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1.) Suppose A is a 4 x 3 matrix, and the complete solution to

411 0 0
Ar = 1 is z=|1|4c| 2 |,ceR
1 1 1

(a) Find the second and the third columns of A.
(b) Determine the ranks of the coefficient matrix and the augmented matrix. Give all the known
information about the first column of A.

Solution:

(a)

Let b7 = [1 4 4 1]. From the particular solution when ¢ = 0 it follows that
columns 4 columng = b.

The homogenous solution says that
2columnsy + columns = 0.

From these we obtain
columny, = —b, columns = b

(b)

We have dim Null(A) = 1, which means rank(A) = 2. Since the system is consistent, we
have rank([A | b]) = rank(A) = 2. Since the matrix must have two linearly independent
columns, and all the remaining columns are multiples of b we can infer that the first
column of A is not a multiple of b.



2 e = [ o= [ o= [ 2w [ 2] wmaa e[ 22 ],

(a) Show that 8; = {v;,v,} is a basis for R2.

Solution:

Since dimR? = 2, any pair of linearly independent vectors form a basis for R?. The
vectors v; and vy are linearly independent because

1 1
I
and therefore 3; is a basis for R2.

(b) Suppose A = [T]s, is the matrix representation of the linear transform 7' : R* — R? relative
to the basis ;. Find the matrix representation of the same linear transformation B = [T'|,, with

respect to the basis G = {wy, ws}.
Solution:

If we can find a matrix M such that [w; ws] = [v; vo]M then B is related to A by
B=M"1AM.

We note that w; = v1 + v9 and wy = 2v9, SO0 M = [ } (2) } is the desired matrix.

|
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B=M AM_[42

|
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3.)

cosf sinf

Let A =

(a) Using the Gram-Schmidt process, find the A = QR factorization of A.
(b) Find the projection matrix which projects onto the column space of A.

sin @ 0

Solution:

(a)
cos 6 sin ¢ .

Let a = : and b = . Since ||la]] = 1 we set ¢ = a. Then we have
sin 6 0

V=>b—(q7b)q; and qo = '/||t/||. We compute

b,:SmQQ[ sme}’qz:{ sme]‘

—cos 0 —cos 0
| cosf sinf [ da ¢fv] [ 1 cosfsing
S0 Q= [ sind cosf } and 2 = { 0 ¢Ib| | 0 sin?6

(b) If € is not an integer multiple of 7, then R has linearly independent columns, hence

RTR is invertible, and P = A(ATA)7'AT =QTQ =1 = [ 10 } '

0 1
If 6 is an integer multiple of 7, then the second column of A is zero, and the first column
is a = [1 0]7, so the column space is the one dimensional space spanned by a. The

projection matrix onto this space is:

P=tm=[o]r 01=[5 7]



4)

— = =
DN DN =
W DN =

(a) Using the cofactor matrix, find the inverse A~! of A =

Solution:

Since A is symmetric, A.or is also symmetric.

2 2 1 2
Allz‘z 3’:27 AIQZ_‘l 3’:_1a A13:()7 A22:2A23:_17 A33:1
1 11
detA=]01 1|=1
0 01
1 2 —1 0
-1
A= | -1 2 -1
det A 0 —1

(b) Let a, b and ¢ be nonzero real numbers. Without using the cofactor expansion, prove that

be a? a? be ab ca
> ca bV |=|ab ca be
2 & ab ca be ab

Solution:

We first multiply the columns and then divide the rows by a, b and ¢ respectively:

be a? a? abc ba®  ca? b be ba ca be ab ca

> ca bV |=—1|ab® bea cb®> |=—|ab ca c¢b|=|ab ca bc

2 2 ab abe ac® b cab abe ac be ab ca be ab



3 4 6 1
5.) Let A = 0 1 O |andb= |1
-1 -2 =2 1
(a) Find all the eigenvalues and the eigenvectors of the singular matrix A. Is A diagonalizable?
Explain.
(b) Compute A%b.

Solution:

(a) p(\) = det A — IX = —(1 — X\)?\. So the eigenvalues are 1, 1, and 0.

-2
The eigenspace for A = 0 is spanned by 0
1
-2 -3
The eigenspace for A = 1 is spanned by the vectors 1 | and 0
0 1

Since these three vectors form a basis for R?, A is diagonalizable.
(b) A= SAS™1 A% = SAPS!

000 13
A=1]10 1 0 |, hence A" = A, which means A% = A. So A%b = Ab = 1
0 0 1 _5



6.)

(a) Given that A = [ [

47 } find exp At.

Solution:

7 0 0 0
A_[O 7}+{4 0}—D+E
Because DN = ND, expD + N = exp Dexp N. Also note that D = 71 and N? = I. So
we have exp Nt = [ + Nt + 0 and exp Dt = e[

7t
So we have B = exp At = ™ (I + Nt) = [ 4t27t 679 }

(b) A 4 x 4 matrix is known to have the eigenvalues A\; =2, A\ = Ay = —3 and Ay = 5/2. Find

(i) det(I + C)

(i) trace(I + C)

(iif) det 2C~1
Solution:

(i) I+ C has the eigenvalues 3, -2, -2, 7/2. So its determinant is 42, which is the product
of these.

(ii) Trace equals the sum of the eigenvalues: -3 -2 -2 +7/2 = 5/2.

(ili) det2C~! = 16det O~ = 18 = . (det C' can be evaluated by multiplying its
eigenvalues)



B U Department of Mathematics
Math 201 Matrix Theory

Fall 2004 Final

This archive is a property of Bogazici University Mathematics Department. The purpose of this archive is to organise and centralise the distribution of the exam questions and their solutions.
This archive is a non-profit service and it must remain so. Do not let anyone sell and do not buy this archive, or any portion of it. Reproduction or distribution of this archive, or any portion of
it, without non-profit purpose may result in severe civil and criminal penalties.

7 4 2 0 4
— . . 02 —-10 . .
1. (a) Show that v = 4 | san eigenvector of A = 00 33 by finding the corresponding
4 04 07
eigenvalue.
Solution:

Observe that Av = { . Hence v is an eigenvector of A corresponding

to the eigenvalue 6.

(b) Let A and B be two 4 x 4 matrices. Given that B*(AB —B*)B*(A—B)? =TI and det B = 3,
find det(A — B).

