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1. Consider the limit:
z+y—1

lim
(zy)=0,1) /22 + (y — 1)?

(a) Write three particular paths to approach the point (0,1) while taking the limit. What is
the equation of the general family of linear straight paths for such approaches? Determine
constants in this equation as much as you can.

(b) Verify that the limit does NOT exist.

Solution:

(a) Three particular paths might be: (i) z =0, (ii) y = 1 and (iii) y = (z + 1)%. The
equation of the family of linear paths is: y = mx + n, where m and n are constants.
Since each of these paths passes through the point (0, 1), it follows that 1 = m.0 +n,
therefore n = 1. Hence, the equation of the family of linear paths through the point
(0,1)isy =mzx + 1.

(b) Let us evaluate the limit along y = 1:

r+y—1 . {1, z— 0F

lim — YT i L =
()0 72+ (y — 1)2 290 /22 ~1, 20"
1

y:
Therefore, NO LIMIT at (0, 1).

2. Find the maximum and minimum values of the function f(z,y,2) = = + y + z subject to
2.,,2, .2 _3
*+y +2°=3.

Solution:

One uses the Method of Langrange Multipliers: set g(z,y,z) = 2?2 + y? + 22 — 3 so

that the constraint for f(z,y, z) is ¢ = 0. Then, requiring 6f(a;, y,z) = )\ﬁg(x, Y, %),
we get:
1=A2z), 1=A(2y), 1=A(22)

which yields x = y = z = 1/2\. Replacing into the constraint equation:
1)’ 1)? 1\* 3 3 3
- — — :—:}—:—:})\2:2:>A::t 2.
(2)\) * (2/\> * (2)\) 87 123 V2
So the extremum points subject to g(z,y,2) =0arez =y =z = 5; = :Fﬁ.The
values of f at these points are

1 1 1 3

UCNC NG 2\/5)21\/5




and

1 1 1 3
- y T y = __\/E-
The first one is the absolute maximum and the second one is the absolute minimum
for f subject to the constraint.

3. Consider the function H(z,y) = —z® — y® + 3zy + 10.
(a) Find all critical points for H(z,y).
(b) Is there an absolute minimum or maximum for H(z,y)? (No calculations, but justify your
answer.)
(c) Suppose that H represents the height locally. Starting at (—1,—1), which direction one
should follow with a constant speed to go to a higher place as quick as possible? What is the
direction for a lower place? (Give the directions as unit vectors).
(d) For a person at (—1, —1), what is the rate of change of the height towards the origin?
(e) Write the equations for the line normal to the graph of H(x,y) and for the tangent plane

at (—1,—1).

Solution:
» . 0 OH
(a) At critical points, e 0 and 0 = = 0, or, one or both of them are undefined.
€T Y
OH 0H
9 = —32% + 3y, 8—y = —3y® + 3z are defined everywhere. We equate them to

zero and get y = z? from the former and x = y? from the latter. Hence z = 2* =
z(1 — z%) = 0. So, the critical points are (0,0) and (1, 1).

(b) NO. First note that since H(z,y) is defined everywhere, it does not necessarily
have absolute extrema. Now, as both x and y — +o0, H(z,y) — —oc. This is not
easy to observe but it is true. Also, as both z and y — —o0, H(x,y) — 400 so,
there is no absolute minimum nor maximum.

(c) For path of steepest ascent, we need DyH (x,y) = ﬁH(x, y) - & highest so that
we get

Since VH (z,y) = (=32 + 3y)i + (=3y* + 3z)j and VH(—-1,—1) = —6i — 6] :

ﬁH(_l’ _65_65‘ _ 1 - -

—) = L G+D)
[FaCL ]|~ Ve Ve

~

u =

is for a higher place the quickest direction.

For low places, any unit direction v such that ¢ - & < 0 will do. In particular, the
quickest descent is along —u.

(d) Towards the origin, the direction is given by the vector

- —; -

1= (0~ (=1)i+ (0~ (=1))j=7+]

The rate of change of H(z,y) towards the origin at (—1, —1) is given by:

DyH(—-1,-1) = (—6i — 67) - (;:/L;) __2_ 53



(e) At (=1,-1), z = H(—1,—1) = 15. The upward normal vector N to the graph of
z = H(x,y) at (—1,—1,15), say P, is given by

N =V(z+2*+1y®—3zy — 10) = 6 + 6] + k.
So the normal line is parametrized as
L:7(t) = (=i — ] + 15k) 4+ (67 + 6] + k).

If Q(z,y, 2) is an arbitrary point on the tangent plane o at P, the equation of the
tangent plane is given by:

O'ZN-P_QZO
(674 6]+ F) - [(z+ 1) + (y + 1)] + (2 — 15)] =0
o:6x+4+6y+2=23.

4. Consider a function f = f(p) where p = \/x% 4+ y2 + 22. If f satisfies the Laplacian:

=y, O°f O°f  0°f *f . of
2 _ _ 95
vi= 8x2+8y2+822 _“ap2+ op’

find a and b.

Solution:

One uses chain rule succesively:

of Ofop x of xof

355_8_/03_37_\/:52+y2+225_,0_;a_/0.
O°f _ 0 (2\of 29 (0f _1___ zﬁ_
ox2 9z \p) dp pox\9dp) \p P, 8
_ l__ of x__
\p 8p p? Op?
Noticing the z,y, z symmetry of the Laplacian and of p(z, y, z),

calculations)
(95

oy \p p3) 0p p*0p?

one obtains (without

and

’*f (1 of 0 f

So adding them up:

0’ f 62f+82f _:v2+y2+2262f+ 3 2?+yP+2%\ of
ox?  Oy* 022 p? 0p? P o’ dp
_f  20f
02 pdp )
=a=1and b= -.
p
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it (29) # (0,0)
Y - 1 7 ? . .
1. a) Let f(z,y) = ¢ +/22+ 92 Y . Is f(z,y) continuous at (0,0)7 Justify your
0 if (z,y) = (0,0)
answer!
Solution:

First notice that @ 1)111% f(z,y) has a 3 type indeterminacy. Use polar coordinates:
z,y)—(0,0

x =rcosf andy-rsm@ so that 72 = 22 + 2, r > 0. We now have:

472 sin 6 cos 0
lim f(z,y) = lim —— 27l 4rsin@cosf = 0

(z,y)—(0,0) r—0 Vr? r—=0

Hence, ( l)méoo f(z,y) = 0= f(0,0). Thus, f(z,y) is continuous at (0,0).
z,y)—

b) Prove or disprove that the directional derivative of f(z,y) in the direction of u + v at the
point P(xg,yo) is equal to D, f(xo, yo) + D, f(x0, yo) where u and v are vectors.

Solution:

The equality holds if f(z,y) is differentiable at P. Otherwise the equality does not
necessarily hold. For example, the function f(z,y) of part (a) is constant along z—
and y—axes so that D;f(0,0) = D;f(0,0) = 0 but D;,;f(0,0) = 2v/2.
2. Find the point(s) on the graph of 2% + 4y? + 22 = 12 where the tangent plane is perpendicular
1 — _
to the line 273

-9
Solution:
(2z,8y,22) || (2,1,2) = (2z,8y,22) = «(2,1,2). Solving for z,y and z we get
T =, y = /8, 2= a which should determine a point on the surface so that:
o2

192 8
o +—+a =12=dl=""=a=4+—

16 33 V11

So we get the points (\ﬁ 7 f) and (— f’ \/%,—\/%)_

3. a) Let f(z,y) and g(z,y) be differentiable functions. Show that V(fg) = fVg+ gV f.

Solution:

V(f9) = (fo.+gfo)i+ (fgy+ 9fy)d = (90 + 9y3) + 9(foil + fyd) = fVg+gVf



b) The plane 2y — 3z = 8 intersects the cone 2?> = 422 + 4y? in an ellipse. Find the highest
and lowest points of intersection.

Solution:

2 — 3z =8 =z = %. We wish to find the maximum and minimum values for
the function z = f(z,y) = =8 subject to the constraint 22 = 422 + 4y?. Hence

3
2y — 8
( y3 )2 = 4a® + 4y* = y? — 8y + 16 = 927 + 9°.

g(z,y) = 92> +8y*+8y—16=0
Vf(z,y) = AVy(z,y)
2§ = A18zi+ (16y+8)7),

which means 9
18\z =0 and (16y+8)A= 3

So, either A = 0 or x = 0. Since A = 0 is inconsistent with the second equation it
follows that = = 0. Substituting in g(x,y), we get 8y +8y —16=0= 1> +y—2 =
0=>y=1y=-2.= 2= f(0,1) = =2 and z = f(0,—2) = —4. The highest point
of intersection is (0,1, —2) and the lowest point of intersection is (0, —2, —4).

4. Find // Slzdi, where R is the triangle with vertices (0,0),(2,0) and (2,2). (Sketch the
R

region R.)

Solution:

y=c
dz =

y=0

// sindi:/Q/wsinxdydx:/2ysinx
R T o Jo T 0 x

2
. 2
/ sinzdr = —cosz|, =1 — cos2.
0
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1. Let w = F(zz,yz) be a differentiable function of independent variables =, y and z. Show that
w satisfies the partial differential equation:

oo ow__ow
e y@y 70z

Solution:

Let us write the function as w = F(u,v) where v = xz and v = yz. By the chain

rule
ow B oF ou OF dv B oF
9z ouods Tovor - “ou
ow . O0F ou OF Ov . oF
oy %a_f%a_y -

which implies that

On the other hand,

ow _ (orou, oron
-7 Oou 0z Ov 0z

Thus, the given partial differential equation is obviously satisfied.

1 )
2. (a) Do the surfaces z = \/22 + y2? and z = 1—0(332 +92) + 3 intersect? If so, describe the curve

of intersection.

