Section 9.3 Polar Coordinates 2010 Kiryl Tsishchanka

Polar Coordinates

DEFINITION: The polar coordinate system is a two-dimensional coordinate system in which each
point P on a plane is determined by a distance r from a fixed point O that is called the pole (or origin)
and an angle 6 from a fixed direction. The point P is represented by the ordered pair (r,0) and r, 6 are
called polar coordinates.

REMARK: We extend the meaning of polar coordinates (r, #) to the case in which r is negative by agreeing
that the points (—r,8) and (r, #) lie in the same line through O and at the same distance |r| from O, but
on opposite sides of O. If r > 0, the point (r,0) lies in the same quadrant as 0; if r < 0, it lies in the
quadrant on the opposite side of the pole.

P(r,ﬂ) ("70)
0+
0
v 0
e
//
//
v
polar axis x (=7, 0)
EXAMPLE: Plot the points whose polar coordinates are given:
Solution:
37
3T N /?j? 0 ’\\4

REMARK: In the Cartesian coordinate system every point has only one representation, but in the polar
coordinate system each point has many representations. For instance, the point (1,57/4) in the Example
above could be written as (1, —37/4) or (1,137/4) or (—1,7/4):
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EXAMPLE: Find all the polar coordinates of the point P(2,7/6).
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EXAMPLE: Find all the polar coordinates of the point P(2,7/6).

Solution: We sketch the initial ray of the coordinate system, draw the ray from the origin that makes an
angle of 7/6 radians with the initial ray, and mark the point (2, 7/6). We then find the angles for the other
coordinate pairs of P in which » =2 and r = —2.

Initial ray

For r = 2, the complete list of angles is

T Tion, Zaur Zien
6 6 6 6
For r = —2, the angles are
L Ly o
6 6 6 6

The corresponding coordinate pairs of P are
T
(2, 6+2mr), n=0, +1, +2, ...

and

5
(—2, —%—1—272#), n=0, 1, £2, ...

When n = 0, the formulas give (2,7/6) and (=2, —57/6). When n = 1, they give (2,137/6) and (-2, 77/6),

and so on.

The connection between polar and Cartesian coordinates can be seen from the figure below and described
by the following formulas:

y
P(r,0) =P(x,y)

x =rcosf y =rsinf
| |

r? =z +9° tanf = 2
x

N6

EXAMPLE:

(a) Convert the point (2,7/3) from polar to Cartesian coordinates.

(b) Represent the point with Cartesian coordinates (1,—1) in terms of polar coordinates.
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EXAMPLE:

(a) Convert the point (2,7/3) from polar to Cartesian coordinates.
(b) Represent the point with Cartesian coordinates (1, —1) in terms of polar coordinates.

Solution:

(a) We have:
1 3
xzrcos@chos%zQ-Ezl yzrsin@zZsingzlgz\/g

Therefore, the point is (1,v/3) in Cartesian coordinates.

(b) If we choose r to be positive, then

r=+a2+yt=\12+(-1)2 =2 tanf = 2 = —1
T

Since the point (1, —1) lies in the fourth quadrant, we can choose § = —7/4 or § = 77 /4. Thus one possible
answer is (v/2, —m/4); another is (v/2, 77 /4).

EXAMPLE: Express the equation = 1 in polar coordinates.

Solution: We use the formula z = r cos 6.

r=1
rcosf =1
r =sect

EXAMPLE: Express the equation 22 = 4y in polar coordinates.

Solution: We use the formulas x = rcosf and y = rsiné.

(rcosf)?* = 4rsinf
r?cos? = 4rsiné

iné
r = 4_51112 = 4secftanb
cos? 6



Polar Curves

The graph of a polar equation r = f(6), or more generally F(r,0) = 0, consists of all points P that
have at least one polar representation (r,6) whose coordinates satisfy the equation.

EXAMPLE: Sketch the polar curve 6 = 1.

