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1. a) Find an equation for the sphere with center (0,0, 2) and radius 2 in spherical coordinates.
Solution:
PP+ (-2 =4= 2+’ + 22 —42=0= p* —4pcosp=0=p=14cos¢
b) Describe the graph of 9z — 4y? + 3622 = —36.

Solution:
2 P
—92% + 4y? — 3622 = 36 = 1 + 9~ 2*> = 1, hence this is a hyperboloid of two
sheets.
T
c) Describe the graph of ¢ = T
Solution:
7T .- . . . .
¢ =— < z=+/22 + y% Hence it is a cone with its vertex at the origin.

4
2. a) Find an equation of the plane which is containing L; and is parallel to L, where
Ly @ x=2+4+8t,y=6—-28t, 2 =10t

Ly : =348, y=5—-3t,2=6+t

Solution:

L, and L, are skew. A =(2,6,0) ison L; and B = (3,5,6) is on Ly. v; = (8, —8,10)
is the direction vector of L; and vy = (8, —3, 1) is the direction vector of Ly. So, the
normal of the plane:

i j k
n=v; Xve=|8 —8 10 | = (22,72,40)
8 -3 1

Hence 22z + 72y + 40z = 476 = 11x + 36y + 20z = 238.

b) Find the distance between the above lines L; and L.

Solution:
g 11-3+36-5+20-6 — 238| 9%
V112 + 362 + 202 V1817
Second way:
BA- —11+36—-120 95
CompnBA:H n| | + | _

|| V1817 V1817



3. a) Find the parametric equations for the line tangent to the curve r(t) = e'4+sintj+3In(1—t)k
at t=0.

Solution:

We compute a couple of necessary quantities:

r(0) = 1

r'(t) = e€'4+costy — %k
r(0) = (1,1,-3)

r(w) = 7(0)+ wr'(0)

= (1,0,0) + w(l,1,-3)
Hence z(w) =1+ w, y(w) = w, z(w) = —3w.

b) Find the length of the section of the curve r(t) = e’ costi + e’ sintj + e'k from —7 to 7.

Solution:

™

Arclength is given by L = / ||7'(t)||dt where

-7

r'(t) = e'(cost — sint)i + e’ (cost + sint)j + 'k and

|7 (t)|| = \/e%(cos2 t —2costsint +sin?¢ + cos?t + 2 costsint +sin’¢ + 1) = V/3e".
So,
=V3(e" —e™).

™

\/getdt = \/get

4. Find the maximum and minimum values of the radius of curvature for the curve x = cost, y =
sint, z = cost.

Solution:

To find the curvature we need:

r(t) = (cost,sint,cost)
r'(t) = (—sint,cost, —sint)
r"(t) = (—cost,—sint,— cost)
|r'@®)|| = V1+sin?t
Then it follows that:
i J k
—sin?t cost —sint
| (t) x ¢"(t)|]| | —cost —sint —cost

RV, prapeorse

or equivalently:

-1,0,1 1 1+ sin?¢)3/2
_ K 11N (1 +sin”¢)"*

K(t) ( M+ sin®t 1) k(1) =p(t) = /2




Since 0 < sin?t < 1, Vt, when sin?t = 0 the radius p(¢) is minimum, and when
(141)3/2

5 = 2 is the maximum value

sint = 1 the radius p(t) is maximum. So, p =

(1+0)3/2
V2

and p = = 1/2/2 is the minimum value.
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1. (a) Find parametric equations of the line that passes through the points A(2,4,—3) and
B(3,-1,1).
(b) At what point does this line intersect the zy—plane?

Solution:

(a) The direction from A to B is the vector AB = (3—2)i+(—1—-4)j+(1—(-3))k =
t — bj + 4k. So the parametric equations of this line are

r = 2+t
y = 4-5t
z = —=3+4t

(b) The zy—plane has the equation z = 0. Hence z = —3+4t = 0 gives t = 3/4 and
so z = 11/4 and y = 1/4. Hence the intersection point is (1, 1,0).

2. (a) Sketch the graph of the region R that lies inside the curve r = 3sin# and outside the curve
r=1+4sinf.

(b) Find the area of R.

Solution:

(a)

_1\/ 1

The curves intersect where 3sinf = 1 + sin 6, that is, sinf = 1/2. So the points of

intersection are:
T 3 5t 3
(0, ’f‘) = (8, 5) and (0,7") = (F, 5) .



(b) Using symmetry with respect to y-axis

s

A = 2.%/3[@gn®2—(1+smofyw

3

2

[88in29— 2sinf — 1] db

I
o

= /2 [3 — 4 cos26 — 2sinf] df

= [360 — 2sin 26 + 2 cos 0];;2
T T V3 V3
_:45—6)—2@—~5)+2G—~5)_m

3. Find parametric equations of the line in the plane of the points P(0,0,0), Q(2,2,0) and
R(0,1, —2) which intersects the line x = -1+ 3t, y =1+ 2¢, z = %t in a right angle.

Solution:

First, take a normal vector IN to this plane, i.e. a vector parallel to:

k
0 | = —4i + 45 + 2k.

i
N=PQxPR=|2
01 —2

— NS,

We can take N = —2i + 25 + k. The line L perpendicular to the given line L' has a
direction vector v which is perpendicular to both N and (62 + 45 + k). Hence,

1 3 k
vf/N x (6i+45+k)=|2 2 0 |=-2i+8j5—20k
01 -1

Take v =1 — 45 + 10k.
Now we need a point of L. The equation of the plane is —2x + 2y 4+ z = 0. The

line L passes through the point of intersection of L' and the plane. The point of

intersection is where 2(—1 + 3t) — 2(1 + 2t) — (3t) = 0 is satisfied, i.e. when ¢ = 3.

Thus, the intersection point is S (7, %, %) The equations of the line are:
r = 7+t
19
LY = 3 4t
4
= - +10t
T 3

4. The position vector R(t) = In(t?> 4+ 1)i + (¢t — 2arctant)j of a moving particle is given below.
Find:

(a) the velocity vector at t = 0;
(b) the speed at t = 0;

(c) the acceleration vector at t = 0;
(d) unit tangent vector at ¢ = 0;
(e) the curvature at t = 0;



(f) the normal and tangential components of acceleration at ¢ = 0;
(g) the arc length from ¢t = 0 to ¢t = 2.

Solution:

(a) Velocity is the variation of position in time:

Vw:dR@ 2ti+o_ 2 >j: %i+(ﬁ_ﬁj.

a2 +1 RN 241 211

Then V(0) = —j.

() Speed = [VO) 0 VO = (52) =1

(c)Acceleration is the variation of velocity in time:

_dV@)_2u1+D—2t2% %@W+U—2ﬂﬁ—1)__2—2ﬁi+ at
@t (21 (2 +1) T e e

a(t)

Then a(0) = 2i.
(d) Since V(0) is a unit vector, T'(0) = —j.

t t
e) The curvature is given by: k(1) = V() x af )”
3
ds(t)
dt
IOy
Hence #(0) = ”ﬂix’“ = || -2k = 2.

ds(t)\?
(f) Since ay(t) = k() ( ili )> , it follows that ay(0) = 2. Now note that ||a(t)||*> =

a%(t) + a4 (t). At t =0, 4 = a%(0) + 4. Therefore a7 (0) = 0.
(g) In part (a) we calculated V' (¢). Then:

ds(t) 1 Vit +2t2+1
_— = Bl = 4t2 t2—12:—
= IVl = gy v+ @ 1) o
(t2+1) |[2+1
= =1 (0<t<?2).
t?+1 241 ( )

2 2
ds(t
Since speed is constant, s = / ﬁdt = / dt = 2.
o dt 0
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1. a) Sketch the region R inside the graph of » = 3 + sin# and outside the graph of r = 4sin .
b) Find the area of the region R.

Solution:

a)

b) A =area of the limacon — area of the circle

1 21 1 21
Area of the limagon = 7 / (3 +sin6)’dh = 3 / (9 + 6sin 6 + sin” 0)d0
9 0271' 27 ° 1 2
= —/ d0+3/ sin9d9+—/ sin? 0df
2 /o 0 2 /o
9 1.1 2
= (29— —f — —sin?2
(20 3cos€+40 8sm 0) )
T T
= 9 — =19—
T+ 9 9
) I
Area of the circle = 3 (4sinf)*do
0
17,
= = 16 sin” 6df
2 /o

™1

= 8/ —(1 — cos 260)df
0 2

= (460 — 2sin20)|§ = 4x

Hence we find A = 19% — 4.



2. a) Find parametric equations for the intersection of the planes 2z+y—2z = 3 and z+2y+2z = 3.
b) Find the acute angle between the two planes.
Solution:

a) The normal vectors to the two planes are n; = (2,1,—1) and ny, = (1,2,1)
respectively. The line L of intersection of two planes is parallel to n; X ns.

1 3 k
nixXxny=,2 1 —1|=31— 33+ 3k,
1 2 1

or equivalently a vector in the same direction can be taken as: i — 7 + k.
By inspection the point (0,2, —1) lies on both planes, so the line has an equation in
vector form: r(t) = 25 — k + t(¢ — j + k). Parametric equations are: z = t, y =
2—t,z=t—1, (teR).

n;-n 2+2-1 1
b) cosf = A TR =_.

[l flnall — VBvE 2

3. Let C be the plane curve parametrized by r(¢) = t2+(2t2+3)7 and let [ be the line parametrized
by L(t) = (t+ 3)i + (t/4 — 10)j. Find the point on C where the tangent line is perpendicular
to .

70
So, 0 = —.
0, 3

Solution:

A . . .
The direction vector for L(t) is v = 1 + 1 J7- The point sought is the point where

r'(t) and v are orthogonal. r'(t) =i+ 4tj, weuse v -r'(t) =0=v-r'(t) =1+t =
0 = t = —1. The point occurs at t = —1 and is therefore the terminal point of
r(—1) = —i+ 57 or (—1,5).

4. a) The curve whose vector equation is r(t) = 2v/f cos ti +3v/tsintj ++/1 — tk lies on a quadric
surface. Find an equation for this surface and identify it.

b) Find an equation for the sphere with center (0,0,2) and r = 2 in spherical coordinates.

Solution:

a) x = 2y/tcost, y = 3y/tsint, z = /1 — ¢,

T\? Y\? 2
el z — 1—
(2) +(3) I S

I\ 2 N2
hd 7 =1
(5) +(5) += =1

so the surface is an ellipsoid.

b) Cartesian coordinates: z? + y*+ (2 — 2)? =4 or 2% + y? + 22 — 42 = 0. Using the
coordinates: p?> = x? + 92+ 22, z = pcos ¢

p° —4pcosd =0 = p=4cos .
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1.) a) Sketch the region R that lies inside the curve r = 2 and outside the curve r = 2 — 2 cos 6.
b) Find the area of the region R.