Solution:

I=B*(AB-B)»B '(A-B)’=B*(A-B)BB '(A-B)?=B*(A- B).
Therefore, det(A — B) = 373,
, D . .
(c) Let P3 be the vector space of all polynomials in = of degree at most 3 with real coefficients

Consider the differentiation transformation D : P; — P; taking a polynomial to its derivative with
respect to z. Is the matrix corresponding to D in standard basis {1, z, 2%, 23} of P; diagonalisable?

Solution:

The only eigenvalue of D is 0 with multiplicity 4. The eigenvectors of D are constant
polynomials. Therefore the eigenspace of D corresponding to 0 is 1-dimensional. There
is shortage of eigenvectors; D is not diagonalisable.

2. Assume that A is a diagonalisable matrix and A**” = I. Show that A = I.
Solution:

Since A2 = §-1A?° G — T we have A" = STS~! = I. Therefore for each eigenvalue
A, we have A\2°% = 1 and hence every eigenvalue is 1 since 2005 is odd. Then A = I and
A=STAS=S5"1IS=1.



3. Find the solution of the following system of first order linear differential equations which satisfies

the given initial values:
e _[-8 1 xz, z(0)= 3
dt 2 =27 10

Solution:

The solution is z(t) = eA'x(0). To calculate e/’ we find the eigenvalues and corresponding

eigenvectors:
—3—-A 1 2 ;
0=det(A-M\I) = 5 I (34+A)(24+A)—2 = A*+5A+4  gives A=—4 or —1.
. B —3— (—4) 1 B 117 1
Eigenspace for -4 = null 5 o (—a) =null 5 o } = {a { 1 } la € R}.
. B —3—(-1) 1 B 2 11 1
Eigenspace for -1=null 5 _o—(—1) } =null 5 _1 } ={b { 5 } b e R}.

Then,

11 e~ 0
=1 2T
[ o4 et 2
=| o g || 1]

[ 2e et
| —2e % 4+ 2¢7! }

HEl

4. Let u,y,,7, be column vectors in R". Suppose that:

uly; =3, w'y,=-5 uwu=43, A{y,=1 and |y =7/ =2
(a) Show that ~, and -y, are linearly independent.
Solution:

One way to see this is that the angle between =y, and =, is different than 0 since:

T
1

T2y [[lvall 4

Alternatively, assume that c¢;7y; 4+ ¢y, = 0 for some ¢y, co € R. Then:
Y1 (1) + c2y2) = 4y + ¢ = 0,

Y3 (e1y1 + ¢avs) = c1 + 4z = 0.
This is only possible when ¢; = ¢o = 0. Why?



(b) Express the projection vector of u onto the subspace S = span(-,,7,) as a linear combination
of v, and ~,.

Solution:

Let w = a7y + bys +ut where a,b € R and ut is the component of u orthogonal to S.
Then, 17w = 17 (ayy + byz + ut) gives 3 = 4a + b.
Similarly: y2Tu = v27 (ay1 + bys + u't) gives —5 = a + 4b.

17 23
Hence we get a = — and b = ——.
15 15

5. Consider the system of linear equations:

krxo + x3 = 1
kaxy + x5 = 1
/{Zl’l + k’xg + 2I3 = 2

Find values of k for which the system has:

(a) no solution;

(b) a unique solution (if such a k exists, write down the solution);

(c) infinitely many solutions (if such a k exists, write down all possible solutions).

Solution:

Reduce the augmented matrix:

0 k£ 11 kK k 2 2 kK k2 2 k011
{k011-|—>{0/{:11-|—>[0 k 1 1-|—>[0/€11-|
{kk}QQJ {kOllJ {O—/{: -1 —1J [OOOOJ

There are 2 pivots if k # 0. If k£ = 0 then the augmented matrix is row equivalent to
{ 0011

0 0 0 0 | and there is one pivot.
{ 0000 J

(a) Whether or not k is 0, there is no inconsistency in the system. Therefore the system
has always a solution.

(b) The coefficient matrix is singular. Therefore, for every value of k there are infinitely
many solutions.
(c) If & = 0 then the solutions are {(z1,29,1)}. If k& # 0 then the solutions are

r3—1 x3—1
{( 3]€ ) 3l€ ,IL’3)}.

6. Consider the subspace V = {4x1 + 3zy + 23 — 14 = 0} in R%.
(a) Find a 3 x 4 matrix A with entries all nonzero such that null(A) = V. What is rank A7

Solution:
T
Observe that for any (z1,xe,x3,24) € V, 421 + 320 + 23 —24 = [4 3 1 —1] iz =0.
Ty

4 3 1 -1
Hence the matrix A = { 4 3 1 -1 J works. rank A = 1.
4 3 1 -1



(b) Find a 4 x 4 matrix B with col(B) = V. What is rank B?
Solution:

Observe that dimV" = 3. Choose a basis for V; for example, {(1,0,0,4), (0,1,0,3),(0,0,1,1)}.
[ 1 100 -I
0010
ThenletB—{O 00 1‘.rankB—3.
4 4 3 1
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1 2 0 3
1. Consider in R3 the vectors: u= [1|w= 2], w=|0],and b= |4
0 1 2 5

(a) Determine whether {u, v, w} is a linearly independent set.
(b) Determine whether b is in the subspace spanned by {u, v, w}.

Solution:
(a) Clearly not linearly independent, since v = 2u + %w.

(b) Consider

1 20 3 120 : 3 1 20 : 3
[Afb}: 120:4|—1000:1|—>]012:5
01 2 ) 012 :5 000 :1

so Rank(A:b) =3 and Rank(A) = 2.
= b is not in the Columnspace(A). Therefore, b is not in the subspace of R?® which is spanned by
{u, v, w}.

2.(a) Let V be the vector space of 3 x 3 skew-symmetric, real matrices. Find a basis and the dimen-
sion of V.

Solution:
0 a b
AeV&eA=| —a 0 c¢ | wherea,b,ceR.
—b —c 0
0 10 0 01 0 0 0
Then, A=a| -1 0 0| +b| 0 0 O0|+c| 0 0 1
0 00 -1 0 0 0 -1 0
0 10 0 01 0 0 0
= -1 00, O OO0O,{0 0 1 is a basis of V.
0 00 -1 00 0 —1 0
Hence, dimV = 3.



(a) Let A : R® — R? be the linear transformations such that A(2,0,0) = (2,8), A4(0,1,0) = (2,5)
and A(0,0,1) = (3,6). Find A(1,5, —3).

Solution:

First, (1,5, —3) = 1(2,0,0) + 5(0,1,0) — 3(0,0,1).