(b) Show that these surfaces have a common tangent plane at their point(s) of intersection,
and that the equation of this common tangent plane at a point Py(xg, %o, 20) on the curve of
intersection is given by zxg + yyo = 52.

Solution:

(a) The projection onto zy— plane of the curve of intersection is given by
5

1
Va2 +y? = —10(332 +9°) + 5
Let y/2? + y? = u. Then:

WWu=v?+25=u?—10u+25=0
= (u=-5?2?=0=>u=5
= 2244?>=25 and z=5.



Therefore they intersect at the circle 22 + y? = 25 lying on the plane z = 5.
(b) Let us find normal vectors for the tangent planes to these surfaces:

0 0 o 0z R
First, 22 = 22 +¢y? = 22—2 = 2z = gz _ 2 and similarly — = Q, by implicit
ox ox z oy =z
differentiation. So we get:
Yo .
N,=—i+>=j—k at Po(xo, ¥, 20)-

<0 Zo
Since zy = 5, we substitute that in the normal vector:

Yo

N, =— =7 — k.

1 5 +5.7
For th boloid 2 = (2 + y?) + 2, the partial derivati %2 _ T ond
r r i = — e partial derivatives are — = — an
ao e paraboloid z 10$ Yy 5 p vativi o 3
z_Y . Hence, a normal vector is:
8y 5

Yo .

N, _€z+€‘7_k at  Py(zo, Yo, 20)-

Since normal vectors are the same, the surfaces share a common tangent plane at all
points Py on the curve of intersection. The equation of this common tangent plane

is determined by:
x

Dw—20) + Ly — y0) = (2 — 20)-
5 5
Since zy = 5,

zo(x — x0) + Yoy — %) = 5z —25

ToT + Yoy — (x§ + yg) 5z — 25, where x% + yg =925
= ToT + Yoy = DOz.

3. Find the point(s) on the cone z = /22 + y? that are nearest to the point (3, 1,0).

Solution:

We are to minimize (distance)? = (z — 3)? + (y — 1)® + 22 where 22 = 2?2 + y%. Let
F(z,y) = (x — 3)2+ (y — 1) + 2% + y* where x and y are independent variables.
Critical points of F(z,y) are determined by:

F,=0=2(z—3)+2x

F, = 2(y—1)+2y}:>2$:3:>x:3/23ndy:1/2'

One observes geometrically that this point gives a minimum. So the minimum dis-
tance is:

(G () iy () (98-

Alternatively, by the method of Lagrange multipliers, minimize (z—3)?+ (y—1)%+22
subject to the constraint 2% + 32 — 22 = 0:




Let H(z,y,2,A) = (x = 3)*+ (y = 1) + 2° = Az® +¢y* — 2%)
(1) H. = 0 = 2(z—3)—2\z,
@) H, = 0 = 2(y-1)-2y,
(3) H, = 0 = 2:(1+ ),
(4) Hy, = 0 = —(2?2+y%—2?).
From (3), either z =0 or A = —1. If 2 = 0, from (4)

P+ =0=2>z=y=2=0

This gives the origin, with a distance that is equal to /9 +1 = v/10. If A =
from (1) and (2) it follows that:

dr—6=0 = x=3/2
y—2=0 = y=1/2,

and from (4),
R U
4 4 4 2

Hence the point is (3/2,1/2,1/10/2), with the distance:

\/(%‘3)2+<%_1)2+¥:\/§

Since this is smaller than /10, the point must be (3/2,1/2,/10/2).

4. The following expression represents the volume of a solid bounded above by a surface and below

by a region R of the zy—plane :
2 p—2x+4
I

1 p2z
A
(a) What is the equation of this surface?
(b) Skech the region R over which the integration is done.
(c) Write an equivalent double integral for this volume, with the order of integration reversed
(DO NOT EVALUATE).

Solution:
1
(a) The surface is given by z = T
(b)
Y
2 -
1 -
R
, 2
1 x




2/2?//2 ! dxdy.
(c) Volume:/o i

o 1+y?
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1. A particle moves along a helix with position function r(t) = costi + sintj + tk. (a) Find the
dD
function D(z,y, z) giving the distance from the particle to the origin. (b) Find the rate r

at which the distance from the particle to the origin changes as a function of time. (c¢) Find

. dD . dD
lim — and lim —
t—oo dt t=—oco dt

Solution:

(a) D(z,y,2) = /22 + 42+ 22 where z = cost,y = sint,z = t D(t) = V/cos?t + sin’t 4 2 =
V1+t2
dD _ 8D dz | 9D dy | 9D d
(b) & =5e-ato-at oa
=22 (—sint) + ——2—(cost) + =

24 /a:2+y2+z2 24 /1‘2-1-:1/2-1-22 24 /$2+y2+z2

__ —xsint+ycost+z _ —costsintfsintcost+t_ ¢t
- \/z2+y2+22 N V1412 T V142
dD t ) t . dD
(¢) Fort >0, lim — = lim ——= = lim ———==1Fort < 0, lim — =
t—oo dt t—=00 /1 + ¢2 t—00 |t| 1 +1 t—s—oco dt
t2
t ) t

lim ——— = lim ——— = -1
t—=—00 \/1 + ¢2 t—>—00|t| 141
t

2. Let f(z,y) = weY.
(a) Find the rate of change of f at the point P(2,0) in the direction from P to Q(1/2,2).
(b) In what direction does f have the maximum rate of change?

Solution:

(a) Vf(z,y) = €Yt + ze¥j — Vf(2,0) = ¢+ 25. The unit vector in the direction of
=-3/2{+2jisu= 77’(122;‘2" = _3/52/i;2j = —3/51 4+ 4/57. So, the rate of change of
f in the direction from P to Q is D, f(2,0) = Vf(2,0)u = (¢ +25)(—3/5¢ + 4/55) =
—3/5+8/5=1.

(b) f increases fastest in the direction of the gradient vector Vf(2,0) =i + 2j.

The maximum rate of change is ||V f(2,0)|| = v1+ 4 = /5.

3. Find parametric equations for the tangent line to the curve that is determined by the intersec-
tion of the cone z = y/x2? + y? and the plane z + 2y + 2z = 20 at the point P(4,3,5).

Solution:

The tangent line to the common curve is along the direction which is perpendicular to
the normal vectors of each surface at the given point. Let f(x,y,z) = /22 + y? — 2.

Normal vector of fis ny = Vf(4,3,5) = | —2Z 2§~k = 4/5i+
ormal vector of f is n; f( ) <2\/w2+y2 2\/w2+y2_7 s /5t




3/5j — k or n; = 41 + 35 — 5k. Normal vector of the plane is ny = 7 + 25 + 2k.

1 3 k
Hence, n; xng = |4 3 =5 | =162 — 135 + 5k is tangent to the line; the line is
1 2 2

determined by: z(t) = 4+ 16t,y(t) = 3 — 13t, 2(t) = 5 + 5t.
4. Find the extreme values of the function f(z,y) = 2% + 2y? on the circle 2% + 3> = 1.
Solution:

g(z,y) = 22 +y* —1 is the constraint curve. The equation Vf = AVg must be solved

for (z,y, 2, \):

2zt + dyg = A(2z% + 2yj)
2 = 2)\x

4y = 2y

2r =2 r=zxz=0o0r A\ =1,

r=0=22+9y’=1,y¥=1=>y=7F1

A=1=y=0,s0x=F1

Maximum value is f(0,F1) = 2, and minimum value is f(F1,0) = 1.
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1.) Find the point(s) on the hyperbolic paraboloid z = (y — 2)? — (z + 1)® + 1 nearest to the point
(-1,2,3).

Solution:
We want to minimize the function F(z,y) = (z + 1)? + (y — 2)? + (2 — 3)? with the
constraint g(z,y) =2z — (y — 2)* + (z + 1) — 1 = 0. Using Lagrange’s method
VF = \Vyg
we get
2 +1) = 2Xz+1)

—2A(y —2)
2(z—3) = A

[\
—~
<

|

\)

~—
I

Investigating these equations we see that there are two sets of solutions:

Case I: A = 1. This implies y = 2 and z = 7/2. However for these y and z values
the constraint equation is not solvable for any z. Therefore, this case does not give any
solution.

Case II: A = —1. This gives © = —1 and z = 5/2. Using the constraint equation we get
(y — 2)? = 3/2. Therefore, the closest points are

35 35
(—1,2+\/;,§> and (—1,2—\/;,§>.

2.) a) Show that the following limit does not exist.
2
lm
(@y)—=(00) 2= +y
Solution:

Approaching (0,0) along y = ma we find,

) m2az?
hm m = O
z—0 x° + m=*x



Approaching (0,0) along = = y? we have,
. y! 1
lim —— = —.
y—0 y4 + y4 2
Therefore, the limit does not exist.
b) If F(z,y) =0 find d*y/dz? in terms of the partial derivatives of F(z,y).
Solution:

Taking a partial derivative of F(z,y) = 0 with respect to = we get

dy  F;

dx F,

Differentiating this equation with respect to x we obtain

2y —Fo 2+ 2F, F,F, — F,, F?

dz? Fg’

c) Find constant(s) ”b” such that at any point of intersection of two spheres (z — b)*> + y? + 22 =5
and 22 + y? + (2 — 2)? = 3, their tangent planes will be perpendicular to each other.

Solution:

The normals of the spheres are:
Ny = 2(x —b)i+2yj+ 2k
Ny = 2zi+2yj+2(z —2)k
For perpendicular tangent planes N1.N, = 0 from which we obtain

24yt 22 =22+ bx.

Intersection points should also satisfy the sphere equations simultaneously which are:

422 = 5042
Py = 421

Comparing the right hand sides of these three equations we find b* =4, i.e, b = £2.

d) Approximate 1/(2.95)% + (4.01)2.

Solution:



We can use partial derivatives to approximate the value of a function at a certain point
using

F(z,y) = F(xo,y0) + Fu(wo, yo) Az + Fy (w0, y0) Ay .