Solution:

a) The curve r = 2 is a circle of radius 2 with its center located at the origin. To
draw the curve r = 2 — 2 cos 6 we determine some points that this curve passes through
such as:

0=0,r=0),0=n/2,r=2),0=m,r=4),(0=31/2,r=2),(0 =2m,r =0).

These two curve intersect when 2 = 2—cos#, i.e, at § = /2 and § = 37 /2. So we obtain,

A theta=pi/2

theta=0

b) The area of the region R can be obtained by the integral

w/2 1 w/2
A = / —[2* — (2 — 2cos0)*]df = 2/ [2 cos § — cos® 6]df
—7/2 2 —m/2

/2 1 2
= 2/ [20089—(4_%89)]d0:8—7r

—7/2

Note that since our figure is symmetric with respect to x-axis, this area can also be

calculated from A=2 fowﬂ $[22 — (2 — 2 cos 6)?]d6.

2.) Find an equation of the plane that passes through the points P;(0, —3,2) and Py(1,2,3) and
parallel to the line of intersection of the planes 2x +y —z2=1and x — 2y + 2z = 7.

Solution:

The vector ]\71 =< 2,1,—1 > is normal to the first plane and Ny =< 1,—2,1 > is normal
to the second plane. Therefore the line of intersection of these two planes is parallel to
the vector



V=N xNy=-i-3j-5k

The vector PPy =< 1,5,1 > lies on the required plane. Now, also the vector V can be
carried onto this plane since this plane is parallel to the line of intersection. Thus,

]\73:P1_P2X‘7:-221+4j+2k

is a normal vector for the required plane. To write down the equation of this plane both
of the points P, and P, can be used. Using P; we get

-2z +4y+22+8=0

3.) (a) Find an equation of the plane parallel to the plane 3z — y + 2z + 3 = 0 if the point (2,2,-1)
is equidistant from both planes.

Solution:

Since the required plane is parallel to the plane 3x —y+224+3 =0, <3,—-1,2 > is
a normal vector for both of them. Therefore the required plane has an equation of the
form 3z — y + 2z + D = 0 where D is a real number. Now since the point (2,2,-1) is
equidistant from both planes we have

32-12+2.—1+3] [32-12+2.—1+D|
VB4 (1) + 22 V34 (1) + 22

This equation implies | D+2| = 5 which has two solutions D = 3 and D = —7. The D = 3
solution corresponds to the first plane, therefore the required plane has the equation:

3r—y+22—-7=0

(b) Consider the straight line through the point (3,2,3) and perpendicular to the plane given by
2x —y+ 3241 = 0. Find the coordinates of the point of the intersection of that line and that plane.

Solution:

The plane has a normal vector < 2, —1,3 >. Since the required line is perpendicular to
the plane, this vector is parallel to the line. Hence, the parametric equation of the line
is:

x=3+ 2t , y=2-t , z=3+3t , —oco <t < 0.

To find the value of t at which the line and the plane intersect, we insert the above result
into the plane equation:

2(3+2t) - (2-t) + 3(3+3t) +1 =0,



which gives ¢ = —1. The intersection point is obtained by putting ¢ = —1 in the para-

metric equation of the line which gives its coordinates as (1,3,0).
(c) Can a vector (whose initial point is at the origin) have direction angles ¢; = 7/4, 0y = 37/4,

03 = m/3 where 01, 0y, 05 are the angles between the vector and x,y,z coordinates respectively?

Solution:
For a vector V whose direction angles are 61, 0y, 03 we have

Voi=cos0y|V| |, V .j=costh|V| , V .k=coss|V| |,

which leads to,
= cos 01i + cos 6yj + cos sk

Sl‘ <!

Since this is a unit vector, direction cosines should satisfy

cos? 0y + cos? 0y + cos? f5=1
In our problem this is not satisfied since, cos?(7/4) = cos?(7/4) = 1/2 and cos?(7/3) =

1/4. Therefore, such a vector does not exist.
(d) Find equations in rectangular and cylindrical coordinates for the surface p = 2sin¢ given in

spherical coordinates.

Solution:
We first multiply the equation of this surface by p which gives p? = 2psin¢. To convert
this into rectangular coordinates we use p? = x2 + 4% + 22, psing = /22 + y? and

obtain
22 4+ y? + 2% = 2y/22 + y? (rectangular).

Now we can convert the final expression into the cylindrical coordinates by applying

2% + y? = r? which gives
r+22=2r ,r>0

4.) Let r(t)= sin 3ti +cos 3tj + 2tk be a vector valued function.

(cylindrical).
(a) Find the unit tangent vector T(¢) and the principal unit normal vector N(t)

Solution:
Let ’ (prime) denote the derivative with respect to t. Then,

N B F(
T = oy NiE
7

t,
" _ — sin 3ti — cos 3t




(b) Find the curvature x(t).

Solution:

=
~
—~
—_
w

(c) Find the arc length parametrization of this curve by taking (0,1,0) as the reference point.
Solution:

The point (0,1,0) corresponds to ¢ = 0. Taking this point as the reference we can find
the arc lengt parametrization in the increasing ¢ direction from the integral

/
0

This gives t = s/v/13. Therefore,

dr(u)

du = V13t
du

(s) = si ( 55 )i—i—cos( 55 )'—i— 25 k
7(s) = sin | —
V13 V13 . V13
(d) Let r(t) be the position vector of a particle at time t. Find the scalar tangential and normal
components of acceleration.

Solution:

From above we have s = v/13t and x(t) = 9/13. Therefore,



B U Department of Mathematics
Math 102 Calculus II

Fall 2005 First Midterm

This archive is a property of Bogazici University Mathematics Department. The purpose of this archive is to organise and centralise the distribution of the exam questions and their solutions.
This archive is a non-profit service and it must remain so. Do not let anyone sell and do not buy this archive, or any portion of it. Reproduction or distribution of this archive, or any portion of

it, without non-profit purpose may result in severe civil and criminal penalties.

1. Let @ and b be vectors. Show that

(i) |@-b| < |allb]. B
If we have equality, what can you say about @ and b ?

Solution:

By the definition of dot product we know that

@ -5 = ||a||B] Cosé" — |1[B|| cos 6]

Since 0 < |cosf| <1
|G- b| < |a]|b]

If we have equality, |cosf| = 1. Thus, § =0 or § = 7.
When 6 = 0, @ and b are parallel and are in the same direction. On the other
hand when 6 = 7, @ and b are parallel and are in the opposite direction.

(i) |a x b < |a]|b]-
If we have equality, what can you say about @ and b 7

Solution:
By the definition of cross product we know that
|@ x b| = |a]||b| sin 0

Since —1 <sinf <1 . .
@ x b < |d]|b]

If we have equality, sin@® = 1. Thus, § = 7/2.
Hence a and b are perpendicular to each other.



2. Find the parametric equations of the line of intersection of the planes,

3r — 6y — 2z — 15 = 0
2c + y — 2z — 5 =0

Solution:

Let P, be the plane 3x — 6y — 2z = 15. Then the normal vector for this plane is
n=<3,—6,—-2>.

Let P, be the plane 2x + y — 2z = 5. Then the normal vector for this plane is
ng =< 2,1, -2 >.

The line of the intersection of two planes is perpendicular to the planes’ normal
vectors n; and no, and therefore parallel to n; x ny. In other words, the line of
intersection is a nonzero scalar multiple of ny x ny. In our case,

— - —

T j  k L .
nXng=|3 —6 —2|=1414+25+ 15k
2 1 =2

Now, we need to find a point on the line to write the equation of the line. To find a
point on the line, we should take a point common to the two planes.

So we substitute z = 0 in the plane equations and solve the equations for z and y
simultaneously.

3r — 6y = 15 r = 3

2t + y = 5 y = —1
So we found the point (3, —1,0).
Hence the line is x(t) = 3+ 14¢, y(t) = —1+2t, =z(t) = 15¢

Note that (3,—1,0) is not the only intersection point. You may find another inter-
section point and write the equation of the line according to this point.

3. If #(t) is a differentiable vector-valued function of ¢ of constant length, then show that #(¢) Lr/(t).

Solution:

(7te) - 7)) = 7(0) - S+ 7ty = 2r()

First consider that 4
dt
But we know that 4 (F(t) : F(t)) = i[Hf(t)HQ] where ||7(¢)||* is a scalar
dt dt '
d
So —[||I7(#)[*] = 0
o T B

d -
Hence 7(t) - d—; = 0. In other words 7(¢) Lv/(¢).



4. The vector-valued function 7(t) is given by 7(t) =< cost,sint,t >.
(i) Find the arc length from ¢ = 0 to t = 2.

Solution:
7(t) = < cost,sint,t> then

() = < —sint,cost,1 > and

7@ = /(—sint)2+ (cost)2+1=+2

Let L be the arc length of 7(t) from ¢t =0 to t = 27

27
/
0

(ii) Find the principle unit tangent vector T'.

t=27

21 21
dt = \/idt:\/ﬁ/ dt =2 -t = 2V2r
0

0 t=0

dr

dt

Solution:
L . . = 7 (1)
The principle unit tangent vector to the graph of 7(t) at ¢ is T'(t) = || 7(t)||
"
Since 1/(t) =< —sint,cost,1 > and ||7/(t)|| = v/2 we obtain
= —sint cost 1
T(t) = = T = =
0= {5V )
(iii) Find the principle unit normal vector N.
Solution:
. . . - TV (t)
The principle unit normal vector to the graph of 7(t) at ¢t is N(t) = ol
t

—cost —sint

= - 2t sin’t 1
Since T’(t):< N ,0> and | T(8)]| =/ == + =5 :\@

we obtain

N(t) =< —cost, —sint,0 >= —costi — sintj
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0
1. [7] (AntonBivensDavis, p.729, q.51) Sketch the curve given by r = cos 3 in polar coordinates.

State explicitly the symmetries of the graph and the slopes while approaching the origin. In
your sketch, one must observe these easily.

Solution:

The first thing to do is to give values for 6 to collect data for r. The reasonable thing
to do is to go up to 4 since that is the period for f(f) = cos g. Then it is easy to
see that the graph looks like

Sl

-

Then make sure about the symmetries. Since cos is an even function, we get the
symmetry with respect to z-axis.

