the IVP is:

This series converges everywhere. Recalling E —~ = e” we substitute z — 22 and show
n!

n=0
that:




2.) A second order linear homogeneous differential equation with a regular singular point x = 0 has
the indicial equation F(r) =72 — 1 = 0. Let the recurrence relation be:

a1 =0 and [1—(n+7)?]a,=a,2 n>2

(a)[14] How many solutions of the form y = x" Z a,z" do there exist? Explain fully.

n=0

Solution:

Roots of the indicial equation are r; = 1 and 7 = —1 (which are exponents at singularity).
Since r; — ro = 2 is an integer it is not guaranteed that both solutions are of the desired
form. Nevertheless, for the bigger root r; = 1 this type of a solution exists.

r1 = 1: Being the bigger root, a solution of the form:

y1<33') _ Zanxn+l
n=0

exits, where a,, are obtained from the given recurrence relation.

o0

ro = —1: We assume that ys(x) = Zanxn_l where a; are to be computed. Letting

n=0
ap # 0 we start calculating the coefficients:

a; =0, [1 —(n— 1)2] p = Qp_o, N > 2.
For n = 2, we get:

[1—(2—1)2}a2:a0<:>0-a2:a0<:>a0:0
which is clearly contradictory to our assumption that ag # 0. Hence, we conclude that
y2(x) contains a logarithmic term.

There is only one solution of the required form, for r; = 1.

(b)[6] Write down first three nonzero terms of the solution(s) of the form y = z” Z anx".
n=0

Solution:

First remark is only terms like z2"*! survive, i.e. a; = 0 = ag,41 = 0 for all n € Z. We

need to compute the coefficients of the terms 2%+, 22*! and 2**!: q is free and:

Qo aq
Qa — e p——
2 [1—(2+1)2] 8
(05} Qo Qo Qo
a4 = _—_— = =

1—(4+1)2 24 24-8 192

Hence we have obtained:

x> ad
yl($)2@0($—§+19—2—"')




3.)[30] Solve the initial value problem:

" / o 0 0§t<2 - / .
vewe={G,_ ) SE y(0) = 1, 4/(0) =0,

where 6(t — 4) is a Dirac delta function. [Hint: You might need to use the definition of the Laplace
transform]. Show also that y(¢) is continuous.

Solution:

Taking the Laplace transform of both sides:
LAy" + 2y + 2y} = L {ua(t)o(t — 4)},

which is equivalent to:

s*Y (s) — sy(0) — y/(0) + 2sY(s) — 2y(0) + 2Y(s) = /000 e M ug(t)5(t — 4)dt =

= / e ot — 4)dt = e
2

as 4 € (2,00) followed by the integration properties of Dirac delta function. Substituting
the initial conditions:

(2 +25+2)Y(s) = (s+2)=e ¥ e (s*+25+2)Y(s) =e ¥ +5+2.
Now leaving Y'(s) alone and using s + 2s + 2 = (s + 1) + 1 we receive:

e 48 N s+1 N 1
(s+1)2+1 (s+12+41 (s+1)2+1

Y(s) =

We now take the inverse Laplace transform by using the shift properties and L' {Y(s)} =
y(t). One useful shift theorem is:

L7 e F(s)} =u.(t)f(t—c), where LT {F(s)} = f(t).

1

First noting that Lil {m

} = ¢ 'sint we see that the solution y(t) is:

y(t) = ug(t)e " Ysin(t —4) + e 'sint + e L cost

y(t) is trivially continuous everywhere except possibly at ¢ = 4. So check only limits from
right and left as t goes to 4:
lim y(t) = e *(sin4 + cos4)

t—4—

lim y(t) = sin0+ e *(sind + cos4) = e *(sin4 + cos4) = y(4)

t—4+

which are equal. Hence y(t) is continuous.



4.)[25] Find a continuous function f(t) which satisfies the following integro-differential equation and
the initial condition:

7ty - / FE)dE = un(t) + 1, 1(0) = 1.

where us(t) denotes a unit step function (Heaviside function).

Solution:
t

We observe that / f(&)d¢ = f* 1. Hence the convolution theorem implies: L {f x 1} =
0
L{f}L{1} = F(s)/s. Furthermore, L {t} = (—=1)'d(L {1})/ds = 1/s*. Combining

these and taking the Laplace transform of the equation:
F(s) e 1

sF(s)— f(0) — = ta
We use the initial condition as well to find:
52_1F(s):6_25+l+1@F(s): < PSS S
s s s? 2—1 s(s2—1) s2—-1

With the help of partial fractions we immediately see that:
1 S 1

s(s2—1) s2—1 s~

So F'(s) has become:
e s 1
F(s)= 2 - —.
(s) s2—1 * s2—1 s

Inverse Laplace transform finds f(t) to be:

f(t) = uy(t) sinh(t — 2) + 2cosht — 1

Note that each hyperbolic sine or cosine function is an exponential, hence your answer
could be: f(t) = uy(t)sinh(t —2) + e’ + e — 1.

Some basic Laplace transforms you might need

. a
,8>a L{sinat} = -——,5>0
s—a s“+a

L{1} = % s> 0 L) =

L{cosat} = §>0 L{sinhat} = ﬁ, s> la| L{coshat} = ﬁ, s> lal

52 4+ a?’




B U Department of Mathematics
Math 202 Fall 2004 Second Midterm

2 t
1. Consider the vectors X(l)(t) = ( ;t ) and X(2)(t) = ( Zt )

a)Discuss their linear dependency and independency.

Solution:
t2 n e\ [0 N t2 et aa) (0
“\ o 2l e )7\ o 2% et e ) Lo
t* e .

= they are linearly independent on any subset of R not containing ¢t = 0 or ¢t = 2,
i.e. on (—00,0),(0,2), and (2, 00).

b)Can they be solutions to a system x’ = Ax with A consisting of constant numbers?

Solution:

They can not as such a system with numerical A will have a Wronskian which can
never be zero.

c)Find a system of equations that they satisfy.

