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1.) Find the point(s) on the hyperbolic paraboloid z = (y − 2)2 − (x + 1)2 + 1 nearest to the point
(-1,2,3).

Solution:

We want to minimize the function F (x, y) = (x + 1)2 + (y − 2)2 + (z − 3)2 with the
constraint g(x, y) = z − (y − 2)2 + (x + 1)2 − 1 = 0. Using Lagrange’s method

~∇F = λ~∇g

we get

2(x + 1) = 2λ(x + 1)

2(y − 2) = −2λ(y − 2)

2(z − 3) = λ

Investigating these equations we see that there are two sets of solutions:

Case I: λ = 1. This implies y = 2 and z = 7/2. However for these y and z values
the constraint equation is not solvable for any x. Therefore, this case does not give any
solution.

Case II: λ = −1. This gives x = −1 and z = 5/2. Using the constraint equation we get
(y − 2)2 = 3/2. Therefore, the closest points are(

−1, 2 +

√
3

2
,
5

2

)
and

(
−1, 2−

√
3

2
,
5

2

)
.

2.) a) Show that the following limit does not exist.

lim
(x,y)→(0,0)

xy2

x2 + y4

Solution:

Approaching (0,0) along y = mx we find,

lim
x→0

m2x3

x2 + m4x4
= 0.



Approaching (0,0) along x = y2 we have,

lim
y→0

y4

y4 + y4
=

1

2
.

Therefore, the limit does not exist.

b) If F (x, y) = 0 find d2y/dx2 in terms of the partial derivatives of F (x, y).

Solution:

Taking a partial derivative of F (x, y) = 0 with respect to x we get

dy

dx
= −Fx

Fy

.

Differentiating this equation with respect to x we obtain

d2y

dx2
=
−FxxF

2
y + 2FxyFxFy − FyyF

2
x

F 3
y

.

c) Find constant(s) ”b” such that at any point of intersection of two spheres (x− b)2 + y2 + z2 = 5
and x2 + y2 + (z − 2)2 = 3, their tangent planes will be perpendicular to each other.

Solution:

The normals of the spheres are:

~N1 = 2(x− b)i + 2yj + 2zk

~N2 = 2xi + 2yj + 2(z − 2)k

For perpendicular tangent planes ~N1. ~N2 = 0 from which we obtain

x2 + y2 + z2 = 2z + bx .

Intersection points should also satisfy the sphere equations simultaneously which are:

x2 + y2 + z2 = 5− b2 + 2bx

x2 + y2 + z2 = 4z − 1

Comparing the right hand sides of these three equations we find b2 = 4, i.e, b = ±2.

d) Approximate
√

(2.95)2 + (4.01)2.

Solution:



We can use partial derivatives to approximate the value of a function at a certain point
using

F (x, y) ≈ F (x0, y0) + Fx(x0, y0)∆x + Fy(x0, y0)∆y .

For this problem F (x, y) =
√

x2 + y2 and x0 = 3, y0 = 4. Moreover, ∆x = −0.05 and
∆y = 0.01 and the partial derivatives are

Fx =
x√

x2 + y2
, Fy =

y√
x2 + y2

.

Therefore,

F (2.95, 4.01) ≈ F (3, 4) + Fx(3, 4)(−0.05) + Fy(3, 4)(0.01) = 5− 0.03 + 0.008 = 4.978 .

3.) Find the volume of the solid region x2 + y2 = x that lies inside the solid sphere x2 + y2 + z2 ≤ 1.

Solution:

We want to find the volume of the circular cylinder x2 + y2 = x lying inside the unit
sphere. First, note that z can be both positive and negative, i.e.,

z = ±
√

1− x2 − y2 .

The required volume can be found from the following double integral,

V = 2

∫ ∫
R

√
1− x2 − y2dA .

The factor of 2 appears since the integrand has to be positive for a volume. The region
R is the circle x2 + y2 = x. Transforming this double integral into polar coordinates we
get

V = 4

∫ π/2

0

∫ cos θ

0

√
1− r2 rdrdθ .