It is not easy to detect the other symmetries. Think as follows: as 6 varies from 0
to 27, the curve traverses the upper half of the figure above. We can then get the
symmetry with respect to the origin by observing that

f@r+6)=—f(0).

Since there is symmetry with respect to the z-axis and the origin, there is symmetry
with respect to the y-axis.
Finally, the slopes while approaching 0 are always 0:

B dy/dH(W ~ 7r'sinf
~dx/df 1 cosf

W ()

7 (m) = tan(m) = 0.

Above computation is valid since at 7 (or 37) the denominators are never zero.

2. In the figure below, C} and C are circles with radii 7, and ry and with centers at the origin O
and at (73, 0) respectively. Suppose that 2ry > r1 so that C; and Cy intersect each other at two
distinct points. Let P be the point of intersection in the first quadrant and H be the shaded

crescent.



(a) [141] Write down the two equations in polar coordinates that describe C; and Cs.

(b) [2] Find the angle POB in terms of . Easiest way is to use the answer to part (a).

(c) [4] Write down an integral in polar coordinates for the area of H. Then compute the area
in terms of .

1

Cl CZ

Solution:
(a) Cr:r=ry, Co:(x—r9)?+y*=1r3=1r>=2ra =1 =2rcos0

(b) P is a point of intersection of C; and Cs. Hence,

— 1
0y = POB = cos’l(—ﬂ) > 0.
27”2

area(H) = /O %((27“2 cos0)® — (r1)%))do

—0p

| 20
_ / (3= )
0
sin 26
= (2r;(0+ ) —170)¢°

= 2r30p + r3sin 20y — 76,
= (2r5 —r7)0y + 273 cos B sin Oy

\4arsd —r?
92 _ 29 4 9p2 L 2 1
(2ry —r7)bo + T22r2 ry
= (2r3 —r])0o + 11/ 4r3 — 12,

3. [6] (AntonBivensDavis, p.823, q.44) Let a, b, c and d be four vectors that are parallel to a fixed
plane. Show that (CL X b) X (C X d) = (. Be as simple as possible but be precise!

Solution:

Let n be a normal to the plane. Given that a,b,c,d 1 n, we have a X b = kn and
¢ x d=In for some k,l € R. So

(axb)x (¢xd)=(kn)x (In) =(kl)n xn=0



4. Let D; and D, be two distinct, non-parallel planes in R? and let « be the angle between them.
Consider two vectors v; and vy parallel to D, and D, respectively. Let 6 be the angle between
v1 and ve. Assume 0 < «, # < 7. Determine whether the following statements are true or false.
For each, if answer is yes, prove the claim. If no, give an example where the claim is not true.

(a) [2] It is always true that 6 > «a.
(b) [2] It is always true that 6 < .

Solution:

Answer is no for both cases. Let L be the line of intersection and v be a vector
parallel to L. Then v is parallel to both D; and Ds.

(a) Set v; = vy =v. Then § =0 < a.

(b) Set v = v, vy = —v. Then =71 > a.

5. [10] Using vector calculus, find the point on the line x +y — z = 2,3z +y = 1 closest to the
point (1,1,1). You are not allowed to answer this question by finding the global minimum of an appropriate

function!

Solution:

The case in question is exactly the same as the previous question: two planes in-
tersecting along a line (a line in R? is given by two independent linear equations).
There are several ways to solve this question. Here, we first find the plane D passing
through the point P = (1,1, 1) and normal to the line. A direction n along the line
is:

n=(1,1,—-1) x (3,1,0) = (1, -3, —2)

The equation for the plane D is
D: (1,-3,-2)-(z—1l,y—1l,z—1)=2—-3y—22+4=0

The closest point @ = (z,y,2) on L to P is the point of intersection of L and D;
hence () satisfies:

r+y—z2=2 3r+y=1, —z+3y+2z2=4

3 23 8

One can then compute that Q = (z,y,2) = (_ﬁ’ e _ﬁ)
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1. Consider the polar curves Cy : r = f(6) = v/2sinf and C; : r = g(#) = /sin 26.

5 pts a. Find the 6 € (0, 3) where C} and C; intersect.
070 o lo‘%)
A16) = g,(e) TM antersetns ; 240,970

J'/.\«M/&/ Vo2s - 7 (26 g r}?‘«w

Oun §$0 om 0: /‘1 F{W
>o~fm‘fhl\a]9m{0,)

5 pts b. Show that g(8) > f(8) for all § € (0,6y), for 6y found above.
Hm 3(a)= & Vaint Vol > T owmp Vol = snb=4(5)



15 pts c. Sketch the graphs of C; and C5 on the same zy—plane. Hint: Don’t hesitate to use the
information obtained in part a and b.

Cr: r=laomb =5 Cpi w=V2n2b=¢, 0in28 %0 muet hold
= £ 26 ¢
B=0,maf 4120 > 04 ﬁaéﬁ' o mru\“ 3T
0'-‘—-% %rza 04 8¢ and 7(505%
B":}%“’ r=- L o W - AL 414 7«443«“‘(3-
TLDLW 34D T=0 4 9=0,g§,zr,%g « rMan
: - kS
T (OIF/z)U(%I:‘,zu) r=l A 0= 4’5,2’5; £ max .
PN (50 3) 7 e (D)o (T3F) , e w
0=§.
te 9=3/+
7
e
i
U Y7 g petassk 4 4O o (04)
haCy o prove) in ot &, 9 (B> 5(6) in
-t ~4 X 9=0,2l Has  inderval -
P
e
.5
-3

b= 2%

10 pts d. Find the area of the region inside both C] and Cs.

o="%
Desned o Zosmeed. . ERT)! ,
MY % /
féoé% ~> H®
bgjto) x
X/owé% by Pi0)
1y Y % y 4 th,
A=1-S2.4m‘ou+ij wzaotl}hj 1—042&“1'—5%“”
0 |-l % %
i 0:5/(’ a~"/2-
. 1 -4 :i{E_i}-i at= K
=-;:[0~14~“19} +z{z(‘”’“’J,/x4x tri} 8
9=0 * q



2. Let l; be the linex = 1+4+¢, y = -1+t z = t, and D be the plane through the points
P(0,0,0),Q(3,2,0) and R(0,1,-2).

10 pts a. Write down an equation for the plane D.

We need & noamal vedin 7 P D. Coetrud twov vedom on D -
~ -3 — —
PR = (320> omd PR=(01-2) * Thun PB x PR (m PRxPR) sorveo o .

- - D SEY ‘
PaxP=|, 3 ol - ) -7 (-6) v R (3) =478 67+ 3k (y,6,3)
o 1 - . ':R.

Ay vedn o D (x-0,4=0,2=0) usirg P (mmw&wnﬁu)
D » dooubed )@'} <x17:2>‘<""h"l3>=0

= -4x+67f32=0.

10 pts b. Find the intersection of the plane D and the line [;.
—84 M D ot a 19{.‘ 41? X={+t ag:-.-{+i‘, 2= T Mﬂtﬁ Hee
Aelane eqn ?ﬂwnc) obove
4 (1+t) + 6(-1+¢) +t3t =0

5 10 +5t=0 = taZ  gildiy He pt (st,-tt 0] (3,4,2).
t=2

15 pts c. Write down an equation for the line [ satisfying both of the following:
(1)  lies in the plane D; (ii) [ and [; intersect perpendicularly.
dmin A Lo 40 D amd {(}2,#95 ond uﬁ, MMW»%/L.M
an 9’; = ¥(311/2)} ) e (34,2) & £ .
LacD » ﬁ’_l_l/ 1L (1,1,4).1. ¢
R anetona t"' 164
Thon A x <UL 1) com e on e dinetion oA L

,_1; ,‘,’_f\;. I(é-s) (53)+&(—tf -6) = 3“-73—!04‘% (3,3,-10)
1 1

4
Thacdew 4o (aH), 4t) 2t) = (3 2) ¢ t <3, -10)
3 . x-.—. 3 4+ 3t
¢ ‘3 1+ 3t

1-10t  xn He derred Lone




3. Let 7(t) = (cost,sint,t) and F(t) = (sint,0,cost) be parametrisations of two curves in R3.
15 pts a. Find all common points of these curves. Be sure that there is no more!
Fl) omd @) ambrowd ot pt  id floe epiot Two numben
'171 omd ta at ’).3('&1):(?(54) . Wu’u—u MM :

oty = amta D> n kT = aint,
gintg= 0 = = kT, kel
ty = C“'ta. ~ = ki = oty ,\’—7 ty= Oéfz’}rr/(lr_
Sk lwtzlél

omd  Heale] oy wdan k=0 5 =0
Maw ,Qowi'f,;m noe -fk,s"' eqn cn 0 = %(%-‘-kl) ,&GZ
B = 2 (Trkr) 5 ks ewen .

5 T md € tnsed g H=0 tfjitfuur and
pb o idesedim o Flg) = (1,0,0)

: Peraod AT,
Oy e amdesedion pt + (4,000

15 pts b. At each common point, find the angle between the tangent lines to these curves.

ELWW%Q:. JAelwern ‘l‘mw Rred ‘I‘ke,aw% belirersn diretkions
4 «}—a,\a.,,{' }Z-.'ww} omd  dretiona  ore Hiren jfg w@o«.n% velats

47 do

i

AR mpit ot 1) 2 P o (g0, 4) = d
(1,00) or =0

< 3 -3

A0 Cont, 0,0t o 4L = o0-1)~d

% ( t=X cak
11010)'? --i-4‘ iy

Using -V IRl 71 cos 0 e gt -
— - . - ——r ‘
dor' 0((( = —.'{ — H'4.m9 -? 0 4_
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1. Let 4 = 2’2—3#—2/2: and :3'24—43'—12:. Find a vector ¥ such that 4 x ¥ = w and 4 -9 = 1.
Is ¥ unique?

Solution:

Let © = zi + yj + 2k

i j k R X R
uxd=det | 2 -1 2 | =—-Q2y+2)i+ (2x—22)]+ (z+2y)k
y oz
=3i+45j—k = 2y+z = -3
2 — 2z = 4
r+2y = -1

U-v=2r—y+2z=1

Solving these 4 equations for x,y, z gives the unique soln.

r=1y=-12=-1

Thus 4 = ¢ — j — k and this is the unique vector which satisfies the given two
equations

2. A plane has the Cartesian equation = 4 2y — 2z + 7 = 0. Find:

(a) a normal vector of unit length;

Solution:

N=1i+ 25' — 2k is normal to the plane X R R .
|N| = 3. Unit Normal: N = N/|N| So we have N = 3(z + 25 — 2k)

(b) the distance of the plane from the origin;

Solution:

d = |OP - N| where O = (0,0,0) and P is any point on the plane.
Let P = (—7,0,0) P is on the plane
Then OP = —7z by using this vector. If we evaluate d we get d = ‘_T?" d= g

(c) the coordinates of the point () on the plane nearest the origin.