Then,

A(1,5,-3) = A [$(2,0,0) + 5(0,1,0) — 3(0,0,1)].

A(1,5,-3) = $A(2,0,0) + 5A4(0,1,0) — 3A(0,0,1) since A is linear.

Therefore, A(1,5, —3) = (1,4) + (10, 25) + (=9, —18) = (2, 11).

3.(a) Show that if 2 and y are orthogonal unit vectors in R”, then ||z — y|| = V2.
Solution:

lz —yll* = (z —y)"(z —y) = 2"z +y"y — 29"

yT'ox = 0,272 = yTy = 1 since x and y are orthogonal and each of them is a unit vector.

So, || — y||* = 2. Therefore, ||z — y|| = /2.

b) Let P, be the projection matrix that projects every point of R? onto the line through a = ! :
J J Yy g 3

Let P, the matrix that projects onto the line perpendicular to a. Determine P, and P,. Compute
P, + P, and P, P, and interpret your results.

Solution:

Let b be perpendicular to a: b7a = 0.

_3- aa
egb:{ 1 .P1:£,P2:ZbTTZ;.

Then, a’a = bTb = 0.

1%:1/10[1_[1 3]:{1/10 3/101

3 3/10 9/10
3 9/10  —3/10
szl/lo[ 1 ][_3 1]:[—3/10 1/10 }

So, P, + P, = I; the sum of the projections onto two perpendicular lines gives the original vector.

0
00
to the first one always gives 0.

PP,=0= } means that projection onto one line and then to the line which is perpendicular



4.(a) Let A and B be the 3 x 3 real matrices with the entries:

a b ¢
A=|d e f|,B=
g h 1

o o
<. Q9

d
e
f
Given that detA =5, find: (i) det(2471), (ii) detB. Justify your answers.

Solution:

(i) det (2A471) = 28 detA~' = 23 (det)™' = 8/5

(ii) Interchanging the last two columns of B gives AT. So, det B = —det AT = —det A = —5.

(b) Let C be the n x n matrix obtained from the identity matrix I by replacing the jth column of I

with a vector x. Let 27 = (%, 2, ...,2,). Find det C and justify your answer.
Solution:

1 1

1 -
det C' = .Cllj = Ij.
-1
T 1

Expand with respect to the jth column of det C. The cofactors of x1,xs,...,2j,...,x, are all zero

because each cofactor has a zero row. The cofactor of z; is, however,

(—1)?jdet (I,—,) = 1.

Hence, det C' = z;.

5.(a) Let A = (a;;) be an arbitrary 4 x 4 matrix. Determine the sign of the term: ajsassassas in
the determinant of A. Justify your answer.

Solution:

(4,2,3,1) is an odd permutation of (1,2,3,4). Therefore det A will contain: —aj4as9aszaq;, i.e. the sign
of this term is negative.

(b) The characteristic polynomial of a 5 x 5, symmetric matrix S is known to be

) == =4 A =2)(A - 1)~

Find: (i) det S, (ii) trace(S), (iii) rank(S), (iv) nullity(S). Is S diagonalizable? Explain.



Solution:

Eigenvalues: \y =y =4, A3 =2, \y = A5 = 1.
(i) det S = MA2AgA A5 = 32.

(ii) trace(S) = A + X+ A3 + M + A5 = 12
(iii)rank(S) = 5; detS # 0, S is nonsingular.
(iv)nullity(S) = 0; N(S) is trivial.

Yes, S is diagonalizable. Every symmetric real matrix is diagonalizable. Since S = ST, the geometric
multiplicity of each eigenvalue is the same as its algebraic multiplicity.

6. Consider the Markov process: ugi1 = Auyg, k=0,1,2,..., where

w=| %A= S o]

Given that yy = 7, zg = 14, determine u; and find u,, = lim uy,.
Solution:

Characteristic equation for A: \2 — %A + % =0

3

So, eigenvalues: A\; = 1, Ay = 5.

eigenvectors: 1) = [ i } ) = [ _11 } .

Let A = {Al ! } A= SAS! AR = SARS!

0 X
(3 1) o YT T ] o 10
S—{AL —1}75 —{4/7 —3/7]’/\_ 0 A5 |

Upy1 = Auy, = uy, = APy with ug = [ 174 ] )

3+4ME 3 3)k
44Xk 4430k

9 —2)\k
12+ 2\

AF = SAFSTT = % {
up = AFuy = [ },i.e. yk:9—2>\]§,zk:12+2)\’§.

) } since lim A5 = lim (3/10)% = 0.

Uso = limuy, = [ 12

Notice that u., is an eigenvector for \y = 1,y + 2 = yo + 20 = 21.
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11
1) Let A= |0 1
2 4

(a) Find a basis for the left nullspace of A.

Solution:

(7 0 (7 0
1 0 2 1 0 2
Y3 0

y € N(AT) iff y; +2y3 = 0 and y, + 2y3 = 0
iff y1 = —2ys and yo = —2y3 = y1.

2
Hence, 2 | is a basis for N(AT).
—1

(b) Verify that its left nullspace is orthogonal to the column space.

Solution:
-
[2 2 -1].]0|=2+0-2=0.
_2_
B
[2 2 -1].|1|=2+2-4=0.
4

Hence, N(AT) L C(A).

2 —1 2
2)Let A=| =6 0 —2
8 -1 5



(a) Give a LU-decomposition of A.

Solution:
2 -1 2 [
—6 0 -2 3R1+R2—>R2
8§ -1 5 i
—4R1+R3—>R3
R2+R3—>R3
2 —1 2 100 1
So,U=|0 -3 4|,E,=[010]|,E=]| 0
0 01 011 —4
E\EyEsA=U = A=E;'E;'E7U.
Now, say, B3 "By ' Byt = L.
1 00] [1 00 1
L=E'E;'E;'=| -3 1 0 010 0
| 00 1] |401 0
[ 1 00] [1 00
= -310 0 1 0]=
00 1] [4 -11
1 00 2 —1 2
A=LU=|-3 10 0 —3 4
4 —1 1 0 01

(b) Using this decomposition, solve Az = | 0

Solution:

Ar=band A= LU = LUx =b.
Say, Ux = y, then
Ly =0.

SO N OO NN 0O N

_ o O

S = O



1 00 Y1

4 —1 1 Ys
1
=y=13
3

We have Uz = y.

2 —1 2 Ty
=0 =3 4 |.] x
0 01 T3

-1

=T = 3

3

(c) Find the rank of A.