Solution:
2 et a b t? et
SOIVG(% et) _<c d)(2t et)fora,b,c,d.
0 1
= A= 21-t) t*-2

tt—2) t(t—2)

2. Find the general solution of the given system of equations.

—4 2 t!
! __

Solution:



' = Px+ g(t)

Eigenvalues and eigenvectors:

|A—r[|:0:>‘ 4;7" 2 2o

—1—r

7"1:O,r2:—5and§1:(;>and§2:<_?>

(D)ol 2 )en
(4 ) (5 3)

y'=Dy+Tg(t)

() =(0 5) ()= (25 73 ) (an i)

Then, y; = Int + 8/5t + ¢; and y, = 4/25 + coe™™

x = Ty then,

() en()ere (meena( b))

3. For the differential equation 2zy” + 3y’ + xy = 0, show that it has a solution in the form
> oo o apz™. Find the domain of convergence of this solution.

Solution:

o0
Yy = E anpx"
n=0
[e.e]
/I n—1
Yy = E Nna,x
n=1

o0

Y’ = Zn(n — 1ayz"?

n=2

Put these into the equation then;

Z 2n(n + Dayz™ + Z 3(n+ Dayz™ + Z 12" =0

n=1 n=0 n=1

3a1=0=a; =0
(2n+3)(n+ Dapy1 + an—1 =0

az=as=ay=..=0

(%) Qo Qo

=————— .. then
2.4.5.9.6.13




$2 $4
= 1 — — — ...
v ( 25 2459 )

Apply ratio test:

. (—1)n+1g2n+2 2.4.6...2n.5.9.13.(4n + 1)
i )
oo | 2.4...2(n +1).5.9.13...(4n + ) (—1)nz2n
72
li =0<1 V.
nggo‘(Qn+2)(4n+5)‘ v

Therefore the domain of convergence is (—o00, 00)

4)Given the same differential equation 2xy” + 3y’ + zy = 0 as above, show that x = 0 is a
regular singular point. Find a second (linearly independent) solution of this equation near
x = 0 by the series method. Also discuss its domain of convergence.

Solution:
. 3 ) , T ‘ ‘ . .
limr.— ==-<oo andlimz*— =0 < oo i.e. x =0 is a regular singular point.
n—0 2 2 n—0 21
Put Yy = Z anxn—&-r’ y/ — Z(n_’_r)anxn—i-r—l’ y// — Z(n + T‘)(TL—{—T - 1)anl,n+r—2
n=0 n=0 n=0

Put these into the equation,

(2r2 + r)agz™ ' + (1 +7)(2r + 3)ayz” + Z((n +7)(2n + 2r + 1ay, + ap_o)2z™ !

n=2

2r2+r=0=r,=0, ro=-1/2, a; =0 and qy is arbitrary.

Ap—2
For 1 = 0= a, = ———"—2
o ¢ n(2n + 1)
x? xt a0
= 1—-— — —
n=all = ot 55~ 5150613
Ap—2
Forrg = —1/2 = a, = ——n=2
or 19 /2=a n@n— 1)
x? xt a0

)

— 11— — — ..
o=l = oot o~ 93 aT6l
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1. By using the Method of Undetermined Coefficients find the solutions of the given initial value
problem.

y"+ 2y + 2y =sint; y(0)=1, y'(0)=0.

Solution:

7‘2—|—2T—|—2:0:>T’172:—1j:?:
Hence y, = e *(cy cost + casint)  ¢1,c0 €R

By the method of undetermined coefficients vy, = Asint + B cost.

1 2
Using diff. eqn., A = = B = ~E

_¢ . 1. 2
So, Ygen = € (cl cost + 62s1nt) + gsmt - gcost

2 7
or y(0) =y E a=g
/ —t . —t . 1 2 .
Yoen = —€(c1cOSt + cpsint) + e " (—ecrsint + ¢y cost) + R cost + R sin ¢

1
y/(o):_(01)+02+5202>02:

ol O

Hence the solution

=e (= Cost+§sint) - 1simt— 2cost
R 5 5 5



2. Find all singular points of 3x%y” + (x — x?)y’ —y = 0 and determine whether each one is
regular or irregular. If possible, find the series solutions corresponding to xo = 0, by finding
the indicial equation, its roots and the recurrence relation. Also find the radius of convergence
of these series solutions.

Solution:

P(x) = 32z% and P(0) =0

. (z—a2?) 1 l-x
ma—s—=3  ol)=—3
& analytic at z¢ = 0.
: 2(_1) _ —1 2 _ -1
M T g vq(r) = 5

Hence xy = 0 is a regular singular point.

No other singular point.

e}

Let y = Z a,z" ™™ be a serial solution about g = 0.
n=0
Then ¢ = Z(r +n)a,z" " and y’ = Z(r +n)(r+n—1)a,z""?
n=0 n=0

Using diff. eqn.

Z 3(r+n)(r+n—1a,z"™+ Z(T +n)a,x" "

n=0 n=0

— Z(r +n—1Da,_ 12" — Z a, 't =0
n=1 n=0
= [3(r)(r — 1) +r — 1]Japz” = 0 and

SHBOr+n)r+n—1)+ (r+n) = 1a, — (r+n—Da,}2" " =0

So, I(r) = 3r* — 2r — 1 = 0 (indicial equation)

and r =1, TQZ_%
—1
Recurrence relation: a,, = (7"+n)(g:_f3n—2) — 1an_1, n>1
F 1 1 L > 1
orr =1: a, = Ap1 = —Qp_1, N >
- m+1)Bn+1)—1 """ 3n44a "
alzéag, agz%al, CL3:%CL2,
N 1 1 1 1
AL Qg - .. s Ay = =Ag—01— Qe
L 7°10 '137%3n 44 "
1
= a, ag, n>1

T 71013 .. (3n+4)



- 1
Hence yy =z +x " by taking ag = 1.
= 21:7-10-13-...-(3n+4) v takihie do
1
FOI'?"QZ—%Z an:S—nan,l, n>1
a1=§a0, a2:3%2a1, a3:%a2, T ansznan—l
_ 1 1 1 1
ay - Qg - ... Gy = a a as... Uy
b 3.1°3.2'3.37°%"3.0 """
= @, = 32500, n > 1 (true also for n=0)
Hencey2:x13i ! x"
5 3n - n!