Solution:



The line normal to the plane which passes from origin can be parametrized as
F(t) =tN = xz(t) = 3t, y(t) = 3¢, 2(t) = -3¢

This line intersects the plane at the desired point ()

So we put these values in the cartesian equation of the plane
H+st+5t+7=0=>t=-I sz=-Ly=-4 =4

7 14 14
Q - <_§7 _5’ 6)

3. (a) Find the parametric equation for the line tangent to the curve
7(t) = 't +sinty +3In(l —t)k at t =0

Solution:

7(0) = 4, #'(t) = e'd + costy — li_tlgz, so 7'(0)=1i+7 — 3k
Tangent Line: I-_é(w) = 7(0) + w#'(0)

R(®) = (1 + w)i + wj — 3wk, so

(w) =14 w, y(w) =w, z(w) = —3w

8

(b) Find the length of the section of the curve

~

7(t) = e'(cost)i + e'(sint)j + e’k from t = —7 to t =7

Solution:

7'(t) = e’(cost — sint)i + €' (sint + cost)j + e'k

7' (t)|> = e**[(cost — sint)? + (sint + cost)? + 1] = 3¢ | so |#'(t)| = e'V/3
L= / (1) |dt = / e'VBdt = V3" — e )

— —

4. (a) The curve whose vector equation is F(t) = 2v/#(cos t)1+3v/#(sint)j+v1 —t k, (0 < t < 1),
lies on a quadric surface. Find an equation for this surface and identify it.

Solution:

= 2v/tcost, y =3v/tsint , z=+/1—1
;s(f)2+(9)2—t—1 2¢(§)2+(y)2+2—1

2 3) T 7 2 3) T° T
So, the surface is an ellipsoid

(b) Find the equation for the sphere with center (0, 0,2) and radius 2 in spherical coordinates

Solution:

In Cartesian coordinates, 2? + y* + (z — 2)? =4
?+y?+22—42=0

=z +y*+ 22 2= pcos¢

= p? —4pcosp=0 = p=4cos¢
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1. Is there a plane containing the points A = (1,1,-1),B =(0,1,-1/2),C = (-1,1,0),
D = (0,0,1/4) . If yes, find this plane.

Solution:

Construct a plane with three points and check whether the fourth is on that plane.
AB =< -1,0,1/2 >, AD =< —1,-1,5/4 >
i ]k ) L
ABxAD=| -1 0 1/2 | = (1/2)i+(3/4)j+ k which is the normal to the plane
-1 -1 5/4
containing the points A, B and D.
So the plane has equation 2/2+3y/4+2z = d. We know D is on the plane, so d = 1/4.

=z/2+3y/d+z2=1/4
1/2(-1)+3/4(1) +0=1/4 so C is also in the plane.

OR You can find a vector perpendicular to any of the vectors (by using cross prod-
uct) and check that the third vector is also perpenducilar to that vector.(by using
dot product) then the vector you have found by cross product is the normal vector
of the plane.

2. Find the point of intersection of the xz-plane and the line which is tangent to the curve
F(t) = (=2t +1)i + 3 (t — 1) 7 + e’k at the point(1,3,1).

Solution:

xz-plane : y = 0.

7(t) = =2+ (6t — 6)J + e'k; at(1,3,1) t=0

7(0) = —27 — 6] + k is the direction vector for the tangent line.
tangent line: ﬁ(w) =<131>4+w< —-2,—-6,1>
=(1—2w)i+(3—6w)j+(1+uw)k.

intersection with y =0 : -6w+3=0=w=1/2

R(1/2) =< 0,0,3/2 > so the point of intersection is (0,0, 3/2)

3. The acceleration of a particle in space is given by @ (t) = (3t)?+ 47 + k When t = 0, the
particle is at the point (0,5,0) and its velocity is 4 .Where is the particle when t = 17

Solution:

3t2—.* 2 i 3
(t) = 7@+4t]+tk+01

7(0)=4i=C,

S



— 3t2 - s -
=U(t) = 7—!—4 i+ 4ty + tk

A - S 2. o
7(t) = 5—|—4t> i+2t2j+5k+02
7(0) =55 = C,
3 - - 2o
=7 (t) = <5+4t> i+ (2t2+5)j+§k
So, (1) =< 9/2,7,1/2 > and it is at the point (9/2,7,1/2).
- - o 2
4. Let 7(t) = 2cos (3t) 7 + 2sin (3t) ] + 4tk, 0 < ¢ < ?ﬁ
a) Find d_j where s is arclength.
Solution:
7(t) = —6sin (3t) 7 + 6 cos (3t) ] + 4K, ?’(t)‘ =52

t
= 5= / V52dw = V52w |{= V52t
0

ds
= — =+/52
dt V52

b) Is t arclength in 7(¢) above ? If no, find 7(s).

Solution:
No, since F(t)‘ # 1.
S — 5o
Now let us denote s(0) by sg. Then s = V52t + sy =t =
() Yy So 0 \/5—2
. 3(8—80))—,» _ (3(5—30)>-_» 4(s—sp) = 2v/521
=7(s)=2cos| ——= |1 +2sin| ——= | 5+ k, 0 <s—s9< )
(®) ( NG viz )T TR N
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1. Let 7(t) = acosti+asint] + btk, where a, b € R. Let 6(t) be the angle which the tangent line
at a given point of the curve makes with the z-axis.

(a) Evaluate the velocity and acceleration vector.
(b) Show that they have constant lengths.
(c) Show that cos é(t) is constant.

Solution:

(a) We are given
7(t) = acosti + asintj + btk

and differentiating with respect to ¢, we find the velocity and acceleration vectors:
F(t) = 7'(t) = —asinti + acostj + bk,
@(t) = 7"(t) = —acosti — asintj + Ok.

(b) The squares of the lengths of these vectors are

|17(®)||? = (—asint)? + (acost)? + b?
— O,2 +b2,
l@(#)||* = (—acost)* + (—asint)? + 0

so ||(¢)]| is equal to the constant v/a? 4+ b2, and ||@(¢)]| is equal to the constant |al.
(c) We have

T(t) -k (—asinti +acost] + bk) - k B b

@I IRl Va2 + 521 Va5

so cos f(t) is a constant.

cos 0(t)

2. There are three points on axes which are A, B, C. On the z-axis, A(1,0,0), y-axis B(0, 1,0)
and the z-axis C(0,0,z2), where z5 > 0. The angle between CA and CB is 7/3. Find the

equation of the plane.

Solution:

C AB is an isosceles triangle, its sides C'B and C'A are equal. Since the angle at C
is given to be /3, we infer that C AB is an equilateral triangle, so zo = +1. We are
also given that zy > 0, so zg = 1.



Thus the problem is to find the equation of the plane that passes through the points
(1,0,0), (0,1,0), (0,0,1). A normal to this plane is

-

10k

J+‘0 1

-

Lo 1= 1 =1
-1 o -1

and a point on the plane is, for example, (1,0,0). Thus the equation of the plane is
(27 + yi+ i) — (1 + 05 + 0F)]- G+ 7+ &) =0,
(z-1)+(y—0)+(2-0)=0,

or, better:
r+y+z=1

3. Two particles move from the x z-plane to the y z-plane with the trajectories given by 74 (t) =
(t —4)7 + (2t — 4)7 + (60 — t3)k and ro(w) = (w — 2)i + (2w — 2)j + (8 — wd)k.
(a) Do their trajectories ever cross each other?

(b) Which path is shorter? (You don’t need to evaluate any integral).

Solution:
(a) If there existed tg, wo such that r1(¢y) = ro(wp), then

t0—4:w0—2,
2t0—4:2w0—2,
60 —t5 =8 — wp

would hold, but the first and second of these equalities are incompatible. So there is
no to, wo with r1(¢y) = ro(wp) and the trajectories do not cross each other.

(b)The x z-plane is given by the equation y = 0, and the y z-plane by z = 0. The
trajectories being from the plane y = 0 to the plane x = 0, the parameter ¢ changes
from that value of ¢ for which 2¢ — 4 = 0 to that value of ¢ for which ¢t — 4 = 0;
similarly w changes from the value of w for which 2w — 2 = 0 to that value of w for
which w — 2 = 0. In other words, ¢ changes from 2 to 4, and w changes from 1 to 2.

The arclength of
r(t) =ti+ 2t] — 3k + (—47 — 45 + 60k), 2<t<4

is equal to

4 4 4
/ 117 + 27 — 3t%k]|| dt = / V1+4+9t4dt = / V5 + 9t dt
2 2 2
and the arclength of

ro(w) = wi + 2wj — Wik + (=20 — 2] + 8k),; 1<t<2



is equal to

2 2 2
/||1Z+2j—3w212:'||dw=/ \/1+4+9w4dw:/ V5 + 9tt dt.
1 1 1

The inequality
2 2
/\/5+9t4dt§/ V5+9-24dt=(2—1)vV5+9-24
1 1
4
<(4—2)\/5+9-24§/ V5 + 9t* dit
2

shows that the path 7. is shorter than r;.

o - o 2 o o
4. A curve is parametrized by 7(t) =i + 25 + 4k + e\/; (—i+ k), where 0 <t < 1.

(a) Reparametrize the curve by its arclength, starting at s = 0 when ¢ = 0.

(b) Evaluate its curvature at any point.

Solution:
(a) We have
— — — 67t2 — —
) =74+2]+ 4k + S (=T + k),
() =T+ 27+ 4+ S (T )
1 2 - o
7'(t) = ﬁe_t (—2t)(—1 + k)

= \/§te_t2f— ﬁte‘tzg,
17/ (t)|| = V2122 + 212¢—2"

— ‘/4t26_2t2

=2/tle™” = 2te™"

and the arclength from ¢ = 0 to ¢ = ¢, is equal to

b 2 2 t1 5
S(tl) = / 2t€_t dt = [—e‘t } =1 e_tl.
0

0
Thus e~ =1 — s(t) and

l—-s5, - =

o5 (TR,

(b) The curvature is the length of ;—;f’ (s). We have

Ft(s)) =17 — 2] + 4k +

1 - o
(=i +F
=i+
d? S
@7"(8):0.