Solution: This curve consists of all points (r,6) such that the polar angle 6 is 1 radian. It is the straight
line that passes through O and makes an angle of 1 radian with the polar axis. Notice that the points
(r,1) on the line with r > 0 are in the first quadrant, whereas those with r < 0 are in the third quadrant.

EXAMPLE: Sketch the following curves:
(a) r=2, 0<60 < 2.

(b) r=2cosf, 0 <0 <m.
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EXAMPLE: Sketch the curve r =2, 0 < 6 < 27.

Solution: We have

r=2, theta=Pi/6 r=2, theta=2 Pi/6 r=2, theta=3 Pi/6
2+ 2t 2
1r \ il 1 \
IR 1 2 IR 1 2 IR 1 2
-1t -1t -1
-2t -2t -2t
r=2, theta=4 Pi/6 r=2, theta=5 Pi/6 r=2, theta=6 Pi/6
1 \ 1 \ K \
2 1 1 2 2 1 1 2 -2 1 1 2
-1t -1t -1t
-2t -2t -2t
r=2, theta=7 Pi/6 r=2, theta=8 Pi/6 r=2, theta=9 Pi/6
K 1 1 2 1 1 2 1 1 2
-1t -1t -1t
,2 - 72 L

r=2, theta=10 Pi/6 r=2, theta=11 Pi/6 r=2, theta=12 Pi/6
1 2 ) 1 2 ) 1
,1 - 71 |
- /
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EXAMPLE: Sketch the curve r = 2cosf, 0 <60 <.

Solution: We have

r=2cos(theta), theta=Pi/12

r=2cos(theta), theta=2 Pi/12

2010 Kiryl Tsishchanka

r=2cos(theta), theta=3 Pi/12

1.0} 10 10t
05f \ 05F 05F
7(‘).5 015 110 115 20 015 1‘.0 115 20 4‘).5 ois 1‘.0 115 20
—05f -05 -05F
-10} -10} -10}
r=2cos(theta), theta=4 Pi/12 r=2cos(theta), theta=5 Pi/12 r=2cos(theta), theta=6 Pi/12
10}
05F
05
-05F} -05) -05
-10f -10f -1.0
r=2cos(theta), theta=7 Pi/12 r=2cos(theta), theta=8 Pi/12 r=2cos(theta), theta=9 Pi/12
1.0 10}
05 05}
05 05
~05 05}
-10f -10} 10}

r=2cos(theta), theta=10 Pi/12

r=2cos(theta), theta=11 Pi/12




EXAMPLE: Express the polar equation » = 2 cos @ in rectangular coordinates.

Solution: We use the formulas r? = 22 + y? and = = r cos §. We have
r = 2cosf
r? = 2rcosf
24yt =22
22 =2+ =0
P —2r+149y*=1

(r =1 +¢y*=1

EXAMPLE: Express the polar equation in rectangular coordinates. If possible, determine the graph of
the equation from its rectangular form.

(a) r = bsecl (b) r = 2sin@ (¢c) r=2+2cosb



EXAMPLE: Express the polar equation in rectangular coordinates. If possible, determine the graph of
the equation from its rectangular form.

(a) r = bsecl (b) r = 2sin@ (¢c) r=2+2cosb
Solution: We use the formulas r* = 22 + y?, x = rcosf and y = rsin6.
(a) We have
r = Hsecl
rcosf =5
=95
(b) We have
r = 2sinf
r? = 2rsin 6
224y =2y
2?4y —2y=0
Py -2y+1=1
P y—-1)7%i=1
(c) We have
r=2+2cost
7% = 2r + 2r cosf)
v? +y? =2+ 20
? +y? — 20 =2r
(2% +y* — 22)* = 4r?
(2% +y* —22)* = 4(2* + y*)
YA S YA
\f:
4 1_._
} :0“ ——t— —> | | .
| -0 P
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EXAMPLE: Sketch the curve r =1+ sinf, 0 < 0 < 27 (cardioid).