Radius of convergence for both series solutions is oo by the Ratio Test.

Ap41
Qn,

(as p = lim =0<1)

T—00

3. If m is a positive constant, find that particular solution y = f(x) of the differential equation
y" — my” + m2y’ — m3y = 0, which satisfies conditions
£(0) = £'(0) = 0, £'(0) = 1.
Solution:
(D* —mD*+m?D —m?)y=0
[D*(D —m) +m*(D —m)Jy =0
(D? + m2)(D — m)y = 0
= {cosmz,sinmz, ™} form a fundamental set of solutions.
Hence the general solution:
y=ae™ +bcosmxr+csinmr = y(0)=a+b=0=a+b=0,
Yy = mae™ — mbsinmz + mccosma = y'(0) =ma+me=0=a+c=0,
So, b=c= —a.

Then y' = ma(e™ + sinmzx — cosmz), y” = m2a(e™ + cos mz + sinmz).

1
"(0) =1and y"(0) =m’a(1+1) =1=a= —.
V(0) = 1and y'(0) = m*a(l +1) = 1= a =
1
Hence y = f(z) = — (™ — cosma — sinmz) is the solution.

—2m2



4. Solve the initial value problem,

0, ift <2,

y' +4y' +4y = { s , y(0)=1, y(0)=0

e = ift>2

Solution:

i.e. solve 3’ + 4y’ + 4y = ua(t)e!? satisfying y(0) = 1, ¥/(0) = 0 conditions.

By Laplace transform,

s*Lly] = sy(0) = y'(0) + 4[sLly] — y(0)] + 4L[y] = Llua(t)e' ]

For g(t — 2) = "2 and ¢(t) = e*, by 2°¢ Shifting Theorem, L[uy(t)e!=2] = e~ 25L][e!]

= (s +4s+4)LJy] — s — 4= e 2L]e]

—2s

(s +2PL[y = s + 4+ —
1 2 e %
Lyl =
W=t v T oG 2e
1 2 L1919 1/3
L _ 2s _ _
g s—i—2+(3+2)2+6 L—l s+ 2 (3—1—2)2}
1 1 1
=y =c "+ 2 + uy(t) [get — 56’% — §t€2t]

4
5. Find the inverse Laplace transform of In(1 + —).
s

Solution:
d 4 d 2s 2
—In(l1+—)=—[In(s*+4)—2Ins| = — =
dsn< +52) ds[n(s 4 ns] s2+4 s
d 4 4
—1 —1
= L [%h’l (1+?):| :2C082t—2:(—1)t£; |:1n <1+§):|

So, L1 [m <1 + —)} = %(1 — cos 2t)

Recall L[tf(1)] = (—1)LL[f()] or L7 [(=1)Lp(s)] = tL"[p(s)]
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Some basic Laplace transforms you might need

1 a
, 8> a Lfsinat} = ——,s>0
s—a { } s2+a?

L1} = é §>0 L{et) =

L{cosat} = % $>0 L{sinhat} = ﬁ, s>la| L{coshat} = ﬁ, s> lal

+a?’

1.)[25] Use the Laplace Transform to solve the initial value problem:

" / _ . 0 0<t«l1
y" — 2y 4+ 5y = g(t) where g(t)—{et 1<t

subject to the initial conditions y(0) = ¢'(0) = 0. Is the solution continuous at ¢t = 17
Solution:

Using the step function representation:
y" — 2y + 5y = ui(t)e'.
Taking the Laplace Transform of both sides we get:

Lly" =2y + 5y} = L{wa (t)e'}
= 5%V (s) — sy(0) — y/(0) — 25Y () + 2y(0) + 5Y(s) = eL{ui(t)e" '} = ese_ T

—S

Now using the initial conditions and leaving Y'(s) alone on the left:

Yis) = Go(2—25+5) (s—1)((s—12+4)




We now expand this product into partial fractions so that we obtain a sum: let s—1=7p
then:

1 A Bp+C

— =4 = Ap? +4A+Bp*+Cp=1=A=1/4, B=—-1/4,C =0.
p(p*+4) p p*+4 P P P / /

Then we have to invert the equality in s-domain:

Let us denote by h(t) the inverse Laplace of H(s). Then:
h(t) = €' — e’ cos 2t.
Hence y(t) = (e/4)L e *H(s)} = (e/4)us(t)h(t — 1). Namely:

y(t) = Zul(t) [e™t — e teos2(t — 1)) =

uy (t)et

[1—cos2(t —1)]

is the unique solution of the problem.

This solution is definitely continuous everywhere, by construction. Let us show this at
t =1 (at other points there is no problem at all!):

(a) lirln y(t) = 0 since y(t) =0 for t < 1.
t—1—

b) lirln+ y(t) = lirln+ e'[1 — cos2(t — 1)]/4 = 0 since uy(t) = 1 for t > 1.
t— t—

(
(c) We conclude PH% y(t) =0.
(

d) Finally y(0) =0 = Prrll y(t), hence y(t) is continuous at ¢ = 1.



2.)[25] Find the solution to the following initial value problem:

10
'+ 4y +4y =06(t —nm) + Z(S(t — km)sint
k=1

where y(0) = 0 and ¢'(0) = 2. Find also lim y(?).

n—oo

Solution:

We simply take the Laplace transform of both sides:

10
s*Y (5) — sy(0) — /' (0) + 4sY (s) — 4y(0) + 4Y (s5) = e "™ + Z e k™ sin k.
k=1

Using the fact that sin k7 = 0 for every integer k and the given initial values we receive:

e—nﬂ’s 2

12?5127

(8> +4s+4)Y(s) —2 =" & Y (s) =

1 INAY
We now recall the rule: L{t"f(t)} = (—1)"F™(s) and e =— (5 n 2) . If we set

h(t) = L1 {(SJF;Q)Z} = te?! then easily:
Y(t) = Upr ()Rt — n7) + 2h(t) = Upr(t)(t — n)e 267" 4 2=

becomes the unique solution of the problem.