Thus the curvature at any point is equal to 0.



l|7xa]l

e - We compute

The curvature may be computed by using the formula k =

7 7 k
Txad=| 2" 0 —V2te® | =0
V2e (2t +1) 0 —v/2e P (2t +1)

and conclude that the curvature is 0 at every point.
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1
1. Sketch the region R bounded by the curves y =z, y=— 2 and r =1+ cos#.

V3

Find the area of the region R.

Solution:

1+ cos(—f) =1+cosf =r.
.. The graph of r = 1 4+ cos# is symmetric with respect to x-axis.
0<0< g = 2N 1

gg 0 <m = r:1\,0 and draw the symmetric picture for 7 < 6 < 27.
— _ _ _ @™ 5
When y =2, tanf0 =2 =1 = 0= 7, .
1 1 7
Wheny:%x,tanﬁzgzﬁ = 0=%%
0=m/4
) // 9:7'('/6
7 1 2 T

r =1+ cosf



57

1 [% ) 1 [T )

A = 3 (1+ cos@) d9+§ (14 cos 0)“do
s T

6 6

s 5w

/4(1—|—c0520—|—2(:0s0)d0—|-/4

x n
6

(1 + cos® 6§ + 2 cos 0)d0]

N =

™ 51
4 1+ cos 26 s 1 + cos 260
- 14 2820 9 cosh) db + |+ 0820 L o osh) db
2 z 2 Iz 2
T 5w
4 30 sin 20 4
+ _
T
6

5 T4
137 1 T V3 157 1 Tm 3

- Y S, R Y () B S i |
218 "4 V2 4 8 + 8 1 4 8+

[ =

% n sin 260
2 4

+ 2sin 0)

+ 2sin 9)

s
6

2. (a) Show that the lines:

Li: z=4t—-1,y=t+3,z=1
Ly: z=12t—-13,y=6t+ 1,2 =3t + 2

intersect and find the coordinates of point of intersection.

(b) Find an equation of the plane determined by the lines L; and L.

Solution:

(a) 4t1—1 = 12t2—13 4t1—12t2 = —12 tl = —4
t1+3 = 6t +1 1 —6ty = =2 o = —

1
AISO, e +2=23 <—§> +2=1.

So, the lines intersect.

=4t —1=4(-4)—1=-17
y:t1+3:—4+3:—1

z=1

Hence, (—17,—1,1) is the point of intersection.
(b) Let P be the plane.

uy = 454—; is a direction vector for L;.

iy = 120+ 65 + 3k is a direction vector for Lo.

-

Wi

l

So, N =uj X up =

=
D =SS

k
0| =3i— 12;+ 12k is a normal vector to P.
3

—_
[\]

(—=17,—1,1) is on P.
So, P: 3(z+17) - 12(y+1)+12(2—1) =0« |z —4y+42+9=0] .




3. Find the distance between the planes 3x + 2y — 6z = 6 and 3x + 2y — 6z = 2.

Solution:

(0,0, —1) is on the plane 3z + 2y — 6z = 6.
So, it is enough to find the distance from (0,0, —1) to the plane 3z + 2y — 6z = 2.
Hence, by the formula

3:0+2-0-6-(—1) — 2|
V3 +22 4 (—6)?
4 4 4

J9+4+136 40 T

4. Consider two particles whose paths are parametrized by

t - -2 - -
(t) = 14+ ), —m <t<m and 73(t) =costi+sinty, -7 <t <.
0=Za 't Vet #(t) g

(a) Are their motions on the same path? Verify.
(b) Which one is faster at (0,1)?

Solution:

(a) No. For t =0, 73(t) passes through (1,0).
However, 7](t) does not pass through (1,0) because if —m < ¢ < 7 then t++1 # 0.
1 - -t
—/ _ -
b)) = G yr e

7 and 7'(t) = —sinti + cost .

71 passes through (0,1) at ¢ = 0. 75 passes through (0,1) at ¢t = g

r'0)=i = [If'(0) =1

—/ m il —/ 7T

A= = ) =1
They have the same speed at (0, 1).

c) Which path is ”curved more” at (0,1)?

Solution:
=3t - 22-1 - -
— 1! _ - 7 iy _ 7
1 (t) = (t2+1)5/21+ (t2+1)5/2j = 71 (0)=—j
and from part (b), 77'(0) = i.
-1 = 7
0 0 —k
oy = IO X O =B _,
I3 (O] il
73" (t) = —costi—sint] = 7“'5"(5) =—7
and from part (b), r}'(g) = —i.
75 (T) x 7" (2 k
o,y W) <N _ 1L _
175" (3)l | -2

Thus, they have the same curvature.



d) Calculate the lengths of the paths taken by each of the particles from ¢t = 0 to t = 7.

Solution:
1

—/ t —
7Ol = o

Ol =1 = LQZ/O dt = 7.

7'('
1
= le/ Q—dt:arctanw.
o ?P+1
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1. Sketch the graphs of the polar curves r = 1+ cos 26 and r = 1, and find the area of the region
inside r = 1 + cos 26 and outside r = 1.

Solution:

Note that » = 1 4 cos 26 is symmetric with respect to the map # — —60 and r =1 is
the unit circle with center at the origin.

0=m/2
6 = 3r/4 L 9=mr/4
PW 0=0
=2 p)
A 0=Tn/d=—n/4

Let A denote the area of the described region. Then:

1 /4 w/4
A = 25/ [(1+ cos20)> — 1] df = / (1 + cos®20 + 2cos 20 — 1)df
—m/4 —7/4
/4 0 sindf /4
= / [M+2C0829:| do = [—-l—sm + sin 20
,71-/4 2 2 8 —7r/4

- G- (5 -5

2. Find the equation of the plane that passes through the points P(1,2,3) and Q(3,2,1) and is
perpendicular to the plane 4z —y + 2z = 7.

Solution:

Let P be the plane we are seeking with a normal vector n. Since P, () € P the vector
connecting P to @ is on our plane, i.e. PQ = (2,0,—2) € P. We have alson L PQ.
On the other hand P is perpendicular to 4x —y + 2z = 7, this is their normal vectors
are perpendicular which is n L (4, —1, 2).
We have found two non-parallel vectors both of which are perpendicular to n. This
implies m may be taken as their cross product, namely n = (4, —1,2) x PQ. Note
that n is not unique.

it 3 k

n={-1,2x(20-2 =4 -1 2|=2i+12j+2k
2 0 -2



is a normal vector for P.
Now using a point lying on the plane P, say P(1,2,3), we get:

P:20x—1)+12(y—2)+2(2—3) =0z +6y+2=16

as the plane sought.

1
3. Let »(t) =sinti+ (2 +t+2)j + t—i-—lk be a space curve.

(a) Find the unit tangent vector T to 7(t) at the point (0,2, 1).

Solution:

First observe that (0,2,1) corresponds to the choice ¢ = 0. Computing the tangent
vector of r(t) we get:

r'(t) t,2t+1 !
= ( cos - ).
’ To(t+1)?
Evaluating at ¢ = 0 we find 7/(0) = (1,1, —1) and the norm ||+'(0)|| = /3. Then:
(0 1 1 1
IO \v3 V3 V3
(b) Find parametric equations of the tangent line to r(t) at t = 0.

Solution:

r'(0) = (1,1, —1) is parallel to the tangent line and passes through the point (0,2, 1).

Consequently:
r =t
L:Cy = 2+t
z = 1—1t

is the tangent line at (0,2, 1).
Note that we could use any vector having the same direction with (1,1, —1).

(c) Find the intersection point(s), if any, of the tangent line found in part (b) with the plane
3z —=2y+2+3=0.
Solution:

Substituting z = ¢, y = 2+t and z = 1 — t into the equation of the plane 3t — 2(2 +
t)+1—1t+43 =0 we see that every term on the left cancels out and we are left with
a tautology 0 = 0. This means for all ¢ the equality holds, i.e.

Le{3z—-2y+2+3=0}
There are infinitely many intersection points formed by L itself.

4. Let r(s) = (z(s),y(s),2(s)), s > 0 be a space curve parametrized by the arc length measured
starting from s = 0.

(a) Find the value(s) of 2'(1) if 2'(1) = ¢/(1) = 1/2.

Solution:



Since r(s) is parametrized by the arc length s we have ||r'(s)|| = 1 for every s. In
particular /(1) = (z(1),4'(1), 2’(1)) and:

1
[r' W)= V(1) +y/ (1) + 2 (1) =[5 +#(1)2 = 1.

But then easily 2/(1) = +1//2.
(b) Find the arc length of the path between s = 2 and s = 5.
Solution:

5 5
L:/ (r/(s)|ds = / ds—5-2=3.
2 2

(c) Given that z"(s) = 2, y"(s) = —1 and 2"(s) = 3 at s = 1/2, find the curvature x(1/2).

Solution:

k(s) = ||r"(s)|| if s is the arc length parameter. Then:
k(1/2) = ||r"(1/2)|| = VA+1+9 = V14
(d) Find the unit normal vector N at s = 1/2.

Solution:

Cor"(1/2) (2,-1,3) 13
NOD = i) = i ‘< s \/ﬁ’\/ﬁ>'
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1. Describe or sketch the surface in R* whose equation in spherical coordinates is p = 4 cos ¢.

Solution:

Multiply each side by p; in rectangular coordinates, we have:

2?2 +y? 4+ 22 =4z
= 2 +yi+(z—-2)?%=4

which describes a sphere in R® with center at (0,0,2) and radius 2.

2. Answer the questions below. In each case, explain your reasoning.

(a) The curves 7 = 0, r = —0, r = /0, r = —/@ (in a polar coordinate system whose polar
axis coincides with the positive z-axis in the usual way) are depicted below in some order. Find
out which curve has which equation.

elojcle

Set f(f) = 6. Then f(0 + 27) = f(0) + 27, i.e. after each 27 rotation around the
origin, f(#) increases by 2m. Since in the second figure, for 6 close to 0, r is positive,
the second figure is the graph of r = f(6) = 0 while the third figure is that of r = —8.
First and last figures correspond to r = /@ and r = —v/0 respectively because 27
rotations around the origin yield non-uniform increase in 7.

Solution:

(b) Are @ - ¥ and @ x ¥ orthogonal to each other? Why?

Solution:

Orthogonality of a real number and a vector is not defined. This question does not
make sense.

(c) Find the vector component of @ = (3, —4,4) orthogonal to @ = (2,2, 1).

Solution:



Express 4 as a sum of two vectors: 4 = 1, + %, where i, is the component of & along
a and 4, the component perpendicular to a@. Then,

i, =i—,
= U — projzu
a-a
(3,—4,4) QJHQ a
= (3,-4,4) — = (2,2,1)
23 40 34
=999

Observe that 4, -@ = 0.