For this problem F(z,y) = /22 + y? and z¢ = 3,y9 = 4. Moreover, Az = —0.05 and
Ay = 0.01 and the partial derivatives are

Fx:L Fo— Yy

Therefore,

F(2.95,4.01) ~ F(3,4) + F,(3,4)(—0.05) + F,(3,4)(0.01) = 5 — 0.03 + 0.008 = 4.978.

3.) Find the volume of the solid region x? + y? = x that lies inside the solid sphere 2% +y*+ 22 < 1.

Solution:

We want to find the volume of the circular cylinder x? + 3?> = z lying inside the unit
sphere. First, note that z can be both positive and negative, i.e.,

z==E1—22—y2.

The required volume can be found from the following double integral,

V:2//\/1—x2—y2d14.
R

The factor of 2 appears since the integrand has to be positive for a volume. The region
R is the circle 2% + y? = x. Transforming this double integral into polar coordinates we
get

w/2 pcosf
V:4/ / V1—r2rdrdd.
0 0

Here we got another factor of 2 using symmetry around z-axis. Performing the radial
integration we find

4 71—/2 4 7T/2
V= —/ (1 —sin® §)df = —/ (1 — sin @ + sin 6 cos® §)df
0 0

_67T—8
3 3 N ‘

9

4.) a) Reverse the order of integration of the following integration and then evaluate it.

2 2x
1= / / ydydx
1 x

Solution:



Reversing the order we find

2 Yy 4 2
I = / / ydxdy + / / ydxdy .
1 J1 2 Jy/2

Evaluating it we get,

2 4 y2 7
f—/ (yz—y)der/ (23/—5)6131:5-
1 2

b) Transform the following iterated integral from rectangular to polar coordinates.

]_// Va2 + y2)dxdy

In polar coordinates this integral becomes,

w/4 2/(:059 w/2  p2/sinf
I _/ / r)rdrdd +/ / F(r)rdrdd .
0

c) Which of the double integrals is larger?

I = //(:1:4~|—6:1:2y2 +yH)dA I, = //(4x3y~|—4a:y3)dA
R R

Note that

Solution:

Solution:

I:Jl—fgz//R(x—y)%A.

Since (x —y)* is always positive, [ = I} — I, represents a volume and therefore it is always
positive. This implies that I; is larger than [, for any region R.
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1. Find the derivative of f(z,y,2) = 2® + ¢z at (—1,2,1) in the direction toward (0,3,3).

Solution:

A vector in the indicated direction is (0,3,3) — (—1,2,1) =< 1,1,2 >.

1
The unit vector in that direction is @ = % <1,1,2 >

Vf(z,y,2) =< 322 3y%2,9° >= Vf(—1,2,1) =< 3,12,8 >

Hence, the derivative of f(z,y,2z) = 2® + y*z at (—1,2,1) in the direction toward
(0,3,3) is

— R 1 1

Vf(—l,?,l) =<3,12,8> — <1,1,2>= —-31

V6 V6

2. Find the point on the sphere 2% + 3? + 22 = 1 furthest from the point (2, 1,2) using Lagrange
multipliers.

Solution:

We want to maximize f(z,y,2) = (x — 2)? + (y — 1)> + (2 — 2)? subject to the
constraint g(z,y,2) =2 +y* + 22— 1= 0.

Vf = <2(r-2),2(y—1),2(z —2>

Vg = <21,2y,2z>
Let Vf = AVg. Then < 2(x — 2),2(y — 1),2(2 — 2) >= \ < 2,2y, 2z >.
Thus

2(r—2) = 2\ z(1—=X) = 2

2p—1) = 22y »= y(1—X) =1

2(z—2) = 2Xz 2(1=X) = 2
Hence 1 — X # 0.

1
Substitute x = v y = v z= T in the constraint equation:
4 1 4

;=1 = (1-X2)?2*=9

= 1—-)A=43
= A=-2o0orA=4

A—nz " A=z a=wn

casel: \ = —2. 5 . 5
Then x = -, y=—-, 2= - and
3 3 3
16 4 16 36
V=22 +@y—12+GE-2=\s+c+5 =\ 5 = Vi=



2 1 2
Then x = —3 Yy = —3 z = -3 and
6 16 64 144
VE =22+ -12+GE-22=\ g+ +5 =1\ =VIE=4
9 9 9 9
. ) 2 1 2
So the point on the sphere furthest from (2,1, 2) is (—5, ~3 _§)

3. Find the area of the region enclosed by the cardioid » = 1 + cos # using double integrals.
0=m/2

Solution:

1+cosf

do =

0

27 1+cosf 27 1
A = // 1dA:/ / Tde@z/ —r?
R 0 0 0 2
2

1
- §/ (14 2cosf + cos® §)df) =
0

1 2m
= 5/ (14+2cosf +
0

1+ cos 26

o =
5 )

1,3 1 o
= §(§€+281n9—|—§sin20)0 =

1.3 3

= (o) =Z2
552%™ =57
0 0
4. If z =™l Siﬂ(g) +ev/* cos<%), show that wa—; + ya_z =0
Solution:

Let u = 2

Yy
Then

z = e"sin(u) + e'/" cos(d),

0: _ d: ou_d: 1
ox du Or du vy

0z dz Ou dz =z
dy du Oy  du 2



By addition,

dz
du

dz
du

du
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1. Let C} and Cy be two parametrized curves in R? which intersect at point P. The angle between
C7 and Cy at P is defined to be the angle between their tangent vectors at P. Now suppose
Cy and C; are the curves given by the graphs of ry(t) = costi+sintj+k and ra(t) =i+t k
(t € R) respectively.

(a) [5] Find the point(s) of intersection of C and Cy. If they intersect at all, find the angle
between Cy and Cj at the point(s) they intersect.
(b) [2] What are the curves C; and C5? Describe how they look like.

Solution:

(a) We need to solve

ri(t) = ra(s)
for t and s. We get cost =1, sint = 0 and 1 = s. For intersection, s = 1 and t = k2,
k € Z. All the solutions for ¢ and s give the same point: P = (1,0,1). Note that
C: and Cy passes through P at different times. Now, the angle between C} and Cs
at P is by definition the angle between ry’(k27) = (—sint, cost, 0);—o = (0,1,0) and
ro'(1) = (0,0,1). But observe that their dot product is 0. Hence the angle between
them is 7.
(b) Cj is a circle on the z = 1 plane with radius 1 and centered at (0,0, 1) while Cy
is a line parallel to z-axis and passing through (1,0, 1).

2. Consider the parametrized curve r(t) = sinef i 4 cose! j + v/3e'k.
(a) [5] Find an arc-length parametrization of the curve that has the same orientation as the
given curve and has ¢ = 0 as the reference point.
(b) [3] Calculate the curvature of the curve at the point corresponding to t = 1.

Solution:

s=s(t) = / () ldr

- / [(eT cose™)? + (—e sine™)? + (V3e™)?| " dr
0

t
= / 2e’dr
0
= 2(e! = 1).
Then ¢ = ¢(s) = In (£ 4+ 1) and the arc-length parametrization is:
r(s) = sin e™GHY itcos PG j4/3eGHK = sin(§+1) i—l—cos(§+1) j+\/§(§—|—1)k.

(b) The curvature of the arc-length parametrized curve r(s) is k(s) = ||N(s)|| =
[|lt”(s)||. We compute

r(s) = —}l<sm(§ +1), Cos(g +1),0)



1
and k(s) = ||r”(s)|| = = for all s. This is not surprising. In fact, the curve is nothing

but a circular helix.

3. [3] In the sketch of the campus below, the marked point P is the place where you can sit down
and see the beautiful Bebek bay. One can see the level curves of the height function h(z,y)
from the sea level and the corresponding values of h on the left. Roughly sketch the direction
of the gradient of h at P. Also draw the direction(s) at P along which the directional derivative

of h is zero.
)h
340
330
320
310
300
290

280
270

BEBEK

4. [5] Let f: R — R be a differentiable function and z = f(z* + y?). Calculate

0: 00
T x(‘?y'

Solution:
Let u = 22 + y?. Then
0z 0z 0z Ou 0z Ou 0z 0z

— —r— =Yy—— —r—— = — —2zy— = 0.
You x@y Youar  “ou dy You “ou
5. [6] Find the local linear approximation L of f(z,y,z) = z ::: Yat P = (—=1,1,1). Approximate
Y+ z
f by L at point @ = (—0.99,0.99,1.01).
Solution:
1 z2—x T+y
2\, Y, 2) = ——, T, Y,2) = 75\, Y, 2) = — .
f ( Y ) y'+'2 j&( ) ) (y<+_2)2 j,( Y ) (y<+-2)2

L(Q) = [(P)+ f.(P)Az + f,(P)Ay + f.(P)Az = 0+ %o.m _ %0.01 Lo=0.

6. As you know from the class, the following is a photograph of the Schools of Sagrada Familia
of architect Antoni Gaudi. Its remarkable roof can be considered as the graph of the function
f : R? — R defined by:
f(z,y) = zcosy.
(a) [6] Find all critical points of f and determine explicitly if they are local maximum, local
minimum or saddle point.



(b) Bonus [2] Draw the x, y and z-axes and the local extrema of part (a) on the picture. Only

a complete answer takes the bonus!

Solution:

(a) f is differentiable everywhere. So, its critical points are those at which Vf
vanishes; i.e
fa(z,y) =cosy =0, f,(z,y) = —xsiny = 0.

Therefore the critical points are y = % + km (k € Z) and = 0. To classify these
points, we employ the second derivative test. At a critical point (0, § + k):

D= forfy — [2,=0"f,, — (—siny)* = —sin2(g + k) = —(£1)? = -1 < 0.

Ty

Hence, all critical points are saddle points.