Solution: We have

2010 Kiryl Tsishchanka

r=1+sin(theta), theta=Pi/6 r=1+sin(theta), theta=2 Pi/6 r=1+sin(theta), theta=3 Pi/6
20} 20 20¢
15F 15F 15}
10f 10} 10}
05F 05F 05}
15 10 05 | 05 10 15 15 10 -05 05 10 15 15 -10 -05
-05F -05F -05F
r=1+sin(theta), theta=4 Pi/6 r=1+sin(theta), theta=5 Pi/6 r=1+sin(theta), theta=6 Pi/6
15}
10}
05f
15 -10 -o05 15 15 -10 -o0s 05 10 15 -15 -10 -05 | 05 10 15
-05F -05F -05F
r=1+sin(theta), theta=7 Pi/6 r=1+sin(theta), theta=8 Pi/6 r=1+sin(theta), theta=9 Pi/6
15

r=1+sin(theta), theta=10 Pi/6

r=1+sin(theta), theta=11 Pi/6

15

-15

r=1+sin(theta), theta=12 Pi/6
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EXAMPLE: Sketch the curve r =1 — cosf, 0 < 6 < 27 (cardioid).

Solution: We have
r=1-cos(theta), theta=Pi/6

15}
10f

051

-20 -15 -10 -05 0.5

-05¢
-10¢

-15¢

r=1-cos(theta), theta=4 Pi/6
15}

T

051

-20 -15 -10 -05 0.5

-05¢

-10}

-15+¢

r=1-cos(theta), theta=7 Pi/6
15}

-20 -15 -10 -05 0.5

-05¢
-1.0¢

-15+¢

r=1-cos(theta), theta=10 Pi/6
15

-20 -15 -10 -05 0.5

r=1-cos(theta), theta=2 Pi/6
15

10

051

-20 -15 -10 -05

-051
-1.0r

-15F

r=1-cos(theta), theta=5 Pi/6
15}

7 T

05¢

0.5

-20 -15 -10 -05

-051

-10+

-15+

r=1-cos(theta), theta=8 Pi/6
15}

0.5

-05

0 -15

-1.0

-05¢
-1.0r

-15+

r=1-cos(theta), theta=11 Pi/6
15

0 -15 -10 -05

10
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r=1-cos(theta), theta=3 Pi/6
15}

1.0

05

-20 -15 -10 -05 0.5

-05F

-101

-15F

r=1-cos(theta), theta=6 Pi/6
15}

-20 -15 -10 -05 0.5

-05
_1.0}

-15+

r=1-cos(theta), theta=9 Pi/6
15

-10 -05 0.5

r=1-cos(theta), theta=12 Pi/6
15

0 -15 -10 -05 0.5




Section 9.3 Polar Coordinates

EXAMPLE: Sketch the curve r =2 +4cosf, 0 <6 < 2.

Solution: We have
r=2+4cos(theta), theta=Pi/6

r=2+4cos(theta), theta=2 Pi/6
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r=2+4cos(theta), theta=3 Pi/6

r=2+4cos(theta), theta=4 Pi/6

r=2+4cos(theta), theta=5 Pi/6

r=2+4cos(theta), theta=6 Pi/6

r=2+4cos(theta), theta=7 Pi/6

r=2+4cos(theta), theta=8 Pi/6

r=2+4cos(theta), theta=9 Pi/6

r=2+4cog(theta), theta=11 Pi/6

11

r=2+4cos(theta), theta=12 Pi/6
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EXAMPLE: Sketch the curve r = cos(26), 0 < 0 < 27 (four-leaved rose).