Solution:

Rank(A) = 3.

sy =1 -3y +12=0, 4y —yo +y3 = 4.

:>2.CB1—33'2+2£U3:1, —3$2+4$3:3, T3 = 3.



3.) Let V be a vector space of 222 matrices over R, and let T': V' — V be a linear transformation

defined by T'(A) = M A where M = [ L2

3 4 } . Let B be the matrix of 7" in the standard basis.

(a) Find the matrix B.
Solution:

Standard basis of V:

10 0 1 00 00
e R ) e IR R

(1 2] 10 1 0]
T(El):MElz 3 4 0 0 = 30 :1E1+0E2+3E3—0E4,
:1 2: :O 1: :O 1:
T(E'Q):ME2: 3 4 0 0 = 0 3 :OE1+1E2+0E3+3E4,
1 2] [oo0] [0 O]
T(E3) = MFE3 = 3 4 Lol=140 =2F, +0Fy + 4FE5 + 0FEy,
1 2 [0 0] [0 2]
T(Ey) =ME, = 3 4 0 11= 10 4|=0FE+2E+0E;+4E,
1020
010 2
B=[ T(E)) T(Ey) T(E3) T(Es) |= 30 4 0
0304

(b) Find the trace of B.

Solution:

t?”(B):b11+622+b33+b44:1+1+4—|—4:10



(c) Is T invertible? Justify your answer.

Solution:

1020 10 2 0
30 40| -3Ry+Ry—Ry |0 0 =2 0
03 0 4 00 0 -2

= detB =1.1.(-2).(—=2) =4 # 0.
= B is invertible. Hence, T is invertible.

3

4.) Solve the system of differential equations % = Au where A = [ 3 9

condition ug = { ? ] )

Solution:

3—=A

|A—>\[|:‘ )

oy ':(3—)\). (2-\)—3.4=0

=6-3A—22+X-12=0

= AN —-5\A—-6=0

= A=6). A +1)=0

= A = 6, Ay = —1 are the eigenvalues.

for Ay =6:(A—61)x=0

-3 4

@A—G]:[ 3 _4

an-[1]

for \y =—-1:(A4+Dz=0

@A+I:[4 4] m_p, [1 zl,)]

:| R1+R2—>R2 |:_g 0

3 3 3

1
—3R1+Ry— Ry |:O (1):| =11+ 22=0=121 = —x9

4 1 with the initial

4
4:| :>—3I1+4$2:O:>$1:§5L‘2



T
:>p2:{_1 :

4 17, [6 0 P G
s[4 s [l 9] sen]

cammse-[d 2] 0]

o=
I
—_

3 -1

6t
éu:eAtuozSeAtS_luoz[Zl 1}[ ‘ ej ]{

| 4ebt 4 2e
| 38t —2e7t

Uy — 1
u= { } = c1eMipy + ce™lpy, SThug =c = { }
Ug Co

B[S



5.) Let A be a 3z3 matrix whose eigenvalues are -3, 4, and 4, with associated eigenvectors

-1 0 0
01,1071, 1], respectively.
1 1 1

(a) Diagonalize the matrix A.

Solution:
-1 00 -3 00
S = 0011, A= 040
1 1 1 0 0 4

S| =(=1) . (=1) =1 #0, so, S is invertible.

-1 0 0|1 00 [ —1 0 0|1 0 O
[ S| I ]= 0 0 1|0 1 0| Ri+R3—R;3 0 0 1/0 1 0
1 1 1/0 0 1 0 1 1|1 01
[ —1 0 0|1 0 0]
—R2+R3%R3 0 0 10 10
0 1 01 -1 1|
[ -1 0 0|1 0 0]
RQHR;; 0O 1 011 -1 1
0 0 1]0 1 0|
(1 0 0]—-1 0 0]
0 0 1] 0 1 0|
-1 0 0]
Then, S != 1 -1 1
0 1 0]
-1 0 0] -3 00 -1 00
= A=85AS""1 = 0 0 1 0 4 0 1 -1 1
11 1] 0 0 4 0 10




(b) Find A" (Leave it as a product).

Solution:
—315 0 0
AP = SABS-1 =G, 0 415 0 St
0 0 4%

6.) Let A be a square matrix. Assume that A\; = 2 is a quadruple eigenvalue with three linearly
independent eigenvectors and Ay = 3 is a triple eigenvalue with 2 linearly independent
eigenvectors.

(a) Write down the chraracteristic polynomial of A.

Solution:

p(A)=(A=2)" . (A=3)°

(b) Give a Jordan form J of A.

Solution:
J =1 |77 and it has 2+ 3 = 5 blocks.
F o 1 i
0 2
2 21 3 1
J = 2 with blocks l ], 2], [2], [ } and [3].
0 2 0 3
3 1
0 3
L 3 .

(c) Is A invertible? Justify your answer.

Solution:

det(A) = A\ Xg.. A7 = 2133 =432 # 0. So, A is invertible.
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1.) Consider the set of 2 x 2, symmetric matrices.

a) Show that this is a subspace of all 2 x 2 matrices.

b) Write a basis for this space and find its dimension.

c) Consider the set of n x n symmetric matrices. What is the dimension of this space? (You should
explain your answer.)

Solution:

a) Let Sy denote the set of 2 x 2 symmetric matrices. Let @ b and a2 b be
by dy by dy

any two elements of Syo. Then, for ¢ € R, we have

|:CL1 bl:| P |:CL2 b2:| . |:a1 + cas bl + Cb2

bl d1 - b1 + Cbg dl + Cd2

Hence Ssy5 is a subspace of all 2 x 2 matrices.

b) Clearly, { [(1) 8] , [8 (1)] , [(1) (1)] } is a basis for Sy as its a linearly independent set

spanning Soyo. Thus, dimension of a vector space being equal to the number of elements
in a basis, we get that dim Ss.o = 3.

c)It is clear that to find the number of basis elements of an n x n symmetric matrix we
need to count the number elements on the upper triangular part including the diagonal.

(This is because for a symmetric matrix elements below the diagonal are determined by
(n=1)n

the elements above the diagonal.) This is given by the sum n + 5. Hence

dim Sy xn =1+ (n=n _ n(n—l—l)'

2 2
11
2.) a) Find the QR decomposition of A = | 2 3 |. (Constructions of matrices () and R should
be shown explicitly.) o
b) Use the above QR decomposition to solve the least squares problem Az =b = 1
1

Solution:

a) To find the QR decomposition of A we will apply Gram-Schmidt orthonormalization
method to the column vectors of A, namely, a; = (1,2,2) and ay = (1,3,1).