Now since we are interested in the case as n — oo we fix ¢t. Since ¢ is fixed and n grows
to infinity, obviously ¢ will become less than nm eventually. This is, for large enough n:

t < nm = Uy (t) = 0.
But this is equivalent to saying:

lim y(t) = 2te™ .

n—oo



3.) Consider the Chebyshev equation: (1 — 2?)y” — zy/ + a*y = 0, where a is a constant.
(a)[15] Determine two linearly independent solutions in powers of z and the region of validity of
these solutions.

Solution:

In powers of x means we are required to expand the solution as a series about x = 0.
Clearly x = 0 is an ordinary point since 1 — 22 = 0 = 2 = +1 are the only singularities.
Furthermore we can without finding the solution decide that the solutions are valid (at
least) in the region which enlarges starting from z = 0 to the singularities. That is for
|z| < 1 the solutions will be valid. Now we find the fundamental solutions.

We set y = E a,x" and write its consequences:
n=0

o0 o0
y = E na,z" ", E n(n — Da,z" 2,
n=1 n=2

and substitute them in the DE:

(1—x2)in(n—1 Yanz" —xZnan g Zanx
n=2

Expanding the parentheses:

inn—lan n=2 in( Dayz" —Znanx + Za” =
n=2

n=2

Transforming the first sum into a sum of x™ terms:

Zn n—1a,z"? = Z(n +2)(n + 1)apo2”,
n=2 n=0

and rewriting by separating n = 0 and n = 1 terms:

(2- 1a2+a2a0)x0+(3-2a3—a1+a2a1)x1—|—2[(n+2) (n+1)anio—(n(n—1)+n—a?)a,|z" = 0.
n=2

Thus we obtain the recurrence relation to be:

o? 1—«
2 = —— Qo ag =
2 6

n? — a?

m+r2)n+r)™

2

a1

forn>2: a,0=

We can naturally separate even and odd indexed coefficients:

) (2n—2P—a® _ [2n—2-a?[2n—4)* -0’
2n @nn—1) "2 2m@n-1)@n-2)2n—3) !
_ [@n =2 —a[(2n —4)* — o] - 2 - @[]

(2n)!



Likewise (without even recomputing):

o len—1 - @20 -3~ ] 30?1 - )
2n+1 (2n - 1)'

ai.

We are now ready to write down the fundamental solutions y; obtained by ag = 1,a; =0
and y, obtained by ag = 0,a; = 1:

— [(2n—2)* = ?[(2n —4)* =’ .- 2 = ?][-a?] ,,
mo= 12 (2n)] g
SRR o V0 B (A B . e
o= :Hn:l 2n+1)! v

(b)[15] Show that if « is a non-negative integer k, then one of the fundamental solutions found in
part (a) becomes a polynomial of degree k. These are called Chebyshev polynomials. Find Chebyshev
polynomials for k£ =1, 2.

Solution:

From the recurrence relation we observe that certain values of o make the product zero.

Let a = k = 2m, i.e. an even non-negative integer. Then:

(2m)? — o? 0
A2m+42 = Qo = U.
T 2m A 2)2m + 1)
But this entails immediately ag,, 14 = domig = -+ - = 0 meaning that y; for a = k = 2m

contains terms up to (2m)th degree terms. Thus y; is a polynomial of degree k = 2m.

Let now a« = k = 2m + 1, i.e. a odd non-negative integer. Then:

(2m+1)? —a? 0
Aomi3 = aom+1 = 0.
ST om + 3)(2m +2)
Similarly we get agmi5 = Gopmar = -+ = 0 meaning that yo for « = k = 2m + 1 contains

terms up to (2m + 1)st degree terms. Thus y, is a polynomial of degree k = 2m + 1.

If K =1 then y, = z. Hence the first Chebyshev polynomial is ] = x.

2

2
If k=2theny, =1— 5:62. Hence the second Chebyshev polynomial is Cy = 1 — 222,



4.)[25] Consider the following differential equation for a € R:
zu” + (z — 1)u' — au = 0.

Determine the two values of « so that the solutions to this differential equation around x = 0 have
no logarithmic part [Write everything explicitly that leads you to find these values. Full justification
is very important.

Solution:

First we notice that x = 0 is a singular point. To determine whether regular or irregular
we check the limits:
r—1 e’

lim z =—1 and lim—2"— =0,
x—0 x x—0 x

both being finite we conclude that z = 0 is a regular singular point.

We can write a series solution about z = 0 in the form: u = Z a,z" " and its derivatives:
n=0
Zn—i—r anx" L Zn+r (n+7r—1a,z™" 2.
n—0 n=0

Plugging them into the DE we get:
Z(n +7r)(n+r—1a,z"" 1+ Z(njtr)anx"” - Z(n +r)apa™ T —a Z a, " = 0.
n=0 n=0 n=0 n=0
Making each summand a sum in terms of 2"
Z (n+7"—|—1)(n+r)an+1x"+T+Z(n—l—r)anx”“— Z (nt+r+1)a, 12" —a Z anz™t
n=-—1 n=0 n=-—1

This quadruple sum can be merged into a single sum starting from n = 0 as:
aglr(r — 1) — 7]t + Z[an+1(n +r+D(n+r—1)+a,(n+r—a)z"" =0.
n=0
At the coefficient of 2"~! we obtain the indicial equation:
rr—=1)—r=0=r(r—-2)=0=r=0,2.

Since the roots of the indicial equation differ by an integer it is not guaranteed that both
solutions are free of the logarithmic term.

Still we know that for the bigger root » = 2 the solution is regular, i.e. does not contain
a logarithm. Hence we have to deal with the smaller root r = 0.

The recurrence relation gives:

m+r+1)(n+r—1Da = —(n+r—a)a,.



Setting here r = 0 we expect the inconsistency may occur when calculating agio = as
(index is simply the greater root 2). Now:

n=0=1-(-1)a; = agy = a1 = —aay.
Next we compute as:
n=1=2-0a=—(1 —a)a; = (1 —a)aap.
This is obviously a consistency condition. Since ag # 0:

a(l—a)ag=0=a=0 or a=1.

If «v is chosen to be either 0 or 1 then the solution for » = 0 does not contain a logarithm
either.
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1. Use variation of parameters to find the general solution to

1
22y 4+ 3zy +y = - for z > 0.