(b)
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1. Find a unit normal vector and an equation for the tangent plane for the surface 22 + y? = 32
at the point (1,3,10/3)

Solution:

Let F(z,y,2) = 22 +4? — 32

We know that VF' is normal to the level surface F' =0
VF =21+ 2yj — 3k

At (1,3,10/3) we get VF = 2¢ + 65 — 3k, |[VF| =7
N = 1(2i + 65 — 3k)

Eqn. for the tangent plane VF(&y) - (£ — xp) =0

£y = (1,3,10/3), & = (z,y, 2)

2z — 1) +6(y — 3) — 3(z — 10/3) = 0

20 + 6y — 3z =10

2. Let f(z,y) = (2> +y—2)"+ (z —y+2)°

(a) Find the total differential df at the point (1, —2)

Solution:

df (€o) = fo(@0)dx + fy(€0)dy, o = (1, -2)
fo=8"+y—2>%+3(z—y+2)>
fy=4(z*+y—2)*-3(z —y+2)?

(1, —2) = 8(—27) + 3(25) = —141
£,(1,—2) = 4(—27) — 3(25) = —183

df (1, —2) = —141dz — 183dy

9]
(b) Let x =u—2v+1, y = 2u + v — 2. Using the chain ruleﬁnda—‘zwhenuzﬂ,v:()



Solution:
8f Bf ox 8f oy
61} 83: 81) ay v afv fxxv+fyyv
u=0,v=0=>z=1,y=-2

Ty = =2,y =1

‘;ﬁ(u_o v=0) = —2£(1,-2)+ f,1,-2)
= —2(-141) - 183
= 99

3. A flat circular plate has the shape of the region 2> +y? < 1. The plate, including the boundary
where 2% +y? = 1, is heated so that the temperature at any point (z,y) is T'(z, y) = 2>+ 2y*— .

(a) In which direction T'(z,y) decreases fastest at the origin?

Solution:

VT = (2z — 1)1 + 4yj, VT(0,0) = — )
T decreases fastest in the —VT' direction. So —VT = ¢ = along the z — axis

(b) Find the hottest and the coldest points on the plate and the temperature at each of these
points.

Solution:

Critical points: T, =0, T, =0=>2=1/2,y =0

T, =2 —1, Ty =2,T, =4y, Tyy = 4, Toy = 0
=A=2B=0,C=4,D=B?—-AC =—
D<0,A>0=T(1/2,0) = —1/4, relative minimum
Must check the behavior at the boundary:

T(z) = T(z,y(x)) = 2 - 2° — 2, (y(z) = +/T= )
T'@)=-20-1=0=a=-1/2=y==+"
T"(z) = —2 = maxima

T(-1/2)=9/4

Hottest points: (—1/2, j:@) =T =9/4

Coldest points: (1/2,0) = T = —-1/4

(Boundary would be handled by Lagrange multiplier method which gives (+1,0) as
minima at boundary)

4. (a) Find the volume of the solid bounded by the surface z = 6 — zy and the planes z = 2,
r=-2,y=0,y=3,and z=0

// —zy dyda:—/( S—Qm)d

Solution:

[183} — Zm }_2 =172



13
(b) Evaluate the double integral: I = / / e* dx dy
0

3y

Solution:

(b) .

y=x/3

3 X

So dx dy can be converted by the help of figure above, to dy dx
3 z/3

Iz//exzdydx
0 0
3

1 1 3
1= §/xew2dx =5 [6“2}0

10
126(69—1)
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1. Suppose z = 2r—s,y = r+2s and f is a function of x, y such that first order and second order
2

partial derivatives exist and these partial derivatives are continuous. Express = fgy In

terms of frra frsa fss

0y Oz

Solution:

T=2r—s r=3(2z+vy)
y:T—i-Zs}é =%
2f 0 <8f

0y Ox - Oy \ 8z
_ 0 (U o)

" oy \or oz T Bs oz
o (54 53) - Tt
_ % <frrg—; +frsg_2> —~ é (fsrg—; +fssg—2) _ 22—51% N %fm B %fsr ~ 22—5fss
21
b

- _5(2frr +3frs — 2./css) since frs = fr-

e some given function and define g(z,y, z) = f(r) where r = /22 + y? + 22

(a) Show that Vg(z,y, z) = L (24 + yj + 2k)

T

2. Let f(r

(b) Show that Vg is always perpendicular to circles centered at the origin provided f'(r) # 0.

Solution:
(a) 8—; =z(2® +y* + z2)_1/2 = % similarly g—; = %’ % — ;
_ dg~. 0Og~ O0Og;
Vo(e.y2) = it g dt g

!
= fT(r) [x%+y3‘+zfc] .
(b) Vg is perpendicular to level curves of g, so it is enough to show circles at the
origin are the level curves of g. Level curve of g with value ¢ is the set = {(z,y, 2) :
9(z,y,2) = ¢} = {(z,y,2) : f(\/2?+y?+2%) = ¢} which is a circle with radius
\/c centered at the origin. Therefore the vector field Vg is perpendicular to circles
centered at the origin



3. Find the dimensions of the rectangular box of maximum volume that can be inscribed in the
ellipsoid 2 + 4y + 22° = 8

Solution:

Maximize Volume of the box f =V = 8zyz but we can consider f = zyz
Constraint g = :v + 4y + 222

Vf= yzz —l—a:zj +:Cyk

Vg = 221+ 8yj +4zk # 0 since z, ¥, z are non zero. We have a non-negative volume
We take Vf = AVg so we get

yz = A2z, rz = /\8y, xy = Mz
_yz _ w2

2x 8y 42
Solving these equations yields to 2 = +2y, z = £1/2y
Writing constraint in terms of y gives us

41/2+4g/2+4y2=8:>y=\/E

_ 2
Hencewegety—\/;,x—Q 2=

4. By means of a double integral, find the volume of the tetrahedron whose vertices are at the
points (0,0, 0), (a,0,0), (0,b,0), (0,0, c) where a, b, c are positive real numbers.

Solution:

First we find the equation of the surface, then we will find volume under that surface
AB = (—a,b, 0) and AC = (—a, 0,c¢)
ABXxAC=|—a b 0 |=bci+acj+abk

—a 0 c

So the equation of the surface is: bc x + ac y + ab z — abc = 0
—z—l—b

v o= / / abc—bcx acydydx

c cy2] y——m—l—b 0

VT

2
c —Q:r+b d —éerb - —éx+b
a a 2b a

o\go\



2 a 2b \ a? a
cbx®  cbx  cbz® cbx  cb
N
a? a 2a? a 2
chbx® b
Or 9Dy
22 ' 2 ] v
3 cbx |
6a? 2 |,
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1. The function f is defined by

0 if (z,y) = (0,0).

(a) Is f continuous at (0,0)?
(b) By using the definition of partial derivative, check whether f has a partial derivative with
respect to z at (0,0).

Solution:

(a) As (z,y) — (0,0) on a straight line y = mz, the function tends to

2
T4 mx
lim z,y) = lim ————
(z,9)—(0,0) fle.y) 70 13 + m3x3
y=mzx
m
=1
z—0 1 + m3
_om
14+ m?

and this limit depends on m. Thus f has no limit as (z,y) — (0,0) and f is not
continuous at (0, 0).

(b) Since

~—

O (9 ) = tim $OF1:0) = £(0,0)

o0x h—0 h
f(h’a 0) -0
h

= lim

h—0
h2.0

h3+403

= lim
h—0

=lim0
h—0

exists (as a real number) and equals 0, the partial derivative of f with respect to z
exists at (0,0) and is equal to 0.

2. Find the point of the graph of z = —z% + zy + 2y? where the tangent plane is parallel to the
plane with the equation z — 14y + z = 4.

Solution:



The partial derivatives of f(z,y) := —2? + zy + 2y? at any point (a, b) are

of of
of _ of _
5 (a,b) = —2a + b, 9y (a,b) = a + 4b.

At any point (a, b, z(a, b)) the tangent plane to the surface z = f(z,y) = -2+ zy +
292 has the equation

z = f(a,b) + %(a, b)(z —a) + %(a, b)(y — b)

= f(a,b) + (—2a + b)(x — a) + (a + 4b)(y — b),
(—2a 4+ b)x + (a + 4b)y — z + constant = 0

and a normal to this tangent plane is the vector (—ﬂ?a +b)i + (a + 4b)j — k. This
normal should bg parallel to_’the_' norm_z‘ll 1 —_‘14j_'+ k of the plane x — 14y + z = 4.
Hence (—2a + b)i + (a +4b)j — k = A(z — 145 + k) for some A, and solving we find
A=—1,
—2a+b=-1, a+4b=14,
a=2, b=3,
f(2,3)=—-2*42-3+2-32=20.

Thus at the point (2, 3,20), the tangent plane to the surface is parallel to the plane
r— 14y + 2 =4.

3. The radius of a right circular cylinder is decreasing at a rate of 1cm/sec and its height is
increasing at a rate of 3cm/sec. Is the volume increasing, or decreasing, when the height is
10cm and the radius is 2 cm.

Solution:
We have
V = mr?h,
V(t) = w[r(t)]*h(t), and by Chain Rule,
dV oVdr 0V dh dr ,dh
% = W% —+ %E = QTT(t)h(t)% —+ W[T(t)] %

(as it follows also from the product rule for derivatives). In the problem we are given

dr _ dh __
& = —lcm/sec and ¢ = +3cm/sec, so

av
—7 (1) = =2mr(D)h(t) + 3rlr(t)]
(in cm/sec) and at the moment ¢y when r = 2cm/sec and h = 10cm/sec, we have

%(to) 972104 37[22 = —40+ 127

(in cm®/sec). Since —40 + 127 = 4(—10 + 37) = 4 - 3 - (—3.3333... + 3.14159...) is
negative, the volume is decreasing at that instant.