Solution: We have

r=cos(2theta), theta=Pi/6 r=cos(2theta), theta=2 Pi/6 r=cos(2theta), theta=3 Pi/6

10} 10F 10}
05F 05} 05F
71‘.0 4‘).5 015 1.0 71‘.0 4‘).5 0‘.5 10 71‘.0 76.5 015 1.0
-05F ~05 05F
-10f -10} Mot
r=cos(2theta), theta=4 Pi/6 r=cos(2theta), theta=5 Pi/6 r=cos(2theta), theta=6 Pi/6
10} 10F 10}
05F 05} 05F
10 s /1 o5 10 “10
05F
r=cos(2theta), theta=7 Pi/6 r=cos(2theta), theta=8 Pi/6 r=cos(2theta), theta=9 Pi/6
10+ 101 1.0

theta=10 Pi/6

r=cos(2theta),

theta=11 Pi/6

r=cos(2theta),

theta=12 Pi/6

12
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EXAMPLE: Sketch the curve r =

Solution: We have
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sin(20), 0 < 6 < 27 (four-leaved rose).

r=sin(2theta), theta=Pi/6 r=sin(2theta), theta=2 Pi/6 r=sin(2theta), theta=3 Pi/6
10+ 10+ 10+
05F 05F 05F
71‘.0 4‘).5 015 110 71‘.0 4‘).5 o‘.s 1‘.0 71‘.0 76.5 015 110
—05+ -05¢ -05r-
~10+ -10¢+ -10r
r=sin(2theta), theta=4 Pi/6 r=sin(2theta), theta=5 Pi/6 r=sin(2theta), theta=6 Pi/6
10+ 10+ 10+
05F 05F 05F
ST T Y T T T Y Y Y M ST T T Y Y Y Y Y W AA_A_‘_A_A_A_A_‘_A_A_A_A_{
-10 -05 05 10 -10 -05 0.5 1.0 -10 -05 10
-05} -05} 05
~10+ -10¢ -1.0r
r=sin(2theta), theta=7 Pi/6 r=sin(2theta), theta=8 Pi/6 r=sin(2theta), theta=9 Pi/6

10

-051

-10

r=sin(2theta), theta=10 Pi/6

10

10

05

-1.0

r=sin(2theta),

10

theta=11 Pi/6

-10r

r=sin(2theta), theta=12 Pi/6

10

13

10
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EXAMPLE: Sketch the curve r =

Solution: We have

sin(30), 0 < 6 < 7 (three-leaved rose).
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r=sin(3theta), theta=Pi/12 r=sin(3theta), theta=2 Pi/12 r=sin(3theta), theta=3 Pi/12
10+ 10+ 10+
05F 05} 05 )
‘ ‘ / ‘ ‘ ‘ / ‘ ‘ ‘ ‘ ‘
-10 -05 05 10 -10 -05 0.5 1.0 -10 -05 05 10
—05+ -05¢ -05r-
~10+ -10¢+ -10r
r=sin(3theta), theta=4 Pi/12 r=sin(3theta), theta=5 Pi/12 r=sin(3theta), theta=6 Pi/12
10+ 10+ 10+
05F 05F 05F
10 o5 05 10 10 os 05 10 10 o5 05 10
-05} b5t b5t
-10 -10f -1
r=sin(3theta), theta=7 Pi/12 r=sin(3theta), theta=8 Pi/12 r=sin(3theta), theta=9 Pi/12
10+ 10+ 10+
05F
—i.O —6.5 015 110 —i.O
b5t

r=sin(3theta), theta=10 Pi/12

10

r=sin(3theta), theta=11 Pi/12

10

14

r=sin(3theta),

10

theta=12 Pi/12
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EXAMPLE: Sketch the curve r =

Solution: We have

sin(40), 0 < 0 < 27 (eight-leaved rose).
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r=sin(4theta), theta=Pi/6 r=sin(4theta), theta=2 Pi/6 r=sin(4theta), theta=3 Pi/6
10+ 10t 10+
05F j 05F o5}
71‘.0 76.5 ois 110 71‘.0 76.5 o‘.s 1‘.0 71‘.0 76.5 015 110
-05} -05 0B+
~10+ -10¢+ -10r
r=sin(4theta), theta=4 Pi/6 r=sin(4theta), theta=5 Pi/6 r=sin(4theta), theta=6 Pi/6

r=sin(4theta)