Solution:

The corresponding homogenous equation x%y” + 3zy’ +y = 0 is Euler’s equation. The
indicial equation is

P+B-r+l=r*+2r+1=(r-+1*=0.
So we have equal roots r; = ro = —1. Hence,
yi(z) =2 y(z) =2 ina

form a fundamental set of solutions.

Now by variation of parameters, we assume

y(r) = cr(z)yr + c2(7)y2

is a particular solution. We insert y in the given differential equation. Assuming, as
usual, that

A+ Yy =0

we obtain as the second identity:

1
ﬁ@wﬂ+é%)=;;

Y Y2 ¢ _ 0
nioY L o

that is, we get:

Therefore,
-1
Yo/ x? 3 x1 x llnz 3 Inx
C/1 = —m E— 3&3 llnl" S _x_21n$+x_2 — 1 3;U 11n$'$3 _ _7
/ /o’ -3, -1_3 -1
Co = =X T r =T .
? W(y1,y2)
Finally,
1 1
o =— | —dr =~ /lnx (Inz)dx = —E(lnx)2 and
x
Cy = /xld:c =Inux.
1 2
Hence, y, = —i(Inz)’z ™' + nz(z ' Inz) = (Inz)

2x



2. Consider the piecewise continuous function

2, 0<t<3

)

(a) Show that f is of exponential order.
(b) Express f in terms of the unit step function.
(¢) Find Laplace transform of f and determine the allowed values for s.

Solution:
(a) Since f(t) < 9e% =9 for all ¢, f(t) is of exponential order.
(b) Think off f in two parts: ¢ > 3 and ¢ < 3. In this way we see that
F(t) = (1 — ug(t)) + Yug(t) = t* + (9 — £*)us(t).
(c) Use the fact that L(us(t)g(t — 3)) = e 3*G(s). For this, we put the expression for f
in an appropriate form:

FO) =12+ (9= tus(t) =t*— ((t —3)* + 6t — 18)us(?)
=12 — (t — 3)%uz(t) — 6(t — 3)us(t).

Then

Here s > 0.

3. Find all singular points of

2xy" +y' +y=0
and determine whether each one is regular or irregular. If possible, find the series solution corre-
sponding to these points by finding the indicial equation, its roots and the recurrence relation.

Solution:

1 1
Let P(z) = 2z, Q(z) = R(x) = 1. Observe P(z) = 0 only if z = 0. Since limzx— = =

z—0 21 2

1
and lim x22— = 0 (both finite) then z = 0 is a regular singular point of the differential
x

z—0
equation. Assume a solution of the form y(z) = i a,z" ™. Then
n=0
y = i(r +n)az Ty = i(r +n)(r+n—1)a,a™ 2
n=0 n=0
Insert these in the differential equation:
0=2zy"+y +y =2 i(r +n)(r+n—1a,z™ " + i(r +n)az" T 4 i anx"™ "
n=0 n=0 n=0

=2r(r — Dags" " +2 Z(r +n)(r+n—1Dapz"m!

n=1

+ragr” "t + E (r +n)ape™ ™+ g anpx’ "
n=1 n=0
= (2r(r—1) +r)agx"!

o0

+ Z (2(7‘ +n)(r+n+ a1+ (r+n+1ay + an>x’"+”
n=0



Requiring each coefficient to be 0, we get:

1
0=2r"—r=r(2r—1) sothatﬁ:(),r2:§

-1
Apt1 = —(('r +n+1)(2r+2n+ 1)) Q.

Now first put » = r; = 0. The recurrence relation is

an
n+1)(2n+1)

Ap+1 = _(

and the general term becomes

o | n
o=y 361-05---(271— 1) <—1>"§z<2;ff! N (_1)n(22:)()!‘
Similarly, put r =ry = % We have the recurrence relation
ap ap
T T D @en+2) | @n+d)n+)
and the general term becomes
aop 2"nlag 2"ag

ap = (—1)"

B i
3-5-7---(2n+1) - 2-3---n ( )(2n+1)!n! ( )(Qn—l—l)!
As a result we have a series solution

o Z(—l)”%x” D ) -

e (2n + 1)

4. Suppose that f(t) = t3 is a solution of the differential equation
P(t)y" + Q)Y + R(t)y =0
where P(t), Q(t) and R(t) are continuous functions that are defined everywhere. Show that P(0) = 0.

(Hint: Note that P(0) = 0 means the differential equation has a singular point at t = 0. Now

remember the uniqueness and existence theorem for some initial value problems and question 5(b) of
Midterm 1.)

Solution:

Observe that f(t) = t3 is a solution for the initial value problem
P(t)y" +Q(t)y" + R(t)y = 0,y(0) = 0,5'(0) = 0

i.e. f(0)=0and f'(0) =0. But g(¢t) = 0 is also a solution for this initial value problem.

QL) and @ are
P(t) P(t)

continuous at ¢ = 0. Since the solution is not unique (¢* and 0 are distinct functions), 0
must be a singular point of the differential equation; in other words P(0) = 0.

By Theorem, the solution is unique for such a problem provided that



—2s
5. Find the inverse Laplace transform of F'(s) = ﬁ and determine the allowed values for s.
s s

Solution:

= (L) — () f(t—2)

§24+25+2

where
1 1
Y VA R I b N U —1.
f(t) <32—|—23—|—2> ((s+1)2+1) e 'sint, s>

LHF(s)) = up(t)e " Psin(t — 2), s> —1.
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1. Using the method of Laplace transforms solve the initial value problem:

v =2y =—4, y(0)=0, y(0)=0
(No credit for other approaches)

Solution:
£ly'] = s £[y] — sy(0) =y (0) = s2£[y] — 4
£y = s£L[y] — y(0) = s£y).

DE = (s* — 2s)£L[y] = 4 (1 - %)
12 1

)= By =t e i




2. (a) Locate and classify all singular points of the equation

20°(1 —x)y —a(l+Tx)y +Y =0

(Do not consider the point at infinity)

Solution:

p(z) = %, q(z) = m

= 2 =0, x =1 are singular points.

zp(z), x?q(z) are not analytic if z =0, (z —1)p(z), (x—1)?q(z) are analytic.
= x = 0 is an irregular singular point,

x = 1 is a regular singular point.