4. A space shuttle in the shape of the ellipsoid 42 + y? + 422 = 16 enters the earth’s atmosphere
and its surface begins to heat. After one hour, the temperature at the point (z,y,z) on the
shuttle’s surface is T'(z, y, z) = 82%+4yz — 162 +600. Find the hottest point(s) on the shuttle’s
surface.

Solution:

The problem is to maximize T'(z,y, z) subject to the constraint g(x,vy, z) := 4% +
y? + 42?2 — 16 = 0. We use the Lagrange’s method of multipliers. There is only one
constraint, so we we introduce only one multiplier \. We have to solve the equations

oT _ 0
ox ox’
or _ 9
dy oy’
or dg
a2 = ey
g=0,

for z, y, z, A. In the present problem, these equations read as follows:

16z = X - 8z,
4z = )\ - 2y,
4y — 16 = X - 8z,

4% +y? + 422 — 16 =0,

or, more simply

2r = Az,
2z = \y,
y—4=2\z,

4 +y? + 422 —16 = 0.

We shall now solve these equations. We distinguish some cases.

Case I. A = 0. Then we successively find z = 0, z = 0, y = 4; and observe that
(0,4, 0) satisfies the constraint g(z,y, z) = 0.

Case II. A # 0, = # 0. Thenweget)\—Q z—y,y 4—4y,soy——§,z %
From 0 = g(z,—3,—3) = 427 + (—3)? + 4(—3)% - 6—4x+16—|—419—6 16:
4(z? 4+ 2 —4) = 4(a? —%) we getx—i4 Hence the solutions are (3, —3, —3) an

30 73 " 3)
Case III. A # 0, z = 0. In this case our equations are

(_444

2z = Ay,
—4=2)\z,
y? + 42% = 16.



Thus

y—4=2z-A=Ay- A=\,
4
y_l_i)\Qa
A A 422
SARICL S I Pl B U
2
1=y +4" =y —4/\2)2+4(1 EAAQ)Q N 1(61(1—13)2)’

T+ A2 =(1-2A)?=1-2\2+ )\

A =3)2,
A=+V3 (since A # 0 in case III),
4 4

Yy=1-x»"1-3"
29X 2.(+3
=2 )_:F\/§

11X 1-3

_2,

z

and the solutions are (0, —2,+/3) and (0, —2, —/3).
Thus the points at which 7' is maximum are among(0,4,0), (5, —3, —3), (-3, —3,—3),
(0, —2,v/3) and (0, —2, —/3). We calculate T at these points:

T(0,4,0)=8-0°+4-4-0—16-0+ 600

= 600,
4 4 4 4 4., 4 4
T(£=,—=,—-)=8- (=) +4-(—=)(—=) — 16(—=) + 600
— 1225 4 162 4 600 = 600+ 128
79 3 B 3’
T(0,-2,v3) =8-0%+4-(—2) - V3 —16v3 + 600
= 600 — 24/3,
T(0,—2,—V3) =8-0+4-(=2) - (=v/3) — 16 - (—/3) + 600
= 600 4 24V/3.

Since 243 < 256, or 9v/3 < 16, or 3v/3 < %, or 24/3 < %, the largest of these num-

bers is 600 + %, so there are two hottest points, namely the points with coordinates
(%7 _%a _g) and (%a _ga _%)
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1. Determine the equations of two planes tangent to the ellipsoid
22y 2
R AR |
2 + 4 + 9

at two different points, but both having the same normal vector N =3 +k.

Solution:
2 2 2
Let F(x,y,z2) = %—i—yz-i—%—l.
Let Py(zo, Yo, 20) be a point of tangency.
. - 2z - -
VE(Py) =z + % 7+ ?k is parallel to N
= 2
= VF(F) =tN for somet € R = xzy = 3t, %annd ?zt.
Hence, o = 3t, yo = 0 and 2y = o5 Py(x0, Y0, 20) is on the ellipsoid.
9t? 81¢2 2

So, ——+0+——=1= 21 =4 = t=F——~

% 3 + 0+ 36 :F3\/§

2 2
Thus, the points of tangency are { —, 0, \/§> and (——,O, —\/§>
g S <\/§ V3

with tangent planes

2 2
3 (x — %>+0-(y—0)+1-(z—\/§) =0 and 3 (ac + %>+0-(y—0)+1-(z+\/§) =0

that is, | z=—32+3V3 |and| z=-3z—3V3].




2. Let f(z,y) be a function of the cartesian coordinates x and y.

a) Express V[ in terms of the polar coordinates r and 6.

Solution:
9 9 9 or or x rcosf or
7“=CU+y =S r—=r = — = — = :}—:COSH
gx gx r .7“0 aax
r?=r4+¢y’ = T—T:y - Ty _ Y T ng
oy oy r r dy
_Y 2900 _ _y _ _rsin0 00 sind
tanﬁ_x = sec 089& 22 r2cos?f ~ or r
Y 5,00 1 1 060  cosf
tanf = = = sec’— = — = = —— =
x dy x rcosf ay r
By the Chain Rule;
or Or 0z 00 0x  Or a0 r
Of _0f 0 [0/ 00 _0f . Of cost
oy Or dy 060 dy Or 00 r
Hence, the gradient is
_8_](—» 8f - 3f 3f sinH - 3f . af COSG -
Vf_ax”ay]_(arcosg a0 o+ ) T\ Gl )7

b) If h = h(r) is a function of the polar coordinate r, show that the maximum rate of change
of the function h(r) is |h,|.

Solution:

h="h(r) = hy=0

So from (a),

Vh = h,cosfi+ h, sinﬁj = h, (cosﬁf-l— sin 0;)
Thus the maximum rate of change of h is

|VA| = |h.|Vcos? 0 + sin® § = |h,|.

3. A man is at the point (2,4, 28) on a hill whose altitude is given by the function
2z =100 — 222 — 49/°.

a) In which direction should he travel in order to descend the hill most rapidly? Also find
the rate of change in this direction.

Solution:

Let P, be the point (2,4, 28).

He must travel in the direction of —Vz(F).
0z
Oz | p,
Thus, Vz(Py) = —8; — 327.

. He must travel in the direction of 8i + 327 or simply, in the direction of 7 -+ 47.
In this direction the rate of change is —|Vz(P)| = —8v/1 + 16 = —8/1T7.

0
= —dz|p =—8 and 8—; = —8y|p = —32
Py



b) In which direction should he travel, so that he remains at the same altitude?

Solution:

He should travel in a direction perpendicular to Vz(P,), hence in directions of (47—
j) or equivalently, he should travel in the tangent direction of the level curve 100 —
222 — 4y? =28 i.e. 1%+ 2y? =36

= 2x+4yy' =0

=y, = x 1
Y= oyl T4
.. He should travel in the direction of F(4i — j).

4. Determine the points on the surface 22 + 32 + 22 = 25 where the function
flz,y,2) =2+ 2y + 3z is

a) a minimum; also find the minimum value,

Solution:

Let w=ux+2y+ 32z — A(z? + y* + 2% — 25).
wy,=1—2 =0
Wy =2 -2y =0
w,=3—2 =0

— ]' — 2 — i : 2 2 2
Thui, T=o0 U= 59y and z = o) Put these into z° + y* + 2° = 25.
4—/\2(1+4+9) =25
14 v 14

4N\2 = = — =y
= 4\ 5% = A=F 1
iving points P, ( > 10 15 ) and P (_5 —10 _15>
gIvVIg p 11 V11’ V11’ V14 2\ V14’ \/141’ Jii)
Now, f(P;) = —(5+20+45) = 5v14 and P) = ——(—5—-20—45) = —5V14.

Thus, f has a minimum at P, and the minimum value is —5+/14.

b) a maximum; also find the maximum value.

Solution:

By part (a), f has a maximum at P; and the maximum value is 5v/14.



B U Department of Mathematics
Math 102 Calculus IT

Spring 2003 Second Midterm

Calculus archive is a property of Bogazici University Mathematics Department. The purpose of this archive is to organise and centralise the distribution of the exam questions and their solutions.
This archive is a non-profit service and it must remain so. Do not let anyone sell and do not buy this archive, or any portion of it. Reproduction or distribution of this archive, or any portion of
it, without non-profit purpose may result in severe civil and criminal penalties.

5x2 — 2 51>
1. (a) Show that lim ° Ty + oy does not exist.
(@y)=00) 2 +y?

Solution:

Approaching (0,0) along different curves, say y = mu:

b2 —2mx® +5m2x? 5 —2m + bm?
lim -
20 2% + m2x? 1+m?

which depends upon m.

Choosing m = 0 we get lim=5, and m = 1 we get lim=4. Since they are different
the limit does not exist.

(b) Given u = cos(z — y) + In(z + y), for z +y > 0, compute uzy — Uyy.

Solution:

We compute the necessary partial derivatives:

in(z — ) + —

U, = —sin(x —

z Yy ic+y
u, = sin(z —vy)+

Yy ( y) x+y1
Uge = _Cos(x_y)_(x+y)2

1

Uyy = —COS(.’L'—y)—(x+y)2

Clearly uz5 — y, = 0.

2. Find the real number ¢, if the directional derivative of f(z,y, z) = z“arctan(z + y) at the point
Py(0,0,4) in direction of u = (1,1, 0) is 2.



Solution:

We need the gradient of f(z,y, 2):

2¢ 2°

1+ (x+y)2 1+ (z+1y)?

V= {fo: [y [2) = < cz*"tarctan(z + y)> )

Evaluating at Py: V £(0,0,4) = (4¢,4¢,0).
The unit vector in the direction of u is:

u 1
v=—=—(1,1,0).
ul] V2

Then the directional derivative is easily written to be:

Do f(0,0,4) = V£(0,0,4) - v = 4°V/2.

1
Given that D, f(0,0,4) = 2 we find that 442=2=¢= 1

3. Find and classify the critical points (as local maximum, local minimum or saddle point) of
flx,y) = 2%y + 2> + y* — 2y — .