(d) Let [ be the line with equation 7= (—1,1,0) 4 (0,1, —1)¢ and P be the plane with equation
x —y — 2z = 3. Consider the vectors parallel to P. One of these vectors makes the smallest

positive angle with /. Find this smallest positive angle.

Solution:

Let @ be the vector parallel to P that gives the smallest angle with the direction
vector ¢ of [. Then the three vectors w, v and the normal 77 to P are coplanar. Since

v-n 1
cos(0z.4) = = ;
Osso) = (@171 = Vi

we have:
1

Bonus question. Draw some curves around (0, 0) which can be level curves of a function of two
variables that is not continuous at (0, 0).

Solution:
Examples:
Y
/ 15/
5
/4 / /
_— 5
x
-5
.
/3 // —15/
- 7
/1

all level curves pass through the origin function has a jump along y-axis;
where function is not defined the level curves break



3. A curve C' is given in polar coordinates by the equation r = % + cos 26. Sketch the curve.

Find the area of the region in the zy-plane in the first quadrant bounded by C.

Find a surface in R?® that cuts the zy-plane in the curve C.

Solution:

0 = 4r /3 0 = b5m/3

A surface in R? that cuts the zy-plane in the above curve C' may be a cylinder over C, given
in cylindrical coordinates by r = % + cos 26.

The shaded region has area A equal to:

A

L / "Ly cos26)dn + - / "L cos20)%d8
9 ; 9 COS 9 47r/3 9 COS

1 w/3 1 1 w/2 1
3 / (5 + cos 26)2df + 3 / (5 + cos 20)d, (using symmetry with respect to origin)
0 s

/3
1 (0+sin29 sin 46 9)”/3 <0+sin20 sin 40 9)”/2
21\ 4 9 8 2/, 4 2 8 2) .5
1(7r+7r)_37r
2\8 4/ 16’

4. A point moves on a curve according to the vector equation

7(t) = 4 cos ti + 4sintj + 4 cos tk (0 <t<2nm)

(a) This curve lies on a plane. Find an equation for that plane.

Solution:

Since z(t) = z(t) for all ¢, the curve lies on the plane z = 2.

(b) Find the point(s) at which the curvature of this curve is maximum.

Solution:



7'(t) = (—4sint,4cost, —4sint);
7"(t) = (—4cost,—4sint, —4cost);
IR [ OFI0]
| (@12
16 - [[(=1,0,1)|]

(1 + sin®¢)3/2
16v/2

(1 +sin?¢)3/2
Extrema for k(t) occurs when

—3/2-2sintcost
=16 =0
( ) f ( +Sln t)5/2

= 2sintcost =sin2t =0 and 1+sin®t # 0

3
= tE{O,g,w,g,Qw} in [0, 27].

2 cos 2t 5/2 - sin® 2t

- . Si
(1 +sint)2  (L+simZe)2] oo

Now, &"(t) = —24/2 -

k"(0), k"(m) <0 and k"(7/2), k" (37/2) >0

maximum for curvature occurs when t = 0 or ¢ = 7, i.e. at points (4,0,4) and
(—4,0,—4) of the curve.

5. Let f(z,y) =
Is it possible to define f(1,—1) in such a way that f(z,y) — f(1,-1) as (z,y) — (1, —1) along
the line x = 17
Is it possible to define f(1,—1) in such a way that f(z,y) — f(1,-1) as (z,y) — (1, —1) along
the line y = —17
Is it possible to define f(1,—1) in such a way that f is continuous at (1,—1)7 Give reason for
your answers.

Solution:
. 1+y
lim z,y) = lim ——= = 1. Define f(1,—1) as 1.
(@)5(1,-1) f@y) = lim =)
rz—1 1 1 1
li = li i ~ H fine f(1,—1) as -
(w’y)g&fl) flz,y) = am 21 = m o =5 ence define f(1,—1) as 5

y=-1
Finally, since the two limits above are not equal to each other, f(z,y) is by no
means continuous at (1,—1) and therefore there is no value for f(1,—1) to make f
continuous there.
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1. Find the area of the region inside the circle r = 3 cos § and outside the cardioid » = 1 4 cos 6.

Solution: 6= /2

r=1+cost

The first step is to determine the intersections of the cardioid » = 1 + cosf and the
circle r = 3 cos#, since this information is needed for the limits of integration. To
find points of intersection, we can equate the two expressions for r.

1
This yields, 3cosf = 1+ cosf = cosf = 5 which is satisfied by the positive angles

=" andg="2".
3 3

Referring to figure above and using symmetry the area in the first quadrant that is
s
swept out for 0 < 0 < 3 is one-half of the total area. Thus

w/3 1 w/3 1
/ ~(3cos0)*df — / —(1 + cos 0)*dd
o 2 o 2

which is the area inside the circle minus the area inside the cardioid.




w/3
/ (9cos?d — 1 — 2cosf — cos? 0) db
0

w/3
/ (8cos*0 — 2cosf — 1) df
0

[ B(

cos20 +1

2

) —2cosf — 1] do

w/3
/ (4cos26 —2cosf + 3) db
0

sin 207 /3
2]~ ofsng]
2 ], 0
[sin 27 /3
V3 V3
Y2 ol =2 X5 -
g 0 50

+3[0]

w/3

0

—sin()] — 2[8111(%) —sinO} +3[g - 0}

+3[a =V3-V34+nm=+4r



2. (a) Prove that the sum of two vectors of the same length is always perpendicular to their
difference.
Solution:

Let u and v be two vectors of the same length. i.e. |lu|| = [|v]].
Then since we know that two vectors are orthogonal if and only if their dot
product is zero, let’s check

(u+v)-(u=v) = u-(u—v)+v-(u—v)

= u-u—u-v+v-u—v-v
since dot product is distributive over addition

= u-u—u-v+u-v—v:-v
since dot product is commutative

= |[ul* = [|v]?
by the definition of dot product

= [[ul[* = |ul[

since||u|| = ||v]|is given by the question
= 0.
(b) For which values of a are < a,3,—8 > and < a, 4,2 > perpendicular?

Solution:

< a,3,—8 > and < a,4,2 > are perpendicular if and only if their dot product is
zero. 1i.e.
<a,3,-8>-<a,42>=0=>a>=4=a=%+2

(c) Find the area of the triangle whose vertices are the points A = (1,2,3), B = (4,5,6),C =
(1,1,1).
Solution:
AB =<3,3,3> AC =< 0,-1,-2>

i j k
ABxAC = |3 3 3
0 -1 -2

= (—6+3)i—(—6)j+(—3)k

= —3i+6j—3k

and consequently

1. o - 1 1 3v6
A:§||AB><AC’||:§\/9+36+ 25\/5_27\/_



3. Find the curvature of the ellipse x = cost,y = 4sint (0 < t < 27) at the points where it
intersects the x-axis.

Solution:

We may treat the ellipse as a curve in the xy-plane of an xyz-coordinate system by
adding a zero k component and writing its equation as

r = 3costi+ 4sintj + Ok.

It is not essential to write zero k component explicitly as long as you assume it to be
there when you calculate a cross product. Thus,

' (t) = (—3sint)i+ (4cost)j

" (t) = (—3cost)i+ (—4sint)j
i ik

r'(t) x r"(t) = | —3sint 4cost 0

—3cost —4sint 0
= (12sin®t + 12cos? t)k = 12k.
Therefore, ||r'(t) x r”(t)|| = 12

1P (1)]] = V/9sin®t + 16 cos?t = V9 + Tcos? ¢

By using the formula for the curvature

P x )]
0= R

we get
12

(V94 Tcos2t)3

The ellipse intersect the x-axis when y=0. i.e. 4sint = 0 = ¢t = 0, 7,27 since

K(t) =

0<t<2m.
Hence 19 5
12 3
K}(ﬂ') = 6_4 = E
12 3

li(27T> = 6_4 = 1_6



4. Find the parametric equation of the intersection line of the planes whose equations are y+2z = 2
and 3z 4+ 4y + 5z = 4.

Solution:

The given equations yield the normals n; =< 0,1,2 > and ny =< 3,4,5 > for planes
y+ 2z =2 and 3z + 4y + 5z = 4, respectively. Let’s compute v = n; X no.

V=n1 XNg= = -3i+6j—3k

W O e
ot o ®

J
1
4
Since v is orthogonal to n it is parallel to the first plane. Since v is orthogonal to
no it is parallel to the second plane. That is v is parallel to the intersection line L.

To find a point on L, we observe that L must intersect the yz-plane, x = 0, since
v:- < 1,0,0 >= —3 # 0. Substituting = 0 in the equations of both planes yields

-2 4
Thus P(0, 3 §) is a point on L. A vector equation for L is

-2 4
<T,y,2 >=< 0,?,5 >4+t < —3,6,—3 > .

Parametric equations for L are

x(t) = —3t
y(t) = —§+6t
() = 2
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1. (a) (30 points) Sketch the graph of the polar equation r = 1 + cos{?t?) and find the area of the
region enclosed by the graph.
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= 3N
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2. (a) (20 points) Find the area of thedsiangle with vertices P, (3,0, 1), P»(2,—-1,2), P3(1,3, —2) using
cross product.

We  obsprve
Fl2-1,2) R
% /N ] GF, = <-1/-0) 42
N ¥, = <-2,34-3>
b1 Gron) 7R (4,59
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::'i- | <=1 =1,4> x <=2,7,-72>
=4 Il <o, -5 ;5> ||

5\
2
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3 LetLy:x=i+l,y ='t'r2,i;é§= Sand Ly : 2z =3t—-2,y=5t—3,2 :‘t+2h(r the

parametric equations of two lines

(a) (10 points) Find the intersection point of the lines L, and L,.

L1 ond L, W by se ke it Ahre extst bty e R such Pret

th44 = 3c,~2

&1‘?"?. =5f1"3 $~9|V|\nj {‘_‘l«e:e wL gt}" t:_:q )'&4:0
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(b) (10 points) What is the equation of the plane P containing the lines L; and Ly?
Cee hak V= <1,4,05 ond Vo=<.3,5,47 ane The dirchon
»fo/ La ond L~ Ms(to%\rcla, . So ‘\},4 ond Vq SW‘A'A be

veclors
[Ts Fe/pennh“culcr b e

pealll o P md Hurlee Vv,
P\pu\l- ? We GOMFV\I{ -GAX-\}?. =<1,-4,25 - We know W

e PO\’V\"" (41‘7-;3) K on twe PL‘\/\LP Se  we 90{'4

(<‘f<f5.%> -—<4;2,2>).<4,-1,2> =& X-Ytilr=i=0

(¢) (10 points) What is the distance between the above plane P and the origin?
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4. (a) (20 points) Find the arc length#drametrization of the curve

r(t) = cos’ti+sin®tj, for 0 <t <m/2.
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1. Let v7, 03, v3 be orthogonal vectors in space (which are all nonzero ). Show that if 07 + 03 +
c3v3 = 0 then ¢; = ¢ = ¢c3 = 0.