Taking a} = (1,2,2) with ||d}|| = 3 yields

al 12 2
h=77=-\5:5:5)"
lai ] \373"3




Now, af = ay — (¢¥ az)q = (0,1, —1) with ||a}|| = v/2 implies
ay 1 1

%ZMZ(O’E’_E)'

Thus 1/3 0
_ el a qlTagl B {3 31
“- 3?3 —11//@ R_{O gzaz] [0 V2]

b) Since @ is orthogonal QTQ = I and ATA = RTQTQR = RTR, hence, AT Az = ATb
implies Rz = QT'b. Since

o= [ ]

(S~

from Rz = QTb, setting T = { } , we get that

b A =7

3.) a) Find the unknown z using Cramer’s rule:

Thusﬂzgandf):O.

—2r+3y—2 =1
r+2y—z = 4
—2r—-y+z = -3

Solution:

Cramer’s rule implies that x is given by

det Bl
r=——F
det A’
where
1 3 -1 -2 3 -1
Bi=14 2 -1, A=]1 2 -1
-3 -1 1 -2 -1 1
Hence calculating det By and det A as -4 and -2, respectively yields
o det Bl —4 B

= = — =2.
o det A -2

b) Find all possible invertible matrices A, if (Aey)™' = (adjA)™ =

— N =
Tt W N
Ol = W

Solution:



Since A~ = =3 AACOf, we get that AA.,; = det AI and hence
A= det(A)(Acof)_l.

Noting that A is 3 x 3, det A € R and taking the determinant of both sides in the above
equation entails

det A = (det A)* det((Aeof) ™).

Since we can calculate the determinant of (Aey) ™! as det((Aqy) ™) = 4 we have
(det A)? = =

ie.,
det A = +—.

Thus,

A = det(A)(Apy) ! =

—_ N =
Tt W N
Tt = W

4.) a) What is the relationship, if any, between rank(A + B), rank(B) and rank(A). Explain.

Solution:

The relationship between rank(A + B), rank(B) and rank(A) can be given as
rank(A + B) < rank(A) + rank(B),

since adding A and B some linearly independent columns (or rows) may cancel each other
(for example when B = —A). Therefore the rank of A + B may be less than the sum of
individual ranks. To prove the above statement more formally note that if V and W are
subspaces of a vector space, then dim(V + W) + dim(V NW) = dim V' + dim W. Now,
rank(A+ B) = dim(Column(A) + Column(B)) < dim(Column(A)) + dim(Column(B)) =
rank(A) + rank(B).

b) Let A be a matrix with linearly independent columns. Write down the projection matrix onto
the row space of a matrix A. (You should give enough explanation.)

Solution:

Since the columns of A are linearly independent, A” A is invertible, hence, so is AAT. We
know that the projection matrix onto the column space of a matrix A is given by

P = A(ATA) AT
Now, changing A to AT we get that
P — AT(AAT)'A

which is the matrix projecting onto the column space of AT i.e., onto the row space
of A.

c) [5] Let AT = —A. Is the matrix M = (I — A)(I + A)~! orthogonal?

Solution:



Hence M is an orthogonal matrix.

5.) Consider the system of recurrence relations:(n=0,1,2,.....)

Tpt1 = 3xn_yn

Yn+1 = _xn+3yn

with initial values o = 1 and yo = 2. Find z,, and y,, as functions of n. (You should first convert
the problem into matrix notation and then use diagonalization method.)

Solution:

Converting the problem into matrix notation yields

)= S
L= )R

Now, to diagonalize the coefficient matrix we have to find eigenvalues and eigenvectors
of it. Setting

Hence z,, and y,, are given by

3—2 -1
-1 3-A

‘(3»1

we have \; = 2, Ay = 4 and corresponding eigenvectors are E} , { } respectively. So,

Ry B O

R R | e et}

1] we get that

2
T,| 3. anl _ 227171
Un - 3. 2n—1 + 22n—1

and hence

Thus multiplying by [



6.) a) Let (A— Al) and B be similar matrices. Can A and (B + AI) also be similar?
Solution:

Since (A — AI) and B are similar, there exists a matrix C' such that
(A—-XI)=C'BC
From this we see that

A=M+C'BC
=C'\IC+C'BC
=C B+ \)C

Thus A and (B + AI) are similar.

b) Let @ be a real, orthogonal matrix with real eigenvalues. What are the possible eigenvalues?
Explain.

Solution:

Eigenvalues of () satisfy
Qxr = \x.

Taking the norm of both sides yields
Q|| = [Alll]-
But, since ||Qz|| = ||z]|, we get that ||z[| = [A[[|z]]i.e., [A| = 1. Thus
A=+l
c) Let A be a 5 x 5 matrix that has 2 as an eigenvalue with order 5. If there are 2 linearly
independent eigenvectors, what are the possible Jordan forms?
Solution:

Since there are 2 eigenvectors, the Jordan form contains two Jordan blocks. Note that 5
can be written as a sum of two numbers in two different ways 5 =3 + 2 or 5 =4 + 1.
With decreasing sizes we can write two possible Jordan forms, namely,

2 1
2

N —

1
2

N

and

2o 2]

(NI
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1. Prove: If the entries in each row of an nzn matrix A add up to zero, then det(A) = 0. (Hint:
Consider the product AX where X is an nx1 matrix, each of whose entries is one) (20 points)

Solution:
1
ai; Q2 -0 Qip 1
For A = and X = | .
Gp1 Qp2 -+ App 1
app + app + -+ am, 0
a1 + Qg + *+* + A2p 0 . .
AX = = | . | (Since the entries in each row of A add up to zero)
an1+an2+"'+ann 0
1
1
So X =| . | #0is asolution of AX =0 = det(A) =0.
1

(Recall: If det(A) # 0, then AX = 0 has only the trivial solution, X = 0).

2. Find the equation of the best line through the points (-1,-2), (0,0), (1,1) and (2,3). (25 points)

Solution:

Let y = C' + Dt be the best line fitting the given data.

1
Then for A = 1 0
1

(AT A)z = ATH must hold.

1
1 11171
TA
AA_{—1012] 1
1
—2
1 111][o0
Ty —
AT {—1012} 1
3



4C+2D =2
204+6D =9

=D=16,C=-03
Therefore y = —0.3 + 1.6¢.