Solution:

1st derivative test: f, =2zy+22—y—1=0= (2 —1)(y+1) = 0. Hence z = 1/2
ory =—1.
fy = 2?4+ 2y — x = 0. We now use the previous values of z and y:

r=1/2=1/44+2y—1/2=0=y=1/8
y=—1=22-21-2=0=>2=2,0=—1.

Thus, the critical points are found to be P(1/2,1/8), @(2,—1) and R(—1,—1) (note
that f is a polynomial, hence everywhere differentiable).

2nd derivative test: fyp = 2(y + 1), fyy =2 and f, =2z — 1. So:

D(x,y) = fwwfyy - wa = 4(:1/ + 1) — (2.’13 — 1)2.

We treat each critical point separately:

D(1/2,1/8) =9/2 > 0 and f,,;(1/2,1/8) > 0, so that P(1/2,1/8) is a local minimum.
D(2,-1) = -9 <0, s0 Q(2,—1) is a saddle point.

D(-1,-1) = -9 <0, so R(—1,—1) is a saddle point.

4. (a) Express / / 2zydA as an iterated double integral in dzdy and dydz orders, if D is the

D
region bounded on the left by xy = 1, on the right by y = z and above by y = 2. Evaluate one
of the integrals.

Solution:



As seen from the graph:

1 p2 2 12
// 2eydA = / / Qxydydx—l—// 2xydydx
D 1/2J1/x 1Jz
y

2
= / / 2zydzdy.
1J1/y
Evaluating the last integral:

2 pry 2 1 1
// 2zydxdy = / <y3 — —) dy = L In 2.
1J1/y 1 Yy 4

(b) Let f(z,y) > 0 be a continuous function. Express the volume under the graph of f and
above the region D = {(z,¥)|0 <y < 22, 0 < x < 1} as a polar double integral (do not try to
evaluate the integral).

Solution:

1
We first express boundary functions in polar coordinates:

y=1x2—rsinf =r?cos?f = r =0 or r =tanfsech
xr=1—rcosf =1=r =sech.
Now intersecting these two boundaries (note that » = 0 is not the actual boundary):

secl = secOtanf = tanf =1= 0 = %

Polar boundaries have become: secftanf < r < sec and 0 < 0 < 7w/4. We now
write the volume:

T [sect
V:// f(:z:,y)dA:// f(rcos@,rsin@)rdrd.
D 0 JsecfHtand
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1 =y 4 2
1. Evaluate / / cos 3x3dxdy + / / cos 3x3dxdy.
0o J-1 o Jyu

Solution:

x
2

Changing the order of iteration over the shaded region in the above figure, one

obtains:
1 p—y 4 2 2
// +// cos 3z3dxdy :// cos 3z3dydz
0o J-1 o Jw -1Jo
2

= 22 cos 3z3dx

-1
2

= —gin 32°

-1

(sin(24) — sin(—3)) .

Ol |+~

2. Test the function f(z,y) = xsiny for relative maxima, minima and saddle points.

Solution:

Since f is differentiable everywhere, the critical points are where Vf = 0, i.e. when
fz = fy = 0. For this,

fo(z,y) =siny =0; fy(z,y) = xcosy =0.

Then, (1) y = kn, k € Z; (2) either x = 0 or cosy = 0. cosy cannot be zero since
siny = 0 at the same time. Then the set of all critical points is {(0, k7)| k£ € Z}. To
classify these points, compute

D(0,km) = foz - fyy — :c2y (0,km)
=0-(—zsiny) — COSQ?J‘(
= —cos?(kn)

0,km)

which is always negative. Therefore all the critical points of f are saddle points.



3. (a) Sketch the level curve of f(z,y) = % that passes through the point (4,—4). Find and

draw, reasonably accurately, the gradient vector of f at that point.

Solution:

Since f(4, —4) = 1, the level curve of f passing through (4, —4) is the (3)-level curve.
This curve is given by:

z 1 y?
f(xay):E:_ = .T:Z

It is a parabola. Furthermore,
11 1
(%6°5) = 16 12
16° 8 16

is a vector perpendicular to the level curve at (4, —4):

(45_4)_

Y z=1y%/4

—4

(b) Let f(z,y,2) = zIn(z? + y*> — 1), g(z,y,2) = 2° + y> + 2°. Find a unit vector @ such that
the directional derivatives of f and g at (1,1,1) in the direction of @ are both equal to zero.

Solution:

Since Dzf(z,y) =11 -Vf(1,1,1) =0 and Dgg(z,y) =4 -Vg(1,1,1) = 0, 4 is a unit
vector normal to both Vf(1,1,1) and Vg(1,1,1). In other words, @ is parallel to
Vf(1,1,1) x Vg(1,1,1). Since

2xz 2yz
v 1,1,1=< , n(z? + 2+1> —(2,2,0) and
ut ) 22 +y2+ 122 +92+1 n(@” +y ) (1,1,1) < ) an
Vg(1,1,1) = (2z,2y,2z) T (2,2,2),
it follows that @ || (1,1,0) x (1,1,1) = (1,—1,0). Hence 4 is either (%, —%,0) or

1 1
(= v 0)



4. A rectangular box, open at the top (without upper lid) has volume 18cm3. It is constructed
of material costing 3 TLs/cm? for the base, 2 TLs/cm? for the front face and 1 TLs/cm? for
the sides and back. Use the Lagrange multiplier method to find the dimensions of the box
for which the cost of construction is a minimum (no other method except Lagrange method is
allowed. TL stands for Turkish Lira).

Solution:
The cost K in terms of edge lengths a, b and c is
K(a,b,c) = 3ab + 2ac + (2bc + ac) = 3ab + 2bc + 3ac.

We are to minimise K subject to the constraint V(a,b,c) = abc = 18. If there is a
relative minimum, at that point one has V f = AVg for some real number A (provided
that Vg # 0). Note that,

Vf={(3b+3c,3a+2c,3a+2b) and Vg = (bc,ac,ab).

Now solve
3b+3c = Abc,
3a+2c = lac,
3a+2b = MAab,
abc = 18

simultaneously. Multiplying the first three rows by a, b and ¢ (since all are nonzero)
respectively, one obtains

3ab + 3ac = 3ab + 2bc = 3ac + 2bc = 18)\.

First equation gives 3a = 2b and second gives b = c. The identity abc = 18 implies

%b +b-b=18. Therefore b = 3 = ¢ and @ = 2. By the nature of the problem, it is

easy to observe that the point (2, 3,3) gives a minimum of the cost function.



Bonus Consider the parametrisation
r=sin¢gcosf, y=sin¢gsinf, z=cos¢p; 0<60<27m, 0< ¢ <m;

of the unit sphere (centered at 0, with radius 1).

Sketch exactly that portion of the rectangle 0 < 6 < 27, 0 < ¢ < 7 which is mapped by this
parametrisation to the part of the unit sphere in the first octant.

Solution:

In the first octant € ranges from 0 up to 7/2 while for each 6, ¢ ranges from 0 to
/2.
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1. Express % and %if in terms of r and s if
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2. (a) Find the derivative of f(z,y,z) = 23 —zy?—z at Fo(1,1,0) in the direction of A = 2i— 3j+ 6k.

2. (b) In what direction does f change most rapidly, what are the rates of change in these directions?

Soln

a) let M:‘..é....-_:.i (Qi—?d-félf-)m:-
- Al & |

tnd we hnl Y8y )= <L Ixi-y?, -2xy ,1-4>

o , VF (414)0) - <2) —2.)_4>.
heace
Dm¥(4J.4JO) = <7-J*7—)"“l> . <%)"%; %)

6

ke U (
7 b =R

b) 0 .F Mc(‘qugg ynost l’l\r'rc“} W dhe AﬂMU"’b"

VEMUAD) = C2 -2 ,- 1>

hd
D i B Praie | VEt1,0)] cac'o =2
" V‘F(ff":") " —

T

0 F decceases most ('79?(( lD m dhe  divechon

: —_Vp(’f,’f/aj = <'—7_,‘)_/4>

ond
DM 10(7!4;0) — ”v\(\(’l;%’Djn mﬂ":__:—?.

1=t (19| .
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¥ Abs. max \/

3. Find the absolute maxirmum and minimum values of ab o mn

fl@,y) =2+ 22+ 2y — 2% — ¢

on the triangular plate in the first quadrant bounded by the linesz =0, y =0, y =9 — z.

Soln Smee £75 omb ond e pladt T “Clored " md  bowded

£ atisie &1 dosolule maX. ond  pbs. i an e
Ptal{ © thar :
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' 14 " W*V’-
ll) 9 S\T? Now we ¢ heck -}4\(; (,rr’h(ﬁ-ﬂ G:bm-l:r
ki ?/”\\ on fne \aow\&or? ’ 0 *h'\l; Plﬂ\)',\a/.
] % F 'F
g X
I,
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S0 we (Checle (or4) , (00) , (0,9)
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4. (a) Evaluate the following double integral f02 04-12' ﬁ‘f; dydz.

4. (b) Write the integral [ [,(y — 22?)dA , as iterated integrals [ [(y — 22?) dydz and
| [(y —22?) dzdy with suitable limits of integration, where R is the square with vertices (0,1),
(1,0), (0,-1), (—1,0). Do not evaluate them.

- thar
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1. The surface of a mountain is described by the function h(z,y) = 3 e’(3w4+y2), where h, x, y are
in km; and the z-axis points towards east, the y-axis points towards north. A mountaineer is
at the point P(1,1). As seen from P;

(a) In which direction does the height increase the fastest?

(b) What is the rate of increase of height with respect to horizontal distance for
the direction found in (a)?

(c) What is the rate of increase of height with respect to horizontal distance for
the NW direction?