Here we got another factor of 2 using symmetry around x-axis. Performing the radial
integration we find

V =
4

3

∫ π/2

0

(1− sin3 θ)dθ =
4

3

∫ π/2

0

(1− sin θ + sin θ cos2 θ)dθ =
6π − 8

9
.

4.) a) Reverse the order of integration of the following integration and then evaluate it.

I =

∫ 2

1

∫ 2x

x

ydydx

Solution:



Reversing the order we find

I =

∫ 2

1

∫ y

1

ydxdy +

∫ 4

2

∫ 2

y/2

ydxdy .

Evaluating it we get,

I =

∫ 2

1

(y2 − y)dy +

∫ 4

2

(2y − y2

2
)dy =

7

2
.

b) Transform the following iterated integral from rectangular to polar coordinates.

I =

∫ 2

0

∫ 2

0

F (
√

x2 + y2)dxdy

Solution:

In polar coordinates this integral becomes,

I =

∫ π/4

0

∫ 2/ cos θ

0

F (r) rdrdθ +

∫ π/2

π/4

∫ 2/ sin θ

0

F (r) rdrdθ .

c) Which of the double integrals is larger?

I1 =

∫ ∫
R

(x4 + 6x2y2 + y4)dA , I2 =

∫ ∫
R

(4x3y + 4xy3)dA

Solution:

Note that

I = I1 − I2 =

∫ ∫
R

(x− y)4dA .

Since (x−y)4 is always positive, I = I1−I2 represents a volume and therefore it is always
positive. This implies that I1 is larger than I2 for any region R.
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1. Find the derivative of f(x, y, z) = x3 + y3z at (−1, 2, 1) in the direction toward (0,3,3).

Solution:

A vector in the indicated direction is (0, 3, 3)− (−1, 2, 1) =< 1, 1, 2 >.

The unit vector in that direction is ~u =
1√
6

< 1, 1, 2 >

~Of(x, y, z) =< 3x2, 3y2z, y3 >⇒ ~Of(−1, 2, 1) =< 3, 12, 8 >

Hence, the derivative of f(x, y, z) = x3 + y3z at (−1, 2, 1) in the direction toward
(0,3,3) is

~Of(−1, 2, 1) · ~u =< 3, 12, 8 > · 1√
6

< 1, 1, 2 >=
1√
6
· 31

2. Find the point on the sphere x2 + y2 + z2 = 1 furthest from the point (2, 1, 2) using Lagrange
multipliers.

Solution:

We want to maximize f(x, y, z) = (x− 2)2 + (y − 1)2 + (z − 2)2 subject to the
constraint g(x, y, z) = x2 + y2 + z2 − 1 = 0.

~Of = < 2(x− 2), 2(y − 1), 2(z − 2 >
~Og = < 2x, 2y, 2z >

Let ~Of = λ~Og. Then < 2(x− 2), 2(y − 1), 2(z − 2) >= λ < 2x, 2y, 2z >.
Thus

2(x− 2) = 2λx
2(y − 1) = 2λy
2(z − 2) = 2λz

 ⇒
x(1− λ) = 2
y(1− λ) = 1
z(1− λ) = 2

Hence 1− λ 6= 0.

Substitute x =
2

1− λ
, y =

1

1− λ
, z =

2

1− λ
in the constraint equation:

4

(1− λ)2
+

1

(1− λ)2
+

4

(1− λ)2
= 1 ⇒ (1− λ)2 = 9

⇒ 1− λ = ±3
⇒ λ = −2 or λ = 4

case1: λ = −2.

Then x =
2

3
, y =

1

3
, z =

2

3
and√

(x− 2)2 + (y − 1)2 + (z − 2)2 =

√
16

9
+

4

9
+

16

9
=

√
36

9
=
√

4 = 2



case2: λ = 4.

Then x = −2

3
, y = −1

3
, z = −2

3
and√

(x− 2)2 + (y − 1)2 + (z − 2)2 =

√
64

9
+

16

9
+

64

9
=

√
144

9
=
√

16 = 4

So the point on the sphere furthest from (2, 1, 2) is (−2

3
,−1

3
,−2

3
)

3. Find the area of the region enclosed by the cardioid r = 1 + cos θ using double integrals.

Solution:

-

6

�

?