3. Decide whether the followings are TRUE or FALSE. If true prove; if false, give a counter example
or explain. (32 points)

i. If 1 and 2 are eigenvalues of a 2x2 matrix A and f(z) = z* — 1 is a polynomial then the matrix
f(A) is invertible.

FALSE: 1 is an eigenvalue of A. So f(1) = 0 is an eigenvalue of f(A). Hence f(A) is not invertible.

ii. If W is the set of all differentiable functions on [0,1] whose derivative is -2 then W is a subspace
of C[0, 1], the vector space of continuous real functions on [0,1].

FALSE: 0 is not an element of W since 0/ = 0 # x%l

iii. If A is a skew-symmetric matrix then det(A) = 0.

FALSE: AT = —A = det(AT) = det(—A)

If A is an nxn matrix = det(—A) = (—1)"det(A)
Also det(A) = (—1)"det(A)

Hence det(A) = 0 if n is odd.

iv. If A is a 2x2 matrix with Tr(A) =5 and det(A) = 4 then 1 and 4 are eigenvalues of A.

TRUE: The characteristic polynomial of A:
p(A) = N2 = Tr(A)\ + detA

=N —5X+4

— (=4 -1)

Sop(A) =0if A =1 or 4.

4. Prove that if A is a nilpotent matrix then 0 is the only eigenvalue of A. (15 points)

Solution:

For some k € Z*+, A¥ = 0 and A1 £ 0.

If ) is an eigenvalue of A with associated eigenvector x, then A\* is an eigenvalue of A¥ with associated
eigenvector x.

i.e. A¥x = \fx where AF =0

= Mz = 0= N\ =0 since z # 0 (an eigenvector)

Hence A = 0.

5. Let T': R™ — R"” be a linear transformation and A be the matrix of this transformation. Complete

i



the following equivalent statements. (18 points)
i. A is invertible.

ii. Az = 0 has only the trivial solution.

iii. For every vector b € R™, Ax = b is consistent.
iv. The range of T is R".

v. The column (or the row) vectors of A are linearly independent.

vi. Nullity of A is 0.

vii. The orthogonal complement of the row space of A is {0}.

6. Let T : R? — R? be the linear transformation T'(z,y, z) = (z,z + ay, 3x + 6y + bz), where a and
b are real numbers;

i. Determine all possible values of a and b so that T has an inverse transformation 7°~!.

ii. Give T7!(z,y, 2) in terms of a and b.

Solution:

i. For {e}, ey, e3} the standart basis of R3, the matrix A of T:

1 00
A=1[1 a 0
3 6 b
T has inverse if |A| # 0 i.e. if ab# 0
ii. The matrix of 7' is A%
A Ay Az ab 0 0
Al = ﬁAcof = ﬁ A Ay Az | = ﬁ —b b 0
Alg A23 A33 6—3a —6 a
x
Since T (z,y,2) = A1 | y
z

Tﬁl(ly Y, Z) = ﬁ((ab)x, b(—ZE + y)u (6 - 3&)1‘ - 6y + CLZ)
7. Find an ON basis for C? (the vector space of complex column-2 vectors), consisting eigenvectors

b } . (25 points)

of the matrix A = l 1 9

Solution: A” = A = A is Hermitian,

p(A) = A2 — Tr(A)\ + det(A) = A2 —3X+ 0 = A(A — 3)

il



so eigenvalues: \; =0, \y = 3.

For Ay = 0:

s[5 [

if a = —(1 4 4)b then take x; = [ _11_ ! } as an eigenvector for A; = 0.
For Ay = 3:
-2 1+ & 0
assne= 250 a]= o)
A 144
if ¢ = ()d, then take zo = l i } as an eigenvalue for Ay = 3.

Here x1 Lz, (eigenvectors of a Hermitian matrix corresponding to distinct eigenvalues are orthogo-
nal).

-1 -2
|21|? = 2{'z1 = 3 then take uy = % [ ) }
1+i
|2z2||? = 2bfay = % then take uy = \/g [ i
Then {u,us} is an ON basis of C2.

8. A certain football team derives confidence from each win but gets demoralized after each loss.
After winning a game, it has 90% chance of winning the next game, but after loosing a game it has
20% chance winning the next game. In the long run what fraction of the games will this team win?
(Hint: Form a Markov matrix A = [a;;] so that a;; is the probability of being in state i in the next
game given that the team is in state j after the last game. Also recall that the steady state solution
is an eigenvector corresponding to a special eigenvalue, so omit the unnecessary calculations.)

(20 points)

C Tan an] [09 02
Solution: A = [am (g }_l 0.1 0.8]

p()\):det(A—)\I):(%_,\)(%_)\)_12_0.%:0
if (9 — 10A)(8 — 10\) — 2 = 0
if 100\ — 170A+70=0

if (10A —7)(A—1) = 0, then eigenvalues will be 1 and .

Let yo: initial state of win, zy: initial state of loss and uy = { ‘ZO ]
0

Y1 = Ogyo + 0.220

Then 01y +0.82

v



Hence u; = {%}:A{yo}

21 20

Inductively, up = Aug_1, k=1,2,.. if u, = { Z’“ ]
k

Now remark that A is a Markov matrix and A\; = 1 is an eigenvalue of A. So for the corresponding
eigenvector x; we have Ar; = x; and x; is the steady state solution.

For A =1:
(A= M)z = (A-I)2= [O%El o.ggl} lz]:lg]

if 0.1a —0.2b =0 < a = 2b then z; = [2

1 } is an eigenvector.

Hence the team will win % of its games in the long run, since the chance of winning is 2 times the
chance of loosing.

8
—
|
N )
1

9. Find the general solution of l 1 _11 1 } y | =

Solution:
1 1 1 N 1 1 1
1 -1 1 0 -2 0

So for the homogeneous system [

1 1 1
1 -1 1

&
Il
—
o O
—

we have y =0,z + 2 =0

—1
Hence z, =2 | 0 |,z € R (Solutions to the associated homogeneous equation)
1
11 1] 0
For[l -1 1] Y :[—2]
z
r+y+z2=0
T—y+z=—2
r+z=-1
0
Hence fory=1,2=—-1,2 =0, 2, = 1 is a particular solution of the given equation.
-1
Then the general solution:
0 —1
1 |+2] 0 ,2 € R
-1 1
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1. For what values of a does the system :

ar +y =1
dor +ay =2

have (i) a unique solution (ii) infinitely many solutions (iii) no solution? Find also the rank of
the coefficient matrix in each case.