(b) Find the general solution of

y:ﬁy

Solution:

This is a simple Euler equation.

Let y = ¢

DE: a(a—1)z°2% = 62272
?—a—-6=0 = (a—3)(a+2)=0

= 1 = —2, g =3
= Yy =1x 2% 1y =12 are solutions and {yi,y,} is fundamental set.

General solution: y = c;272 + ce2® 1,0 € R.



3. (a) Find the Laplace transform of the function:

f(t) = €' cos® wt.

Solution:

cos? wt = = (1 + cos 2wt)

N | =

1 S
F(S) = £[COS2wt] = 2—8+m

By first shifting theorem,
LIf(H)] = F(s—1)

1 . s—1
2(s—1)  2[(s—1)244w?]

(b) Find the Laplace transform of the function:

1
s3+4s

F(s) =

Solution:

1 1 1 1 1 t
= == = — L[sint] = = £ in 2ud
s34+4s  ss24+4 2s [sint] 2 {/0 S u}

1 /[t 1 1
ft) = £7F(s)] = —/ sin 2udu = —— cos2u]f) = —(1 — cos 2t).
2 /s 4 4



4. (a) Find a solution of the differential equation:
zy" + (1 =22)y + (z — 1)y =0,

about the point x = 0 by the method of power series. Determine the radius of convergence and
identify the function represented by this power series. Discuss the nature of general solution
but do not construct it. (Extra 5 points will be given if you determine the general solution.)

Solution:

x = 0 is a regular singular point.

[e.9]

Let y= Z cpt

n=0

DE:  o?cor® ! + [(a+ 1)%c; — (2a + 1)cla®

+ Z[(k’ + o+ 1)20k+1 — (2/{3 + 2 —+ 1)Ck -+ Ck_1]$k+a = O
k=1

= Indicial equation a® = 0 with exponents a; = ay = 0.
Also C1 = (C and (k‘ + 1)2Ck+1 = (2]{3 + I)Ck — Ck—1, k= 1, 2, 3, N
1

= 2%2c,=3c1—cy=2¢ = 02:500
& 33 =5y —c¢; = 3= 1c
3 = 0C2 1 3= 53
1
& 4%c, =Ty — = =
“a=i6ma 4T 934
1
= C,=—C n=123...
n!

=1
ychZ—x”:coe“, R = .
n!
n=0
Since o = a9 a second solution will have the form

Yo =11 Inx + an:v”.

n=1

In this problem b,, = 0.

Therefore, general solution is

y=ae’+axe’Inz (ay,as € R)
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1. Find the general solution of the forth order equation:

Y — 4y = 162* — 6¢”.

Solution:

DE: D*(D? — 4)y = 1622 — 6¢°

= Yy = C1 + Cox + 3% + cpe”

DE = D¥D —1)(D? — 4)y = 0
= y, = Az® + Ba® + Cz* + De” (method of undetermined coefficients)

=y = 2A + 6Bx + 12C2* + De*
y;” = 24C + De".

DE = 24C — 8A — 24Bx — 48C1? — 3De” = 162° — 6" = 3C = A, B =0,C = —3,D =
2,A=—1.

— T 2 1,4
Therefore, y, = 2e* — z* — 32"

General solution y = yg + v,
Y =1+ x4 3 + cpe + 2e" — 2 — 22t (c1,¢9,¢3,¢4 €R)



2. Find the two linearly independent power series solutions of

(14 22)y" + 22y — 2y =0,

about the point z = 0. In each of the solutions determine the general term and the radius of
convergence of the series.

Solution:

[e.e]
x = 0 is an arbitrary point: y = > ¢,z"
n=0

DE = Y n(n—1Dec, 2" 2+ > n(n—1)ca™ + Y 2nea™ — Y. 2c,2™ =0
n=2 n=2 n=1 n=0

= 2(cy — cp) + 63z + > (k+2)[(k + D)epge + (k= D)egla® =0

k=2
=y =cy, c3 =0, (k+ 1)cgpyo = —(k — D)eg, k = 2,3,..., ¢1 is arbitrary, cgyo = —%ck,
k=23,...

Since c3 = 0,¢c9,41 =0 forn=1,2,3, ...

1, 1 _ 3. _ 1, _ 1
C4 = —3C = —3C0, Cg = —5C4 = 5C2 = 5Cp
_ 5. _ 1 7. 1
€8 = —7C = —7Co, C10 = —gC8 = 5Co
_ =y~ _
= Cop = WCO? n = 0, ]_,2,

[e.e]
—1 n+1
Therefore, y = ¢o > (2n)_1 2+ o
n=0

o0

-1 n+1

g =Y G4 converges for |z] < 1
n=0

Y2 = x, converges for |z| < co. (R =1, Ry = o0)

y1 series can, in fact, summed y; = 1 + xtan™'x.



3. (a) Let f(t) be piecewise continuous and of exponential order and F(s) = L[f(t)]. Suppose
that limit of f(t)/t as t — 0T exists. Show that:

00
Ll = [ Fiyr
s
Solution:
dG
Let F(s) = L7(1)), G(s) = £lg()] with F = 22
S0
4G — 1t
= G(s) = /F(r)dr. %~ ef0) = g =~
50
1 S S0
Therefore, L [;f(t)} = —/F(r)dr = /F(r)dr
S0 S
Choosing sy = oo gives
00
Llf o/t = [ Py
s
t—1
(b) Find the Laplace transform of the function: f(t) = %,
where w is a positive real constant.
Solution:
1 b 1
According to part (a), L {%} = /F(T)dr, where F(s) = L[coswt—1] = ﬁ -5
00 00 . . ° ~
_ 2 _ 1 2, .2 1.2
/F(r)dr—/(r2+w2 T)dr Q[IHT +w” —Inr 0
5 5
1 r2 4+ w2\ |
= —1In
2 r? s

1l s 4+ w? 11 52
= —— N = —In —_—
2 52 2 52 4+ w?

Therefore
N coswt — 1 zlln 52
t 2 s2 4+ w?