Solution:

v1 - (€107 + coU3 + c303) = ¢ \171|2 =0 = c¢; = 0. (since v; is assumed to be nonzero ).
Vg - (€107 + CoU% + c3U3) = 3 \172|2 =0 = ¢y = 0. (since v, is assumed to be nonzero ).
v - (€107 + coU3 + c3U3) = 3 \173|2 =0 = c3 = 0. (since v3 is assumed to be nonzero ).

2. Find an equation for the plane which contains the line 7(¢) = (3t 4+ 2) 7 + (5t — 1) j + 4tk and
the point (3, —1, 3).

Solution:

7(0)=2i —j = P =(2,—1,0) is on the plane.
Let Q = (3,—1,3) = PQ =< 1,0,3 > .
A direction vector of the given line is < 3,5,4 > .

i 7k
Then the vector @ xb=|1 0 3|=< —15,5,5 > is normal to the plane.
3 5 4

So the plane has equation: —15z + by + 5z = d.

We know that (3, —1, 3) is on the plane, so, d = —35.
—15z + 5y + 52 = =35

=>3x—-—y—z="7

3. Parametrize the curve y = 3z — 2, —2 < z < 0 with respect to arclength.
Solution:

Let x Then a parametrization of the curve is
F(t) =1+ (3t —2)]
F(t) =143, ‘F( )‘ V10 # 1. So it is not parametrized by arclength.

dw—/fdw—ft

:\/_ :>t_\/—_.

- 3s
= 1+ 7, —2V10< s <0.
V10 (\/10 )

=1.
te +

=

—~~
VA

N—
|

4. Two particles are moving on the plane.Their motions are described by 7] (t) = (t+13)i +
t—1)j,—4<t<5andr(t) = [(3t —1)+ (3t —1)°] i+ [(3t — 1) — (3t = 1)°] j, -1 <t < 2.



a) Do these particles travel on the same path or on different paths? Justify your answer.

Solution:

Let u = 3t — 1. Then 73 (u) = (u+u®) i+ (u—u®)j and —4 < u < 5. Hence they
travel on the same path.

b) Which particle moves faster at (0,0) ? At other points?

Solution:
W=7 ()= (1+32) T+ 1-32)7 [0 (1) =v2VI+ 9.
B =7 ()= [3+96t— 17396t — 17 [B 1) =3v2 1+9(Bt—1)".

77 (0)| = V2, |T3(1/3)] = 3v/2 at (0,0) and as we see the second one is faster. For
the given intervals , the second one is always faster.
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1. (i) Let o1 be a plane containing the point P; = (1,1,1). A vector normal to this plane is
ny =i+ J + k. Find an equation for this plane. (ii) Let oy be another plane containing the
point Py = (0,1,1). A vector normal to this plane is ny = 2t + 3. Find an equation for this
plane too. (iii) Find an equation for the line of intersection, ¢, of the two planes given above.

Solution:

(i) For a point (z,y, 2) on the plane oy, the vector (z — i+ (y—1)7+(z— 1k is
perpendicular to m; = 2+ jJ + k. Taking the dot product, we get (z —1) + (y — 1) +
(z—1)=0,orz+y+2=3.

(ii) Similar to the previous part, for a point (z,y,2) on o9, the vector x1 4 (y —
1)9 + (2 — 1)l<: is perpendicular to ny, = 2 + J. Setting the dot product to 0, we get
2+ (y—1)=0,0r 2z +y = 1.

(iii) We have the equations for o; and os:

r+y+z = 3
20 +y =1

By the second equation y = 1 — 2x. Also, subtracting the second equation from the
first, we get —z +2=2,0r 2 =2+ x.
Setting x = ¢, we obtain the following set of equations for the line of intersection for

teR:
x =1
y = 1-2¢t
z = 2+t

2. Consider the curve C : r(t) = e’ cos ti+e! sintj+e'k. (i) Calculate the arclength s = [ v(t)|dt.
(ii) Taking s =1 at ¢t = 0, express 7 as a function of the arclength s.

Solution:

Differentiating the position vector r(t), we get the velocity vector v(t) = (e’ cost —
e'sint)t + (e'sint + e cost)g + €'k, and from this, we compute |v(t)| as:

[v(t)| = \/e2(cost — sint)? 4 e2t(sint + cost)2 + 2 = V/3e2 = /3¢l
Integrating |v(t)| gives s = [ |v(t)|dt = [ /3e!dt = V/3e! + C for some constant C.

(ii)Settings:lattzO,weﬁndC’:\/g—l. So s = v3et — 1+ /3, hence e’ =
s—1++3 s—1++3

and t = In 7> Putting these values in the equation of (¢)

v v
we obtain r(s) = (s’i/g‘/g) cos (ln (%g)) i+ (%g) sin (ln (%)) i+

(=)




3. Consider the curve C : r(s) = scos(Ins) 1+ ssin(lns) 7 + s k, where s is the arclength. (i)
Find the unit tangent vector T'(s). (ii) Find the curvature x(s). (iii) Find the unit normal
vector N (s).

Solution:

(i) We differentiate 7(s) and we get /(s) = (cos(Ins) — sin(Ins)) 7 + (sin(Ins) +
cos(Ins)) 7 + k

Since the curve is parametrized by arclength, T'(s) = r/(s) = (cos(Ins)—sin(In s)) 2+
(sin(In s) + cos(ln s)) j + k

(ii) k(s) = |r"(s)|, because the curve is parametrized by arclength. We compute

r’(s):

~

r(s) = <_1 sin(ln s) — %cos(]n 5)) i+ e cos(ln s)) — ésm(ln S)) J

S

1/2
% (cos(In s) — sin(In s))2] =

So, k(s) = |r'"(s)] = [S—lg(cos(lns)+sin(lns))2+s

S

N 1 N
(iii) For a curve parametrized by arclength, N(s) = r"(s). Thus, N(s) =

()]
S 1

S5r(s) = (—%sin(lns) - %cos(lns)) it <ﬁcos(ln ) — %sin(lns)) j

4. A particle, starting from 7(0) = 1 + k with velocity v(0) = 3 k at time ¢ = 0, accelerates with
a(t) =21+ 12t 5 + 4e** k. (i) Find v(t). (ii) Find »(t). (iii) Find the speed of the particle
at time ¢t = 1 sec.

Solution:
(i) We integrate a(t) to get v(t).
v(t) = /a(t)dt = /2 1+122 7 + 46 kdt = 2t 1 + 4% § + 2¢* k + ¢;, where ¢, is
a constant vector to be dgtermingd. Using v(OZ =3 I;:, we have 2k + ¢; = 2 I::, thus
c; = k. Hence, v(t) = 2t 1 + 4t° 5 + (2¢* + 1) k.
(ii)Integration of v(t) gives r(t), so r(t) = /v(t)dt = / 1+4t3 7+ (2e* +1) kdt =

i+t ]+ (e +1) k + ¢z, where ¢, is the constant vector of integration. We can
compute ¢, using r(0) = ¢ + k. We have r(0) = k + ¢, = 2+ k, so ¢, = i, and
r(t)= (2 +1) 1+t 5+ (¥ +1) k.

(iii) The speed at t = 1's. is [v(1)| = [2e+47+ (22 +1) k| = [22+4%+ (22 +1)?]'/2 =
Vet + 4e? + 21.
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1. Find the arc length of the cardioid »r = 5 — 5cosf from § =0 to § = 7.

Solution:

b
The arc length formula is: L = / V f1(0)2 + f(0)%d6.

The curve is the upper half of the cardioid lying over the x-axis. Also, f'(f) = 5sin#.

/\/5sm9 (5 —5cos0)2dl

/L\/25sm 0 + 25 — 50 cos 8 + 25 cos? 0dO
f\/m(w—&s\f/ V1 — cos6do
—5\f/ \/1—(1—2sm(9/2 9_5\f/ V25in(6/2)dd

o (Zetora

= —20cos 2| = = —20cos 5 + 20 cos 0 = 20.

0 0

2. Given the curves r = 3 +sinf and r = 4sin 6,
a) Sketch them on the same set of axes and determine the points of intersection.
b) Find the area of the region which lies inside the first curve but outside the second curve.

Solution:

a) The curve r = 3 + sin 6 is an egg-shaped figure and r = 4sin @ is a circle:

Their common point is determined by 4sinf = 3 4 sin f. Therefore sinf = 1, hence
6 = /2. The point of intersection is at r = 4 and 6 = 7/2.

b) The area inside the egg-shaped figure is :



1 [ [ 1 [ 1 20
5 / (3+sin6)’df = 5 / (9+6 sin O+sin? )df = ~ / 9+ 6sind+ - — —— ) df
2 0 2 0 2 0 2 2
1 1 1sin20\|* 196 1 2m
=z - —0— - == - — Zsin20
5 (90 6 cosf + 20 5 5 ) ) ( 1 6 cosf 4sm ) 0

19(2 1 1 1 1
= (% — 6cos2m — Zsin47r) - (@ —6cos0 — Zsin2(0)) = ﬂ

The area of the circle is 722 = 4.

Since the circle is inside the egg-shaped figure, the area asked is : 197” — 47 = 117”

3. Find the distance from the point (2, —1,4) to the line whose parametric equations are

r = 3 + t
y = —1 + 2t
z = =1 + t.

Solution:

Let P be the point (2,—1,4) and let Py be the point on the line corresponding to
t =0.1ie Py:(3,—1,—1). Then the vector PPy is <—1,0,5 >, and the direction
||PPO X ’U”

vector of the line is v =< 1,2,1 >. The distance asked is d = ol
v

PPy xv=|— = —10i + 65 + (—2)k =< —10,6, -2 > .

— o R

J
0
2

— = e,

Then ||[PPy x v|| = 1/(—10)2 + 62 + (—2)2 = v/140, and |jv|| = V1 +4+ 1 = /6.

So,
4 V140 _ /210
V6 3

4. Find the point on the graph of the curve y = 22 — 4z + 5 where the curvature is a maximum;
also determine this maximum value.