Solution:

1 .
i a ) must be non-singular

To have a unique solution the coefficient matrix A:< “

since the system is square.
detA=a>—4=0=a=2,a=—2
(i) unique solution if a # +2 , which is :

(3)-(1)

In this case rankA = 2

(i) ifa=2:
204+ 1=1
do + 2y =2

A (2L (210
=g 2 2 0010
2x +y = 1. One equation two unknowns =-infinitely many solutions.

In this case rankA =1

(iii)ifa:—Q:Aug=<_2 ! ll)———> <_2(1)|1).Incon—

sistent and hence no solution.

In this case rankA =1

0 01
2. Let A= | 3 2 2
4 1 3

(a) Find @ R-decomposition of A, where () is an orthogonal matrix.

Solution:



@ is the orthogonal matrix obtained from A by Gram-Schmidt process
a; =<0,3,4>, as =<0,2,1 >, a3 =< 1,2,3 > labelling the columns

Ir1 = O .
- _ T 4 =3
Lo = Qg HmTIHQII _<79757 5 >
_ _ Q311 _ Q3T2 _
T3 = Q3 — ET1 — ople =< 1,0,0 >

21, T9, T3 is an orthogonal set. Then

Tt 3 4
=<0,=,=->
T 5'5
T2 4 -3
= =<0,-, — >
=7 ] 55
G5 =~ —<1,0,0 >
||3]|
form an orthonormal set.
0 0 1
QZ[Q1|Q2|C]3]: 3/5 4/5 0
4/5 =3/5 0
¢lar qlog qlag 5 2 18/5
R = Fay glaz | = 01 —-1/5
q s 00 1

So that A = QR.

(b) Find the inverse of @, if it exists.

Solution:
Since @ is orthogonal, we have Q7Q = QQT = I. Hence Q' = Q7.

3. (a) Show that if A is similar to B, then A is similar to B*

Solution:

Given that there exists an invertible M such that M~'AM = B or A = MBM™1,
compute A*

AR = (MBM~Y)(MBM-Y)...(MBM-Y[ktimes) = A% = MBFM-".
Hence AF is similar to B¥ | via the same matrix M.

(b) Let A be an m x n matrix. Prove that if tr(ATA) = 0 then A = 0.

Solution:



Let A = [q1lq2]---|g3]man

da e . g
Ao de ... ddq

Hence, ATA = 2 2 2 = (AT A)y = ¢l ¢ = lail|?
o de . ¢la

tr(ATA) =¢f g + o+ .. + ¢ = [|@|]* + - + ||gnl]?

tr(ATA)=0= ¢ =0forevery i =1,2,...,n
So each column of A is zero. Therefore A = 0.

2 -1 3 -1
4. The matrix A = 0 0 6 has an eigenvector v; = —2 | . It is also known that
0 3 =7 3

A = 2 is an eigenvalue of A.
(a) Using the information, diagonalize A.

Solution:

If v, is an eigenvector, then there is an eigenvalue A such that

2 -1 3 -1 -1 9 -1
Avy = vy = 0 0 6 -2 |=X| -2 | = 18 =\ -2

0 3 -7 3 3 —27 3
Therefore another eigenvalue is A = —9, with an eigenvector v;

A = 2 is an eigenvalue(given). Let us find the eigenvector(s) for A =2 :

0 -1 3 0 —1 3
A-2I=10 -2 6 ——>10 0 0| =—-224+323=0
0 3 -9 0 0 0
T 1 0
xy is free.= (A —2[)x =0 issatisfiedif e = | 323 | =2 | O | +a23| 3
I3 0 1
There are two eigenvectors for A = 2. Taking these two eigenvectors to be :
1 0
vo=1| 0 | andwvs | 3 |, We can diagonalize A
0 1
| -1 10 -9
ST1AS =Awhere S=| v; vo vs | =] =2 0 3 | and A = 2
| 3 01 2

(b) Find A% | (Leave it as a product.)

Solution:

A= SAS_l = A2003 — SA20035_1



110 92003 11 -
:>A2003: -9 0 3 22003 -9 0
0 1 22003 3 0

= w o

5. Let T : R*— > R? be a linear transformation satisfying T(< 1,0 >) =< —4,3 > and
T(<1,1>)=<—-10,8 > . Let A be a matrix of 7" in the standart basis.

(a) Find A.

Solution:

We need T(< 0,1 >). But < 0,1 >=<1,1>—-<1,0>

=T(<0,1>)=T(<1,1>)-T(<1,0>)

=T(<0,1>)=<-10,8> — < —4,3>=< —6,5 >
—4 -6

:A:[T61|Teg]:( 3 5 )

(b) What is the matrix B representing 7" in the basis that consist of eigenvectors of A 7
Solution:

Eigenvalues of A : |A — M| =
= A=2,1=-1

—4-) -6
35—

':(5—)\)(—4—)\)+18:0

)\:2:A—2/\:(_36 _36):xlz—xg:aneigenvectorisplz<_11>

-3 —6
/\——1.A+)\—< 3 6

T(pl)z(_ff _56)(_11)2(_22)=2p1+0p2
= (5 7) () =(5) o

1
2 2
B = [Tp1|Tp2] = ( —2 1 )

. : —2
) = x1 = —2x9 = an eigenvector is py = ( ) )

du

= Awu with the initial condition

(c) Solve the system of differential equations

Solution:

du _

7 = Au has the general solution : u = Sert S,

S = < _11 _12 ) (found above, eigenvectors of A.) A = ( 2 4 ) oM

(7o)



st (2D emsm (22 (D)= (2) - ()

= u = c1eMipy + coeip,y

1 -2 U
2t ot 1
U= —e ( 1) e (1).Letu—<u2)

uy = —e?t 4 2¢7t
Uy = et —et

6. Let A be square matrix with eigenvalues \; = 2, Ay = 1 and A3 = 5 with multiplicities 3, 2 and
2 respectively. Let E; be the eigenspace associated with the eigenvalue A;, ¢+ = 1,2,3. Assume
that dimF, = 2, dimFEs = 1 and dimFE3 = 2

(a) Is A diagonalizable? Explain.

Solution:

Counting the multiplicities, we understand that A is 7z7.
dimFEy, + dimFEy + dimE3 =2+ 1+ 2 =05 # 7. Hence A is not diagonalizable.

(b) Give a Jordan form J of A.