•
2

•1

•
−1

θ = π/2

θ = 0

A =

∫∫
R

1dA =

∫ 2π

0

∫ 1+cos θ

0

rdrdθ =

∫ 2π

0

1

2
r2

∣∣∣∣1+cos θ

0

dθ =

=
1

2

∫ 2π

0

(1 + 2 cos θ + cos2 θ)dθ =

=
1

2

∫ 2π

0

(1 + 2 cos θ +
1 + cos 2θ

2
)dθ =

=
1

2
(
3

2
θ + 2 sin θ +

1

2
sin 2θ)

∣∣∣∣2π

0

=

=
1

2
(
3

2
2π) =

3

2
π

4. If z = ex/y sin(
x

y
) + ey/x cos(

y

x
), show that x

∂z

∂x
+ y

∂z

∂y
= 0

Solution:

Let u =
x

y
.

Then
z = eu sin(u) + e1/u cos( 1

u
),

∂z

∂x
=

dz

du
· ∂u

∂x
=

dz

du
· 1

y

∂z

∂y
=

dz

du
· ∂u

∂y
= −dz

du
· x

y2



By addition,

x
∂z

∂x
+ y

∂z

∂y
=

dz

du
· ∂u

∂x
· x +

dz

du
· ∂u

∂y
· y

=
dz

du
· x

y
− dz

du
· x

y2
· y

=
dz

du
·
(x

y
− x

y

)
= 0
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This archive is a property of Boğaziçi University Mathematics Department. The purpose of this archive is to organise and centralise the distribution of the exam questions and their solutions.
This archive is a non-profit service and it must remain so. Do not let anyone sell and do not buy this archive, or any portion of it. Reproduction or distribution of this archive, or any portion of
it, without non-profit purpose may result in severe civil and criminal penalties.

1. Let C1 and C2 be two parametrized curves in R3 which intersect at point P . The angle between
C1 and C2 at P is defined to be the angle between their tangent vectors at P . Now suppose
C1 and C2 are the curves given by the graphs of r1(t) = cos t i + sin t j + k and r2(t) = i + t k
(t ∈ R) respectively.
(a) [5] Find the point(s) of intersection of C1 and C2. If they intersect at all, find the angle
between C1 and C2 at the point(s) they intersect.
(b) [2] What are the curves C1 and C2? Describe how they look like.

Solution:

(a) We need to solve
r1(t) = r2(s)

for t and s. We get cos t = 1, sin t = 0 and 1 = s. For intersection, s = 1 and t = k2π,
k ∈ Z. All the solutions for t and s give the same point: P = (1, 0, 1). Note that
C1 and C2 passes through P at different times. Now, the angle between C1 and C2

at P is by definition the angle between r1
′(k2π) = 〈− sin t, cos t, 0〉t=0 = 〈0, 1, 0〉 and

r2
′(1) = 〈0, 0, 1〉. But observe that their dot product is 0. Hence the angle between

them is π
2
.

(b) C1 is a circle on the z = 1 plane with radius 1 and centered at (0, 0, 1) while C2

is a line parallel to z-axis and passing through (1, 0, 1).

2. Consider the parametrized curve r(t) = sin et i + cos et j +
√

3etk.
(a) [5] Find an arc-length parametrization of the curve that has the same orientation as the
given curve and has t = 0 as the reference point.
(b) [3] Calculate the curvature of the curve at the point corresponding to t = 1.

Solution:

(a)

s = s(t) =

∫ t

0

||r′(τ)||dτ

=

∫ t

0

[
(eτ cos eτ )2 + (−eτ sin eτ )2 + (

√
3eτ )2

] 1
2
dτ

=

∫ t

0

2eτdτ

= 2(et − 1).

Then t = t(s) = ln
(

s
2

+ 1
)

and the arc-length parametrization is:

r(s) = sin eln( s
2
+1) i+cos eln( s

2
+1) j+

√
3eln( s

2
+1)k = sin(

s

2
+1) i+cos(

s

2
+1) j+

√
3(

s

2
+1)k.