Solution:

(a) The direction of the gradient vector gives the fastest increase in height.
Vh(z,y) = —3623e~ B 19" i —6ye~ (2" 49")j 50 the vector VA(1,1) = —36e*i—6e %]
gives the direction of the fastest increase.

(b)The equation for the line passing through P(1,1) in the direction of VA(1,1) is

z—1 y—1

—36e % —6e

from which we obtain y = (z + 5)/6.

d
—h(z,y(z)) will give the rate of increase in the given direction with respect to x,

where y(z) = (z + 5)/6 is the equation of the line.
Using the chain rule, we have:

dh _ oh , Ohdy
de Oz Oydz
_ 363 0) _ gy 2ottt L
6

Thus,

1
%h(m, y(x) = —36e™" — 66_46 = 377"

=1

(¢) Similar to part (b), we use y(x) = 2 — z, which is the equation of the line passing
through P(1,1) in the NW direction, and we get

% = % + g—zg—z = —362%e~ B ") _ gy~ (o v?) (1)

d _ —4 —4 _ —4
%h(x,y(x) = 36e 6e *(—1) = —30e

y=1



2. Using the method of Lagrange multipliers, find the greatest and smallest values that the func-
2 2

tion z = f(z,y) = zy takes on the ellipse % + % = 1.
Solution:

2 2
The constraint curve is g(z,y) = % + % —1=0. We solve Vf(z,y) = A\Vg(z,y):

x

yi+aj=A(Ti+y))

So, .
y=2A Tk T = \y.

It follows that y = M\?(y/4), which implies \* = £2 or y = 0. If y = 0, then
x = Ay = 0, thus (z,y) = (0,0), so this choice ends up with a point that is not
on the curve. If A = 2, then z = 2y, and putting this in g(z,y) = 0, we find
(z,y) = +(2,1). Similarly if A = —2 then (z,y) = £(2, —1).
We also need to check the points on the constraint curve, where Vg(z,y) = 0. The
only point satisfying Vg(z,y) = 0 is (z,y) = (0,0), and it is not on the constraint
curve g(x,y) = 0. So there is no such point.
We now evaluate the function f(z,y) at the points we have found: f(2,1) =2, f(—2,-1) =
2,f(2,—1) = =2, f(—2,1) = 2. Therefore, the maximum and minimum values of f
are 2 and —2, respectively, on the given ellipse.

3. Find the volume bounded by the surfaces  +y =1, Vo + /gy =1, 2= 0, z = 10.
Solution:

We solve the equations = +y = 1, /= + /y = 1 together, to find their intersection
points. Squaring the second equation gives = + 2,/Ty +y = 1. Plugging the first
equation, z +y = 1, into this result, we get 1 + 2,/zy = 1, or \/zy = 0. So, the
points of intersection are (z,y) = (0,1) and (z,y) = (1,0)

Rearranging the equations, we get that the region in the plane bounded by the curves
r+y =1and \/z+ ,/y = 1 is the region bounded by the curves y = 1 — = and

y=1+z—2x.
Thus we obtain the volume by the triple integral:

10 pl pl4z—2y7 10 p1
/ // dydzxdz :/ /Q—Zﬁdxdz
o Jo Jz 0 Jo
10 4 1
=/ [2:5——363/2] dz
0 3 0

4. Find the area of the region () that lies inside the cardioid » = 1 + cos # and outside the circle
r=1.

Solution:



The region corresponds to 1 <r < 1+ cosf and —7/2 < 0 < 7/2 in the r-@ plane.
So the area can be found as follows:

w/2 1+cos @ /2 7‘2 1+cos 8
/ / rdrdd = / [—} df
—7m/2J1 —7/2 2 1

w/2
/ 2 cos f + cos® 0do
—7/2

_/”/2 1+ cos 260

2cosf + ———db
_71—/2 2

[ , 9 sin29]”/2
4

+
2 4,
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1. The length, width and height of a rectangular box are increasing at rates of
1 cm/sec, 2 cm/sec, and 2 cm/sec, respectively. At what rate is the volume increasing when
the length is 3 cm, the width is 5 cm, and the height is 7 cm?

Solution:

The volume function is V' (I, w, h) = lwh. At the point P(3,5,7) it is given that

dl dw dh

pri 1 em/sec, - = 2 cm/sec, g 2 cm/sec.
W vd v ovn
dt 0l dt Owdt Oh dt
v = lwh+ 2lh + 2w
dt
N 57143.7-242.3-5
dt |,

= 35442+ 30
= 107 cm?/sec.

2. a) Find the points on the graph of z = y cos z where the tangent plane is parallel to the plane
T — \/gy + 2z = —2.

b) Determine the equation(s) of such tangent plane(s).

Solution:

a) Let f(z,y,2) = ycosz — z. Then the graph of z = ycosz is the surface
f(z,y,2) =ycosz — z=0.

The normal vector to the plane z — /3y + 22z = —2isn =< 1,—+/3,2 >. Let P be
a point on the graph at which the tangent plane is parallel to the given plane. Then
V f at the point P must be in the same direction with the normal vector n.

Since Vf = <g—£, g—i, g—£> =< —ysinzx,cosz,—1 >
1
and Vf|, = n =<, —V/3X, 2\ >, we get: —1 = 2, hence \ = —3
i 1 .
So —ysinx = 5 cosT = - and we get two points:

™. V3 ™ V3
Pl- <€,1,7> and P2. <—8,—1,—7> .

b) The equation of the tangent plane at P; is:

(z—=)—V3y—1)+2(z— =) =0.

T
6



The equation of the tangent plane at P; is:

1(x+%)+\/§(y—1)+2(z+§):0.

3. Use the method of Lagrange multipliers to find the volume of the largest rectangular box that
can be inscribed in the ellipsoid 222 + 3y? + 622 = 18.

Solution:

The volume function F(z,y,z) = zyz is to be maximized. The constraint equation
is 222 4 3y + 622 = 18, so G(x,y, 2) = 22% + 3y + 62% — 18.

OF OF OF 0G 0G 0G
po (9 08 OFN\ _ = (= 22 ) =< da, 6y, 122 >
\v4 <8m’8y’ 8z> <wyz,xz,zy >and VG <8m’ 8y’3z> < dx,6y,12z >
VF = AVG
<wyz,rz,TYy > = A <dz,6Yy,122 >

We get 3 equations:
z
yz =Mz = A= (1)

4z

zz
=Ny = A=_— 2
xz = A6y o 2

Y
=2z = A= _— 3
= A . O

Solving equation (1) and (2) together we get:
6y’z = 4z, (427 — 6y*)z =0

There are two cases:
Case 1: We have either z = 0, which implies both z = 0 and y = 0. Not possible.

3
Case 2: We have 422 — 62 = 0. So x = %y (since z,y,z > 0).

Solving equation (2) and (3) together we get:
1227z = 6y°, (122* — 6y*)z = 0.

There are two cases:
Case 1: We have either z = 0, which implies both y = 0 and z = 0. Not possible.
1
Case 2: We have 1222 —6y?> = 0. So z = —v.
Yy \/53/

Plug these into the constraint equation:

2
7) oo (Ga)
2 =] +32+6(—=y) =0
(ﬂ RRANY:
3y° +3y° +3y> — 18 =0

y=v2
This implies z = v/3 and z = 1. The maximum volume is V' (v/3,v/2,1) = /6.



4. Find the volume of the solid enclosed between the surface z = cos z? and the region R on the
zy-plane bounded by the lines y = x/2, = 2 and the z-axis.

Solution:

First, note that the graph of z = cosz? is above the zy-plane for 0 < z < (g)% and

below the zy-plane for (g)% < x < 2. Hence, we have two different integrals for

volume.
1 1 1
(3)2 pz/2 ($)2 _ (3)2
Vi :/ ’ / cos x2dy dx :/ ’ (ycost‘y:wﬂ) dx :/ ’ (fcosx2 — 0) dz
0 0 0 y=0 0 2
I d = g2
Using u-substitution the last integral becomes — / Cos U oo where " v .
2/, 2 du = 2zdx
1/ . oa=(z)3 1y, o . 1
Vi= 1 (smx |m:02 = 1 (sm§ —smO) = 1
Similarly,
2 e 1 - 1 1 1
Vo = —/(%)% /0 Cosxzdyd:v =1 (_Sian‘z;?g)%) =-1 (sin4 — sin g) =1 sin4+Z.
. 1 . 1
Total volume is V] +V, = ~1 sin4 + R
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1. Find the directions in which f(z,y) =

(a) increases most rapidly at (1,1);
(b) decreases most rapidly at (1,1).

$2 2
i
2 2

(c) What are the directions of zero change in f at (1,1)7

Solution:

Since Vf = zi + yJ,

(a) the direction of maximum change in f is Vf|(1,1) =1+ ) and

(b) the direction of minimum change in f is — V f[, ;) = =t — .

(¢) The direction of the zero change can be found by considering the vectors perpen-
dicular to the vectors computed in (a) and (b). Thus, they are i — 7 and j — 1.