Solution:

A =(0),(0,0) 2 eigenvectors.
A= (1,1) 1 eigenvector.

A= (5),(5) 2 eigenvectors.
J contains 5 blocks.

(")

[0]

Tx7

(c) Write down the characteristic polynomial of A.

Solution:

Using the fact that eigenvalues are roots of the characteristic polynomial
p(A) = =A3(X — 1)%(\ — 5)% (the front minus sign comes from the order of A)

(d) Is A invertible?Justify your answer fully.

Solution:



To be invertible, detA # 0 has to be satisfied. But A has A = 0 as an eigenvalue and
detA = A\ Aa...\7 which yields that detA = 0. The answer is no.

(e) Find the trace of A.

Solution:
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1.(a) [3] A 4 x 4 matrix C is known to have eigenvalues \; = 2, \y = A\3 = —3and A\, = 4.Find
det(I 4+ C), Trace(I + C') and det(exp C)

Solution:

If C has eigenvalues 2,-3-3,4 than (I+C) has eigenvalues 3,-2-2,5 and exp(C) has eigenvalues
e?,e73,e73, e* then we have

det(I + C) = 3.(=2).(—2).5 = 60

Trace(I +C) =3+ (-2)+(-2)+5=4

det(e®) = e2eBeBet =1

(b) [3] If K is a skew-symmetric square matrix show that Q = (I — K)(I + K)~! is an orthogonal
matrix.

Solution:
Compute Q7Q. QT = [+ K) ' -K|"=I+K")'(I-K")=(I-K)'(I+K)

QTQ=(1-K)"U+K)(I-K)(I+K)"'=I
since (I + K)(I — K) = (I — K)(I + K) therefore Q is orthogonal.

2.(a) [4] Suppose that n x n square matrices C and D obey CD = —DC. Find the flaw in the
following argument and correct it: Taking determinants gives det(C') det(D) = — det(D) det(C') so
either C or D must have zero determinant. Thus CD = —DC(' is only possible if C or D is singular.

Solution:
The flaw is that since det(—DC') = (—1)" det(D) det(C)
det(—DC) = —det(D) det(C) when n is odd.

The correct statement : C or D is singular when n is odd
b) [3] If A is a skew-symmetric matrix what can you sat about e (justify your answer).

Solution:
e? is orthogonal since

AT = eAeA” = eAe=A = |

(& = cee = e e

3) [7] If linearly independent vectors z; and x are in the columns of S, what are the eigenvalues

and eigenvectors of B = S (g :1))) St

Solution:

. . 2 3 2—-A 3 : :
Diagonalize (0 1). ‘ 0 1-) ' =0 implies (2 —A)(1 — ) =0.



Eigenvalues are A = 2 and A = 1.

0
0

1
0

Eigenvectors for A = 2 : (

Eigenvectors for A =1 : (

0Y . ) 1
<O> implies b=0. x =a (0)

implies a4+ 3b=0. z =0 (_13)

1 =3\ =«
(o 7')2-
= 95 diagonalizes B

=~ 1 X9 1 -3 T —3$1+l’2
SS = =

(06 7))

~ 2 0

A:(O 1).

Eigenvector x; with the eigenvalue 2.
Eigenvector —3x; + x2 with the eigenvalue 1.

2 0 2 3\  aiaon
(0 1) and (O 1>—SAS

B = SSAS71S7t = (SS)A(SS)7!

3 4 6 1
4) et A= 0 1 0 Jandb= |0
-1 -2 -2 0

a) [4] Find all eigenvalues and eigenvectors of A.

Solution:
3—A 4 6
0 1—A 0 =0
-1 -2 =2
= AA—-1)2=0

A =0and A =1 are eigenvalues.

3 4 6 T 0
Eigenvectors for A = 0: 0 1 0 zo | =0
-1 -2 =2 T3 0
3.1'1 + 433'2 + 61’3 =0
) = 0
—x1 — 2x9 — 3x3 = 0
-2
=11 =—-2x9, z=x3| 0



2 4 6 x 0
Eigenvectors for A\=1: [ 0 0 0 x| = 1|0
-1 -2 -3 T3 0

2371 + 4332 + 61’3 =0

0 =0

—r1 — 219 — 3r3 = 0
—2.732 — 3233 —2 -3
=21 +20,+323=0, = To =x9| 1 | +23| O
xI3 0 1

b) [3] Compute A1

Solution:
Since eigenvectors are linearly independent A is diagonalizable.

A=SAS~! A=

o O O
o = O
_ o O

A" = SA”"S™t = SAS—1 = A since A" = A.

3 4 6 1
A"v=Ab=[ 0 1 0 0O]=120
-1 -2 =2 0 -1

5) Let T : R*> — R? be a linear transformation satisfying T(1, —1) = (—1,2) and T'(1,1) = (3,4).
a) [3] Find the matrix representation of T in the standard basis.

Solution:

T(1,0) = [T(1,1) + T(1, -1)] = 3[(3,4) + (—1,2)] = (1, 3).

T(0,1) = §[T(1,1) - T(1, -] = 1[(3.4) - (~1,2)] = (2, ).

T (T(ll, 0) T(ll, 0)) _ (; i)
b) [3] Compute T(z,y).

Solution:

T(x,y) =2T(1,0) +y7T(0,1) = 2(1,3) + y(2,1) = (= + 2y, 3z + y)



6) a) [3] Find a basis for the vector space of 3z3 skew-symmetric matrices.
Solution:

The most general 323 skew-symmetric matrix

0 a b
K = —a 0 ¢ a,b,c e R
b —c 0
0 10 0 01 0 0 O
= al|l-1 0 0 + b1 0 0O + c¢c|0 0 1
0 00 -1 0 0 0 -1 0
K K, K

{K1, K3, K3} form a basis.
b) [4] What can you say about a subset of a linearly independent set of vectors? (prove your claim).

Solution:
The subset should be linearly independent.

Proof: Let {ay, s, ..., a,,} be linearly independent vectors, {ay, ..., ax }k < n be our subset. Assume
that the subset is linearly dependent. Then if c;aq + ... + cpap = 0 there exists at least one ¢; # 0.
But then the numbers (cq, ..., ¢, 0,0, ...,0) gives ciay + ... + gy + Oy + ... + 0y, = 0 with some
non-zero ¢;. This contradicts with the fact that {ay, ..., v, } is linearly independent. Thus {ay, ..., ax}
should be linearly independent.
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