(b) The curvature of the arc-length parametrized curve r(s) is κ(s) = ||N(s)|| =
||r′′(s)||. We compute

r′′(s) = −1

4
〈sin(

s

2
+ 1), cos(

s

2
+ 1), 0〉



and κ(s) = ||r′′(s)|| = 1

4
for all s. This is not surprising. In fact, the curve is nothing

but a circular helix.

3. [3] In the sketch of the campus below, the marked point P is the place where you can sit down
and see the beautiful Bebek bay. One can see the level curves of the height function h(x, y)
from the sea level and the corresponding values of h on the left. Roughly sketch the direction
of the gradient of h at P . Also draw the direction(s) at P along which the directional derivative
of h is zero.

300
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310
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340

P

∇h

4. [5] Let f : R → R be a differentiable function and z = f(x2 + y2). Calculate

y
∂z

∂x
− x

∂z

∂y
.

Solution:

Let u = x2 + y2. Then

y
∂z

∂x
− x

∂z

∂y
= y

∂z

∂u

∂u

∂x
− x

∂z

∂u

∂u

∂y
= 2xy

∂z

∂u
− 2xy

∂z

∂u
= 0.

5. [6] Find the local linear approximation L of f(x, y, z) =
x + y

y + z
at P = (−1, 1, 1). Approximate

f by L at point Q = (−0.99, 0.99, 1.01).

Solution:

fx(x, y, z) =
1

y + z
, fy(x, y, z) =

z − x

(y + z)2
, fz(x, y, z) = − x + y

(y + z)2
.

L(Q) = f(P ) + fx(P )∆x + fy(P )∆y + fz(P )∆z = 0 +
1

2
0.01− 1

2
0.01 + 0 = 0.

6. As you know from the class, the following is a photograph of the Schools of Sagrada Familia
of architect Antońı Gaudi. Its remarkable roof can be considered as the graph of the function
f : R2 → R defined by:

f(x, y) = x cos y.

(a) [6] Find all critical points of f and determine explicitly if they are local maximum, local
minimum or saddle point.



(b) Bonus [2] Draw the x, y and z-axes and the local extrema of part (a) on the picture. Only
a complete answer takes the bonus!

Solution:

(a) f is differentiable everywhere. So, its critical points are those at which ∇f
vanishes; i.e

fx(x, y) = cos y = 0, fy(x, y) = −x sin y = 0.

Therefore the critical points are y = π
2

+ kπ (k ∈ Z) and x = 0. To classify these
points, we employ the second derivative test. At a critical point (0, π

2
+ kπ):

D = fxxfyy − f 2
xy = 0 · fyy − (− sin y)2 = − sin2(

π

2
+ kπ) = −(±1)2 = −1 < 0.

Hence, all critical points are saddle points.
(b)
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[]\_^ `bac^ abd(\fe `bgch ikjlh dm\7nce opncj_e q rsobtvuCo5wx \fybh z`bhC{}|ph ifj_e d~h q r���\fq�gbjc�s\fq�h `kd��}j_n_\be q~�(j_|bq����mgbjlnpace n_o_d�j7obt�q�gph dv\be `bgch ifjlh dmq o7oce x \_|ph d�jl\_|c��`kj_|bq�e \_^ h d�j�q�gbj��ph d�q�e h �cabq�h op|,obt]q�gbjsjk�_\c�J�5abjfd�q�h op|_d;\_|c�7q�g_jbh e]d�op^ a_q�h op|_dk��mgch ds\fe `bgch ikj�h ds\7|_op|b��n_e ob�5q(d�j_e ibh `kjl\_|_��h q(��a_d�q(e jc�s\_h |�d�o��(�}o�|bocq;^ jfq;\_|brkop|bj7d�jb^ ^�\_|_�,�co�|bo_qs�ca_rlq�gch d(\be `bgch ifjp�5oce�\_|br�ncoce q�h op|,o_t�h q��;��j_n_e op�5a_`kq�h op|�oce}�ph d�q�e h �pabq�h op|Aobt�q�gch ds\fe `bgch ikjp��oce�\_|brYn_oce q�h op|�obth q����vh q�gbo5abq�|bop|_� nce ob��qsncace nco_d�j,��\kr�e jkd~ap^ qsh |Yd�jfifj_e j7`fh i_h ^�\_|c��`be h ��h |c\_^Cncj_|_\_^ q�h jkdk�
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1.) Find the volume of the part of the sphere of radius 3 that is left after drilling a cylindrical hole
of radius 2 through the center.