10

r=sin(4theta),

10

theta=7 Pi/6

theta=10 Pi/6

10r

r=sin(4theta),

theta=8 Pi/6

15
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EXAMPLE: Sketch the curve r =

Solution: We have
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sin(50), 0 < 0 < 27 (five-leaved rose).

r=sin(5theta), theta=Pi/6 r=sin(5theta), theta=2 Pi/6 r=sin(5theta), theta=3 Pi/6
10 10f 1.0
05F 05F
71‘.0 76.5 05 110 71‘.0 4‘).5 05 1‘.0 71‘.0
-05f -05F
-10f -10f
r=sin(5theta), theta=4 Pi/6 r=sin(5theta), theta=5 Pi/6 r=sin(5theta), theta=6 Pi/6
1. 1, 1.

r=sin(5theta), theta=7 Pi/6

1

r=sin(5theta), theta=10 Pi/6

r=sin(5theta), theta=8 Pi/6 r=sin(5theta), theta=9 Pi/6

1. 1

r=sin(5theta), theta=11 Pi/6 r=sin(5theta), theta=12 Pi/6

16
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EXAMPLE: Sketch the curve r =

Solution: We have
r=sin(6theta), theta=Pi/6

10

05

2010 Kiryl Tsishchanka

sin(66), 0 < 6 < 27 (twelve-leaved rose).

r=sin(6theta), theta=2 Pi/6 r=sin(6theta), theta=3 Pi/6

10r 10

-1.0 -0.5 0.5 10

-051

r=sin(6theta), theta=4 Pi/6

10

r=sin(6theta), theta=7 Pi/6

-10r -10r

r=sin(6theta), theta=5 Pi/6 r=sin(6theta), theta=6 Pi/6

theta=12 Pi/6

17
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EXAMPLE: Sketch the curve r =

Solution: We have
r=sin(7theta), theta=Pi/6

sin(70), 0 < 0 < 27 (seven-leaved rose).

r=sin(7theta), theta=2 Pi/6

10 10r
05 05
-1.0 -0.5 0.5 10 -1.0 -05 05 1.0
-051 -05¢
-1.01 -10r

r=sin(7theta), theta=4 Pi/6

10

r=sin(7theta), theta=7 Pi/6

10

r=sin(7theta), theta=10 Pi/6

10r-

r=sin(7theta), theta=5 Pi/6

10r

r=sin(7theta), theta=8 Pi/6

10r

r=sin(7theta), theta=11 Pi/6

101

18

r=sin(7theta)

10

r=sin(7theta)

10

r=sin(7theta)

10

r=sin(7theta),

10

2010 Kiryl Tsishchanka

theta=3 Pi/6

theta=6 Pi/6

theta=9 Pi/6

theta=12 Pi/6




Section 9.3 Polar Coordinates 2010 Kiryl Tsishchanka

1
EXAMPLE: Sketch the curve r =1 + 1 sin(100), 0 <6 < 27.

Solution: We have

r=1+sin(10theta)/10, theta=Pi/6

r=1+sin(10theta)/10, theta=2 Pi/6

r=1+sin(10theta)

/10, theta=3 Pi/6

10 10+ 1.04
05 S 05 ’R 05F
-1.0 -0.5 0.5 10 -1.0 -05 05 1.0 -10 -05 0.5 10
-051 -05 -05r-
-1.01 -10r -10r

r=1+sin(10theta)
~

0.5

/10, theta=4 Pi/6

r=1+sin(10theta)

/10, theta=5 Pi/6

r=1+sin(10theta)

/10, theta=6 Pi/6

-1.0 -0.5

-0.5

-1.0

r=1+sin(10theta)