4. a. Find an inverse Laplace transform of the function:

e—?s

s2—4s+5
b. Find the general solution of 2%y” — 5xy’ + 9y = 0,2 > 0.

F(s) =

Solution:

a. L[F(s)] = U;(t)f(t — 7) where L[f(t] = m, (second shifting theorem)
L[f(t)] = m, (ﬁI‘St Shlftlng theorem)

= f(t) = e*sint. Therefore,

L7YF(s)] = Uz ()2 Dsin(t — 7).

b. This is an Euler equation. Letting v = Inx gives

Py dy
@—6@—1-93/—0.

Characteristic equation: 2 — 6r + 9 = (r — 3)> = 0 implies
{e3*, ue**} is a fundamental set.
y = c1e3% + coued” is the general solution. Therefore,

y=ci1a® 4+ czxdlnzx

is the general solution of the above Euler equation.
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1. Using the method of variation of parameters find the general solution of

¥y — 22y + 2y =2*Inx, (v >0)

Solution:

Homogeneous solutions: y; = x, yo = z* (Euler)
Let y = A(z)r + B(x)z>

Alyy + Blyy = 2A' +2°B' =0

Ayi+ By, =A+22B' =zl

= B =lnx, A= —aB = —zlnx.

Integrations by parts give:

B = zlnx—zx+c
2 2
A = %—%lnx—i—ch (c1,¢0 € R)
3 3

3
Y= c1r + e’ + % Inx — % (general soln.)



2. Given the differential equation
2y + 2y +ay =0
(a) Show that x = 0 is a regular singular point and determine the exponents at = = 0.

(b) Find the Frobenius series solution about the point x=0 which obeys the initial conditions:
y(0) =1, ¥/(0) = 0. Determine the radius of convergence and identify the function which
is represented by this series.

Solution:

p(z) ==, q(z) =1 = zp(x) = 2, 2?q(x) = 22, both analytic at = = 0.

SHES

Thus z = 0 is a regular singular point.

Let y =Y 2, c,x™™". Then the differential equation becomes:

Z(” +7)(n+r—1)ec,2™ T + Z 2(n 4 7)e, ™ + Z e, " = 0
n=0 n—=0 —

= r(r+1)cex" +(r+ 1)(r+2)clxr+2[(k+r+ D(k+7+2)cppr+epq]a™ =0
k=1

co # 0; r(r +1) =0 = Exponents r; =0, r = —1.

Clearly, 7 = —1 does not satisfy the initial conditions.

—1

1 fork=1,223..
k+ Dk 2)* 2,3

Let r =7r; =0. Then ¢; =0 and ¢xy1 =

~1
2(3)
L
2(3)(4)(5)

Ccy = co, c3 = 0, ¢,, = 0 for n odd.

Cq = o, etc. Initial condition = ¢y = 1.

n2n

> sz’nac
= R = 0.
; 2n+1 x o0




3. Using Laplace transforms solve the initial value problem:
Y — 4y + 4y =4e*, y(0) = -1, ¢(0) = —4.
(No credit will be given for other approaches.)
Solution:
Let Y(s) = L[y(t)].

Lly']=sY +s+4, Lly]=sY+1.

4
DE = (s> —4s +4)Y(s) +s+4—4= 5
S_
4
—2)%Y (s) = —
(s =2°Y(s) = —5 — s
4 s

(s-2P (s 2p

4 2 1

(s—=2)3 (s—2)2 s-—2

y(t) = 2t%e* — 2te? — ™.



4.

(a) Find the Laplace transform F(s) of the piecewise continuous function:
1, 0<t<l
f(l.) - { _36725’ tZ 1

and determine the interval on which F'(s) is defined.

Solution:

F(s) = /OOO Ft)e Stat = /01 e Stat — /OO 3e= (5 + Dty

1
1 —s
1 I 1—
/e_Stdt:——e_St‘ = ¢ Jif s # 1
0 2 0 s
o e (s+1)

- )

1 s+1

s> —1

/ sty L (s+1)t
1 3"—1

Therefore,
1— 6_8 36_(8 + ].)

— if -1
. STl ,ifs>—1, s#0

F(s) =

1—§ ,ifs=0

e

(b) Determine the dimension and a basis for the null space of the linear differential operator:

L= (D*—-9I)(D*+41)*(D* — 5D + 61)
Solution:
L= (D -30)*D+3I)(D —2I)(D?*+ 4I)?

Let N(L) be the null space of L. L is an 8 order operator; dimN (L) = 8.

A basis for N(L) is

{3, te3, 73 e cos2t,t cos 2t,sin 2t, ¢ sin 2t}
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1. Using the method of variation of parameters find the general solution of

Y + 3y + 2y = cos(e")

Solution:

t yy = e 2} is a fundamental set of solutions.

{yr=e”
Let y = A(t)y1 + B(t)ys with A'y; + B'ys = 0 and A’y; + B'yy = cos(e')

A +e'B'=0and A +2e "B’ = —¢e'cos(e’) implies

A = e'cos(e') and B’ = —e*cos(e!)

= A=sin(e') 4+ c1, (c1 €R) and B = —e’sin(e’) — cos(e?) + ca, (c2 € R)

= y(t) = cre! + cpe™ — e *cos(e') is the general solution.



2. Given the differential equation

vy +2y —wy =0,

show that x = 0 is a regular singular point and determine the exponents at x = 0.Starting
from the smaller exponent find the two linearly independent Frobenius series solutions about the
point x = 0.Determine the radii of convergence and identify the functions which are represented
by the series.