Solution:

The sphere has equation: x2 + y2 = 9
In polar coordinates, r2 + z2 = 9 ⇒ z = ±√

9 − r2

V =

∫ 2π

0

∫ 3

2

[
√

9 − r2 − (−√
9 − r2)]rdrdθ

Let u = 9 − r2 ⇒ du = −2rdr

⇒ V = −1

2

∫ 2π

0

∫ 0

5

2u1/2dudθ = −2

3

∫ 2π

0

−53/2dθ =
20
√

5π

3



2.) Let S denote the set of topless and bottomless right circular cylinders of fixed non-zero surface
area A. Use Lagrange multipliers to prove or disprove that the set S has an element with maximal
volume. If your answer is positive then compute the maximal possible volume in terms of only A. If
your answer is negative tell us precisely the lack of which properties of the solution set of A = 2πrh
is responsible for the non-existance. (Note that the surface area of the cylinder of radius r and height
h with no top and bottom is 2πrh.)

Solution:

S(r, h) = 2πrh = A ⇒ g(r, h) = 2πrh − A

V (r, h) = πr2h ⇒ f(r, h) = πr2h

∇f = 2πrhi + πr2hj

∇g = 2πhi + 2πrj

∇f = λ∇g ⇒ 2πrh = λ · 2πh and πr2 = λ · 2πr

r = λ, r = 2λ ⇒ r = λ = 0.

But r = 0 gives S(r, h) = 2π · 0 · h = 0. But the surface area is nonzero. So using
the Lagrange multiplier method we conclude that NO such maximal volume cylinder ex-
ists.

Note that the variables r, h are such that r > 0, h > 0. Hence, the solution set (A = 2πrh)
is an unbounded set. For the existence of extremum, solution set must be closed and

bounded. Also, V =
Ar

2
and since r > 0, V −→ ∞ and so no cylinder with maximal

volume!



3.) Transform the following integral into spherical coordinates throughly but do not evaluate.

∫ 0

−2

∫ 0

−√
4−x2

∫ √
4−x2−y2

0

z3
√

x2 + y2 + z2 dzdydx

Solution:

Let I be the value of the given integral.

0 ≤ z ≤ √
4 − x2 − y2 ⇒ The solid over which we integrate is bounded below by z = 0

(xy-plane) and above by the sphere x2 + y2 = 4.

−√
4 − x2 ≤ y ≤ 0 and −2 ≤ x ≤ 0 tell us that the projection of this solid onto xy-plane

is the quarter of the circle: x2 + y2 = 4 in the third quadrant.

In spherical coordinates: z = ρ · cos φ and ρ =
√

x2 + y2 + z2

I =

∫ 3π/2

π

∫ π/2

0

∫ 2

0

(ρ · cos φ)3 · (ρ) · ρ2 sin φdρdφdθ



4.) Evaluate
∫ ∫

R
sin(y3) dA, where R is the region bounded by y =

√
x, y = 2 and x = 0.

Solution:

Let I =

∫ ∫
R

sin(y3) dA =

∫ 4

0

∫ 2

√
x

sin y3dydx =

∫ 2

0

∫ y2

0

sin y3dydx

This last integral seems to be more easier to take.

So, I =

∫ 2

0

[x sin y3]y
2

0 dy =

∫ 2

0

y2 sin y3dy

Let u = y3, then du = 3y2dy and therefore,

I =

∫ 2

0

sin u

u
du = −

[cos u

3

]u2

u1

= −
[
cos y3

3

]2

0

=
1 − cos 8

3
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