2. Find three real numbers whose sum is 9 and the sum of whose squares is as small as possible.

Solution:

Let x,y, z be three real numbers whose sum is 9. Define f(z,y, z) = 22+ 3> + 2% and
g(x,y,z) =z +y+ 2z—9. Now, to find an absolute minimum for f with constraint
g, we require

Vf=MAVyg
Vf=2i+2yj+2zk, Vg=i+j+k
2wi + 2y] + 22k = i+ ] + k)

So, 2z = A\, 2y = A\, 2z = \. It follows that 2(x +y + 2) = 3\. Since z +y + 2z = 9,
we get A = 6. Thus,

3. Evaluate:

(a)

1pl
/ / Slnxdmdy.
0Jy 4y

(b)

1 p0 4 2 2
// SVE Y gy,
—1dJ — /192 1+2x +vy
Solution:
(a) /l/lsin:cdxdy =/1/$Sinxdydx=/lsmxyzdx
0Jy T 0.0 Y 0o Z 0

: 1
:/ sinzdx = cosz|, = —cos1+ 1.
0



b) Let us use polar coordinates. So, by putting z2? + y? = r?,
g

2 sw/2 p1 4
// x2+y dzdy / / r Srdrdf
aJd—\/1— 1+.T +y 0 1+r

= (37/2 — 7/2) / wdmo

0 1+7r2

L 1
=7r/0 ( — 1+T2)drd9

= (4r — 4tan™" 7’)(1) =m(4d—m)
= 41 — 72,
w=3+1 (9g — z L 2r —y Y z
4. Evaluate § dxdydz by the substitution u = 5 v = 2’ w= 3"

Solution:

First notg that z = u 4 v.
Fora::§,Wegetx:v=>u+vzviu:0

andforx:%—Fl,Wegetx:v+1:>u+v:v+1:>u:1.
Finally du = dz, 2dv = dy, 3dw = dz by the substitutions.

Therefore we have,
dvdw = 6// — + w)dvdw

/// u+wdudvdw—6// — 4+ wu)
dw—G/O( +2w)dw = 6 (w + w?)|, = 12,

—6/01(2+wv) o

5. Let Q be the region in the first octant bounded by the coordinate planes, z+y = 4, y2+42% = 16.
Write as many integrals as you can for volume of {2 and evaluate one of them.

Solution:

As we know, z + y = 4 is a plane equation and 3% + 422 = 16 is an elliptic cylinder
equation. So,

2 V16422 pd—y 4
/ / / dxdydz,
0
/ / / dxdzdy.

Triple integrals with the orders dydrdz and dydzdr are too complicated. Let us

4-y 4—x

dzdzdy, dzdydz,




evaluate one of the integrals;

V16—422 4—y V16—422
// / dxdydz // (4 — y)dydz
2 V16422
(4y - 2)
- w5

dz
1 42
/(4\/16 422 — 06— 42 ——)dz

2
= / 8V16 — 422 — 8 + 22%dz
%23 2
= (? —82)| +32 /cos2 6df (by substitution z = 2sin )
32 204+ 1 20+ 1
=-3 + 32 f%d@ (since cos* @ = %)
2
32 32 Vi =22
=~ +8sin20+160 = — = (16% > 1 arcsin g)

0

32 32
= 3 + 16arcsinl = Y + 87.
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1.) Given the function f(z,y) = ]
Ty

a. [5] Find the domain of f(z,y).

Solution:

Domain = {(z,y) e Rx R: (z,y) # (0,0)}

b. [15] Determine whether the lim  f(z,y) exists or not; if it does, evaluate the limit.

(2,5)—(0,0)
Solution:
ALONG z = 0: )
im SO i Y2 him 0=o0
@y)—=00 0+y*  @y-00 Yy (@900
ALONGy ==z

8292 . 8zt

im ——= Ilim —
(z,9)—(0,0) T* + y*  (2,9)—(0,0) 224

lim 4=4
(z,9)—(0,0)
Since the limits along different curves gives different results,

lim x,y) does not exist!
(%y)ﬁ(OaO)f( v)

2.) [20] Find all the critical points and determine whether they are local minimum, local maximum
or saddle points of the function f(x,y) = xsiny.

Solution:



f(z,y) = zsiny

fe = siny fy = =xcosy
fzy = cosy fyz = cosy
p=|fm= Jow|_| O BV 1= _cos?y <0
fvz  fuy cosy —xsiny

D(z,y) is always negative.

The critical points of f(x,y) :

fe=siny=0, y=knforkeZie k=0,+1,42, ..

fy=xcosy =0,z =0 or cosy =0, but cosy and siny cannot be zero at the same time,
sox =0

The critical points are: (0,%),k € Z
That is: (0,0), (0, %), (0, £27), (0, £37), ...

All of them are saddle points as D(z,y) < 0.

3.) a. [12] Show that the ellipsoid 3z?+2y2+2? = 9 and the sphere 22 +y%+ 22— 81 —6y—82+24 = 0
are tangent to each other at the point (1,1, 2).

Solution:

Let g(z,y,2) = 322 +2y* + 22 — 9 and f(x,y,2) = 22 +y? + 2 — 8z — 6y — 82 + 24. The
point (1,1, 1) satisfies both surfaces g(z,y,2) =0 and f(z,y,2) =0

Then Vg =< 6z,4y,2z >,s0 Vg(1,1,2) = 6i+4j+4k; and Vf =< 22—8,2y—6,22—8 >,
so Vg(1,1,2) = —6i — 4j — 4k

Since the gradient vectors of g and f at (1,1,2) are parallel, the surfaces are tangent at
(1,1,2).

b. [8] Find the equation of this common tangent plane.
Solution:

The tangent plane has the normal vector < 6, 6,4 > and passes through the point (1,1, 2),
hence the equation will be 6(x — 1) +4(y — 1) + 4(z — 2) =0, or 6x + 4y + 4z = 18.

4.) [20] Show that if w = f(u,v) satisfies the Laplace Equation fy, + fo, = 0 and if u = T4
v = zy then w satisfies the Laplace Equation wg, + w,y, = 0.

Solution:

_362—112 Uy =T  Ugy = 1
2 Uy = =Y Uyy = —1
v =1y = U =Y Vgg = 0



Wy = fuux + f'uvxa

Wy = fuuy + fvvy

Wer = (fuulls + fouV)Us + fullar + (fuvts + fovVz)Vs + foUss
fuu® + foumy + fu + fuwzy + fooy” + [,0

Wyy = (fuully + fouty)ty + futtyy + (Fuotly + fouy)vy + fovyy
= fuu(ty)® + fouVyly + futlyy fuvtiyvy + fou(vy)® + fovyy
= fuu(_y)2 + fvu(_xy) + fu(_l) + fuv(_xy) + fvv$2 + fvo

Wog + Wyy = fuul® + fouZ¥ + fu + fuoy + food + fuu’ + fou(—2zY) +
(—fu) + fuo(—2y) + (= fu) + fuv(—2y) + foua®
= fu(@+ 9+ fo(z®+ )
= (2®+ ) (fuu + foo)
=0

5.) [20] Find the volume of the solid bounded by the paraboloid z = z? + y* + 4 and the planes
z=0,y=0,2=0,z+y=1.

Solution:




1pl—=x
/ / (z° +y* + 4)dydx
0J0

1r y3 11—z
2y + 3 + 4y} dx

1 :x2(1 —)+ 1 _3$)3

41— :c)] dz

[ 1
x2—x3+§(1—3x+3x2—x3)+4—4x] dx

Lrog 13
(—53:3 +22% — bz + §> dz

4 4+2x3 5x2+13x !
3 2 3 1,

3
5,13
23

T
4
2
+3-
5
2
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1.) Find the volume of the part of the sphere of radius 3 that is left after drilling a cylindrical hole
of radius 2 through the center.

Solution:

The sphere has equation: 2% + 3% =9
In polar coordinates, 7% + 22 = 9 = 2z = £/9 — 12

V= /02” /:[\/W — (=V9 — r2)|rdrdb

-

——
f——
]

2 ,
7

Let u=9—1?= du= —2rdr

1[0 2 [T 20v/5
V= ——/ / 2u'2dudf = ——/ 52 = 20VOT
2 )y /s 3/ 3



2.) Let S denote the set of topless and bottomless right circular cylinders of fixed non-zero surface
area A. Use Lagrange multipliers to prove or disprove that the set S has an element with maximal
volume. If your answer is positive then compute the maximal possible volume in terms of only A. If
your answer is negative tell us precisely the lack of which properties of the solution set of A = 27rh
is responsible for the non-existance. (Note that the surface area of the cylinder of radius  and height
h with no top and bottom is 27rh.)

Solution:
S(r,h) =2mrh=A= g(r,h) =2nrh — A
V(r,h) = 7r*h = f(r,h) = 7r?h
Vf = 2rrhi+ 7rhj
Vg = 2mhi+ 27rj
Vf=AVg=2rmrh=\-2rh and mr* = \-2mr
r=A\r=2A=r=X\=0.

But r = 0 gives S(r,h) = 27 -0-h = 0. But the surface area is nonzero. So using
the Lagrange multiplier method we conclude that NO such maximal volume cylinder ex-
ists.

Note that the variables r, h are such that » > 0, h > 0. Hence, the solution set (A = 27rh)
is an unbounded set. For the existence of extremum, solution set must be closed and

bounded. Also, V = % and since r > 0,V — oo and so no cylinder with maximal

volume!



3.) Transform the following integral into spherical coordinates throughly but do not evaluate.

0 ,0 \ 4—x2—y?
/ / / 22+ y?+ 22 dzdydx
-2 J—V4—-22 J0

Solution:

Let I be the value of the given integral.

0 <z<4/4—22—y? = The solid over which we integrate is bounded below by z = 0
(xy-plane) and above by the sphere z? + y? = 4.

—V4—2?2<y<0and —2 <z <0 tell us that the projection of this solid onto xy-plane
is the quarter of the circle: 22 + y? = 4 in the third quadrant.

In spherical coordinates: z = p-cos¢ and p = /22 + y? + 22

3n/2 pm/2 p2
— . 3. . 2 g
1= [ [ ocoso (o) ?sinodpdsas



4.) Evaluate [ fRsm(yS) dA, where R is the region bounded by y = v/z, y =2 and = 0.

Solution:

y =T

y=2

4 p2 2 py?
Let I:// sin(y®) dA:/ / Sinygdydx:/ / sin y*dydx
R 0o Jvz 0o Jo

This last integral seems to be more easier to take.

2 2
So, I = / [z sin yg]dey = / y*siny3dy
0 0

Let u = 3, then du = 3y*dy and therefore,

Zsinwu COS 1] %2 cos > > 1—cos8
0 U 3 Ju 3 1o 3
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