Solution:
2
p(z) ==, q(z)=—1, zp(x) =2, 2°q(xr) = —2%are both analytic.
T

= 1z = 0 is a regular singular point since p(x) is not analytic there.

oo
Hence we let y = Z cpat

n=0
DE = Z n+a)(n+a—1)ca" " 1—1—22 n+a)cz" et —chx"+a+1 =0
n=0 n=0 0
Z(n +a)(n+a+1)c,z" T — Z eyt = 0
n=0 n=0
> (k+a+1)(k+a+2eurt =Y gt =0
h=-1 k=1

= a(a+1)ce®  +(at+1)(a+2)az+ Y [(k+a+1)(k+a+2)chp — )z =0
k=1

Indicial Equation: a(a+1) = a3 =0, ay=—1

Recurrence Relation: (k+ a4+ 1)(k+ o+ 2)cp1 = -1 (K =1,2,3)

Let a = ap = —1. Then ¢y, ¢; are arbitrary, and k(k + 1)cp1 = cx1
N 1 1 1 1
_= — Cqy = —C Cqy = C C; = —C
Co 200, 3 23 1, €4 934 0, Cs 51 1
! L 1,2,3
n — 74 10 n = - ‘1 n=124>9o...
R O TR S GYNEE D TRe
=y =coy(x) + c1y2(w)
B o 1,271—1 B 1 " R 4 o 2n B 1 -
y1(z) = ; o) ~ coshz, Ry =oo0an yo(x ; TSR R sinhax,
R2 =

y(z) = (co coshx + ¢1 sinhz)/x, forx >0



3. Using Laplace transforms solve the initial value problem:

y' — 6y + 9y =", y(0)=2, 3 (0)=6

(No credit will be given for other approaches.)
Solution:
Let Y(s) = Lly(t)], L[y"] =s°Y(s) —2s—6, L[y]=sY(s)—2

Taking the Laplace transform of the DE gives

2
(82 — 6s + 9)Y(3) —25+6= (S _ 3)2 = L[t2e3t]
2
Therefore, (s —3)?Y(s) =2(s—3) + (s —3)3
2 2
Y pr—
() s—3+(3—3)5
1 1 d, 1 1

) — ﬂL[t4€3t]

GaF  24dst 53
Therefore,

1
y(t) = L7Y (s)] = 2% + Et463t



4.

a) Find the general solution of (D + 3I)*(D* — 10D + 291)%*y = 0
Solution:
Characteristic equation: (r + 3)*(r? — 10r 4+ 29)% = 0
= ri=ro=r3=1r3=-3, r5="T¢=0+21, r;=1r3=Ts
= {e 3 te 3 t2e73 e lcos2t, edlsin2t, tedcos2t, teP sin2t}
is a fundamental set of solutions. General solution is therefore

y(t) = e 3 (cr + cot + c3t? + cat?) + € (c5 + cot)cos2t + €5 (cy + cgt)sin2t.

b) Assume that the Laplace transform of the Taylor series for f(t) = ¢* where a € R can

be computed term by term. Determine the Laplace transform of f(t) = e*from this

series.
Solution:

a - antn at - an n n n'

et:z [ [ ]:Z_!L[t]’ L[t]:SnJrl

n=0 n=0
= L =30 S = >/ Y = e e/l <1
n=0 n=0 n=0
1 1
Therefore, Lle®] = = , (s>a)
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1. Find the general solution of the fourth order equation: 3™ — 8y =0
Solution:

(D*—8D)y = D(D*—8I)y =0

D3 —8I = (D —2I)(D*+2D +41I)

Hence the DE is

D(D —21)(D*+2D+41)y =0

The characteristic eqn. is 7(r — 2)(r? + 2r +4) =0

and the roots are 1 =0, 1o =2, r3=—1+iV3, ri=73

= {1,¢* et cos(V3t),e tsin(v/3t)} is a fundamental set of solns.
The general solution is therefore,

y =1+ cae? + et (cz cos(V3t) + exsin(v/3t)), (1, ca,c3,c4 € R)

2. Using the method of power series solve the initial value problem:
(% +5)y" — 6xy’ +12y =0, y(0) = 25,4/(0) =0
Solution:

x = 0 is an ordinary point.
oo

Let y = Z cpx” so DE becomes

n=0
oo

Z(n—l)ncnz +Z5n (n—1)c,z"™™ ZGncn:v +2120nz =0
Zk‘ —1ckx +Z5 (k4 2)(k+ 1)cpaox —261@'0;@ +2120k:p =0

10ce + 12¢c + 6¢12 + 30c32 + Z[(l{:(l{: — 1) + 12 — 6k)ci + 5(k 4+ 2)(k + 1)cpyo)a™ = 0

k=2
= bcp+6cg=0, c¢1+53=0
5(k+2)(k+ 1)cpo + (K2 =Tk +12)c, =0, k=2,3,...
—(k—=3)(k—4)
5(k+2)(k+1)

=  Ci42 = Ck
Initial conditions:
y(O) =c=250 = co=-30
Y(0)=c=0 = c3=0
—(=1)(=2) 1
= =V =1
“TT5@E) T 30 @
Recurrence relation = ¢, =0fork>5
Therefore y = 25 — 3022 + 2*



0 —1)7n2 2)n
3. a) Determine the interval of convergence of the series: Z (=1) ngix +2) .
n=1
Solution:
Let ¢, = —(_13)"”2
The radius of convergence R is
n2  gnl
R = lim = lim ||;m —|| =3
n=o0 | | Cnt1 n—oo | |3" (n+ 1)2

Hence the interval of convergence is |x + 2| < 3

o0

b) The gamma function is defined by I'(z) = /e_“ux_ldu for x > 0.

0
1

Prove that I'(x + 1) = /[ln(l/s)]x ds

Solution:

o0

Therefore

Mx+1) = /s[ln(l/s)]a’(—é ds)



4. Using Laplace transforms solve the initial value problem:
y" + 4y = 12sin(2t), y(n),y' (7)) = =3
(No credit will be given for other approaches.)
Solution:

To handle the initial conditions, let u =t — 7
: : : dy dy

sin(2t) = sin 2(u + ) szln( u), = du

Hence the DE becomes % + 4y = 12sin(2u)

and the initial conditions are y(0) =5, ¢'(0) = —3

Taking now the Laplace transform gives

24
s?Y (s) — bs + 3+ 4Y (s) = L Y(s) = L£{y(n)}
5s — 3 24 5s 3(s% —4)

214 (P1ap  Frd4 (Lrap
38 d s
+ R
s2+4  ds \s>+4
= £{5cos(2u)} — 3L{ucos(2u)}
y(u) = £ YHY(s)} =5cos2u — 3ucos2u

= y(t) =5cos2(t —7) — 3(t — 7) cos 2(t — )
= y(t) = (5+ 37 — 3t) cos 2t
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