0.5 10

/10, theta=7 Pi/6

-10r

r=1+sin(10theta)

05 1.0

/10, theta=8 Pi/6

-1.0 -05

-05

-1.0

0.5 10

r=1+sin(10theta)/10, theta=9 Pi/6

Q ~05

-1.0

0.5 10

-051

r=1+sin(10theta)/10, theta=10 Pi/6

1

10 -05

05 1.0

-10r

r=1+sin(10theta)/10, theta=11 Pi/6

1

0.5 10

r=1+sin(10theta)/10, theta=12 Pi/6

1

I
~

19
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EXAMPLE: Match the polar equations with the graphs labeled I-VI:

(a) 7 =sin(0/2) (b) r =sin(0/4)
(¢c) r=sinf+ sin®(56/2) (d) r=40siné
(e) r=1+4cos(50) f) r=1/v0

20
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Tangents to Polar Curves

To find a tangent line to a polar curve r = f(0) we regard # as a parameter and write its parametric
equations as

x =rcosf = f(0)cosd y=rsinf = f(0)sind
Then, using the method for finding slopes of parametric curves and the Product Rule, we have
dy dr .
d —  —sinf +rcosf
W _do _ db (1)
dr @ ﬁCOSG—rsinQ
dg  db

EXAMPLE:
(a) For the cardioid » = 1 4 sin#, find the slope of the tangent line when 6 = /3.

(b) Find the points on the cardioid where the tangent line is horizontal or vertical.

21



Section 9.3 Polar Coordinates 2010 Kiryl Tsishchanka

EXAMPLE:

(a) For the cardioid » = 1 4 sin#, find the slope of the tangent line when 6 = /3.
(b) Find the points on the cardioid where the tangent line is horizontal or vertical.
Solution: Using Equation 1 with » = 1 4 sin 6, we have

dy & sinf +rcos  cosfsinf + (1 + sinf) cos

dx & cosf — rsind ~ cosfcosf — (1 + sind)sind
cos (1 + 2sin ) cos (1 4+ 2sin#)

1 —2sin?0 —sinf (1 +sind)(1 — 2sin6)

(a) The slope of the tangent at the point where 6 = 7/3 is
dy _cos(m/3)(1+ 2sin(r/3)) 11+3)
dz{g_, /3 (1+4sin(r/3))(1 = 2sin(7/3)) (1 4++/3/2)(1 — V/3)

14+3 14+3

_ _ — 1
2+v3)(1-v3) -1-V3
(b) Observe that
11
Z—‘Z:cosH(quQsin@):O when 92%, 3;, %Ta %
j—z:(l—ksmé)(l—QSin@)—O when 6= 3; %, 5%

Therefore there are horizontal tangents at the points (2, 7/2), (3,77/6), (3,117/6) and vertical tangents
at (2,7/6) and (2,57/6). When 6 = 37/2, both dy/df and dx/df are 0, so we must be careful. Using
I’'Hospital’s Rule, we have

dy ) 14 2sin6 _ cosf
lim = lim —— lim ———
0—(3m/2)~ dx 0—(3r/2)- 1 — 2sinf 0—(3r/2)~ 1 + sin @

cos 1 . —sinf

3 0—»(3#/2) 1+ siné 3 0—(37/2)~ cosl

BY Symmelry,
m dy
9_’1;’7 /2 d.fE ({77) (%’11—“)

Thus there is a vertical tangent line at the pole.

REMARK: Instead of having to remember Equation 1, we could employ the method used to derive it. For
instance, in the above Example we could have written

1
x=rcosf = (1+sinf)cosf = cosb + ésin29

y =rsind = (1+ sinf)sinf = sin 6 + sin® 0

Then we would have
dy dy/d0 cosf+2sinfcosf  cost + sin26

dr  dr/d)  —sinf+cos20  —sinf + cos20
which is equivalent to our previous expression.

22