Solution:

n
The formula for the curvature « is : k(x) = (@) 7. Hence,
2

(1+y'(z)?)
2 2

= = = 2(42% — 16z + 17)7%/2.
M0 = 2P ~ (@2 16w 4 1rppp 2 —162+17)

Taking the derivative and equating to zero:
-3
K'(z) =2 (7) (422 — 16z + 17)"%2(8z — 16) = 0

The curvature is a maximum when £ = 2. The maximum value of the curvature is

2
"2 = @y 16 R
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1. Let F = 2i+ 7 — 3k and 7 = 3i — j. Find the vectors A, B satisfying F = A+ B, A |7, B L 7.

Solution:
S . F.§. <21,-3>-<3-1.0>
A = i F = U= 1 A <3, -1.0>
6—1 -
=~ <3,-1,0>=<2,—.0>.
10 <o,—1,U> <2, 5 >
ThUS,A:%i—%j.
- 3 -1

B=F— =<2 1 — U — =< -, =, — ;
projF =< 2,1,-3 > <3 2,0> <55 3>

2. (a) Find the distance between the planes = + 2y — z = 1 and 2z + 4y — 2z = 3.
(b) Find the distance from the point P = (1,1,1) to the linexz =1+t y=2—t, 2z =2+ 3t.
Justify the reasons underlying your computations.

Solution:

(a) Note that the point (0,0, —1) is on the plane z + 2y — z = 1. By the formula of
the distance between a point and a plane,

Vi+16+4 V24 26

(b) Let us denote the distance between the point P and the line by d. Let us find
two points on the line; for ¢ = 0, we have the point A = (1,2,2) and for t = 1, we
have the point B = (2,1,5). Then AP = (1,1,1) — (1,2,2) =< 0,—1,—1 > and
AB = (2,1,5) — (1,2,2) =< 1,—1,3 >. Since d = ||AP||sinf where 0 is the angle
between AP and A_B,

20440 -2(-1)-3] 1 1

d

_ ||AP||||AB||sin® _ [|[AP x AB|| || <0,-1,-1>x <1,-1,3> ||
|AB|| 4B I<1,-1,3>
i 7k
det{ 0 —1 -1

1 -1 3 < —4,-1L,1>] _ 3v2

V11 V11 11 °
- : r+y—4 e : :
3. Does the limit lim ————— exist? Evaluate the limit if it exists. Otherwise, explain

(wyy_)|__2£152) V x + y - 2

z+y

why it fails to exist.

Solution:



r+y—4 : WVzFty—-2)Vr+y+2)

Iim ——— = Ilim
(zy)—(2.2) /T +Y—2  (2y)—(22) T+y—2
z+y#4 T+y#4

=limvz+y+2=4.
T2

T if y#g
= =y
4. Suppose f(x) { 1 if oy
(a) Is f continuous at (0,0)? Justify.
(b) Evaluate f;(0,0), f,(0,0) if they exist.

Solution:

1
(a) For y = mx where m # 1, lim x_{_y:limm

(z,y)—(0,0) T — Y —0 (m — 1).@
on m, implying that this function is not continuous at (0, 0).

(b) Since this function is not continuous at (0,0), f;(0,0) and f,(0,0) do not exist.

. So, this limit depends

5. The plane x = 1 intersects the paraboloid z = 22 + 2y? in a parabola. Find the slope of the
tangent line in the plane to this parabola at (1,2,9).

Solution:

The equation of the parabola is z = 1+ 2y?, x = 1. Now, let us find the slope of the
tangent line to the parabola at (1,2,9):

0
oz — 4y
(1,29

(1,29) = 8.
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1.) Let 7(t) = (sint — tcost)i + (cost + tsint)j + k be a space curve. Find T and N.
Solution:
Now

7 (t) (cost — (cost — tsin t))?+ (—sint + sint + t cos t)f—i— 0k
7 (8)]] |7 (2]

_ tsinti —sintj + 0k
Vi2sin?t + 2 cos? t
To find N (t) we use the equality,

= sinti + cos tj + 0k

. T'(t
N(t) = 7_‘( )
|l
N cos ti — sintj'—l— 0k

N(t) = costi — sintj + Ok.

cos?t + sin’t



2.) Find the equation of the plane passing through the line of intersection of the planes x — z = 1
and y + 2z = 3, and perpendicular to the plane z +y — 2z = 1.

Solution:

Let TV : x—2=1,T: y+2z=3and T3 : x +y — 2z = 1. If we let z = 0, then from
Ti, we get £ = 1 and from T5, we get y = 3. The point P(1,3,0) will be on the line of
intersection of the planes 77 and 75. We are asked to find the equation of the plane T}
in the figure.

Let n; be the normal vectors to the planes 7;. Then we get:

m=1+0)—Fk, my=0i+]+2k and iy = i + j — 2k.
The direction vector ¥ of the line of intersection will be in the direction perpendicular to
both ] and n5. So

i
F=mxnmy=|10 —1|=i—2]+F.
0 1

The normal vector rn; of the plane 7, will be perpendicular to both ¢ and n3. So

1 j  k .
w=vxny3=1 -2 1 |=31+3j+ 3k.
1 1 -2

So the equation of the plane through P(1,3,0) with the normal vector 7} = 3i+37+ 3k
is
3z—1)+3@y—3)+3(2z—0)=0

z+y+z=4.



r = 14t r = 1—-2¢
3.) Find the distance between the lines L; : vy = 1—t and Ly: y 5+ 2t
z = 2t z = —2—4t

Solution:

Now L; has the direction vector v; = i— f—l— k and L, has the direction vector v5 =
—2i + 27 — 4k. That gives v5 = —2v1, so L; and Ly are parallel lines.

Let P(1,1,0) and @Q(1,5,—2) be the points as shown in the figure. If & is the vector
defined as:

W = QP — ProjsQP,
then the distance between L; and L, is ||d||.

Now Q_P =0i+4] + 21_5, and

i - QP U_é o —16 - - = 4—,» 4—_» =
ProjzQP = = —(=21+2j—4k) = -1 — = —k
705 Q (172-172 Uy 24( 1+ 29 ) 32 3 +3
- — —4—» 8—' 2—’
—l: P_P -v-‘ P: _._ - . _ _k'
W= Q T0Jy3Q 3t~ 3/ 73
16 64 4 /84 2+/21
Then the length of the vector W =4/ — 4+ —+ - = — = ——.

9 9 9 3 3



4.) (a) Graph the polar curve 7> = 25cosf. Find the domain and the symmetry or symmetries of
the curve, if any.

Solution:

Now, realize 72 = 25 cos f can be visualized as two curves 7 = 5v/cos, and r = —5v/cos 6.
So cosf > 0, that is € [-F, 7]. The domain is: —F < # < 7]. Realize that the curve is
symmetric with respect to the z-axis, y-axis and the origin.

)

Stk sk =)
NN wly O w|:|‘w|>“

(b) Find the area inside the curve r? = 25 cos 6.

Solution:

The area inside one loop will be:

1 3 1 3 2 s 25
5/ (5Vcos 0)* df = 5/ 25 cosf df = 55 sin 9|f% = 7(1 —(-1)) = 25.

s
2 2

The total area inside the curve will be 2(25) = 50.
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1.) A) Find the equation of the plane through the points (1,1, —1), (2,0,2), (0,—2,1).
B) Find parametric equations of the line perpendicular to this plane at (4,2, 3).

Solution:

A) A(1,1,-1),  B(2,0,2), C(0,-2,1)

AB =(1,-1,3), AC =(-1,-3,2)

i j k

—_— —

ABx AC=|1 —1 3|=7i—5j—4k
1 -3 2

So (7,—5,—4) is normal to the plane. Hence the equation of the plane through the
given points is:

T(r—1)—5(y—1)—4(z+1)=0
Tr—>dy —4z=6

B)e=4+4+7 y=2-5t z=3-—4t



2.) A) Find a unit vector such that the derivative of x3y? along this vector at the point (2, 1) is zero.
B) Is there a unit vector along which the derivative of z3y? at the point (2, 1) is 100? Explain.

Solution:
A) Vf(z,y) = (5 (@), 5 (2%%) = (327, 2a%y)

Vf(2,1)=(12,16)
The required unit vector, say @ = (x,y), must satisfy - (12,16) = 0. Let x = ¢, then

12t + 16y = 0 = y:Tt.

Also, since 4 is a unit vector we have ||u|| = 1. So

9 4
t+—t*=1 t=%.
T T 5

Hence we have @ = (—3,2) or @ = (3, —2).
B) The derivative along any unit vector 4 at (2,1) is given by
w-Vf(2,1) =] |Vf(2,1)| cosf = 20cos@

where 6 is the acute angle between @ and V f(2,1). Clearly 20 cos# < 20 so there is no
such unit vector.



3.) Find point(s) on the surface 2* = xy + 4 closest to the origin.

Solution:

We want to minimize f = 2% + y? + 22 under the constraint g = 2y — 22 + 4 = 0.
Vf(x,y,z)=(2x,2y,22), Vg(z,y,z)=(y,z,—2z).

A point (z9, Yo, 20) is an extremum of f only if V f(z0, o, 20) = AVg(zo, Yo, 20) for some

)
V f(x0, Y0, 20) = AV g(Zo, Yo, 20) == 2x¢ = Ao
2y = Az
22’0 = —2)\20

If zy # 0, we have A = —1, and so zp = yo = 0 The points on the surface g(z,y,z) =0
satisfying this are P;(0,0,2) and P(0,0, —2).
Otherwise if zy = 0, we have

_—4

-8
ZTo = ,  Xo N

_ 2 _ 8
Yo Axg’

Ty = )\

Also, zgyo = —4 and 2z9 = Ayp so x5 = —2\. It follows that mé = 16 so z¢o = +2, and
the points on g(x,y, z) = 0 satisfying this are P3(2,—2,0) and P;(—2,2,0).

Therefore the points closest to the origin on the suface 22 = zy + 4 are P, and P.



4.) Find the area of the region shared by r = 2 + 2cos and r = 2 — 2cosf.

Solution:
1 /2 w/2
A:4-—/ r2d9:2/ (2 + 2cos 6)*df
2 Jo 0
w/2 /2 w/2
:2/ 4d9—2/ 8cos€d9+2/ 4 cos? Odb
0 0 0
20 + 1
We have the identity cos? § = %. Hence
/2 /2 /2
A =47 —16sin6 + 2sin 26 + 460
0 0 0

=6 — 16
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1. Find the plane through P;(0,0,0) and P»(1,1, —2), parallel to the line of intersection of the

planes

(-

2r+y-2z=3 and z+y—z=1. "
\__V_____f e e ®

A

B

—ﬂne, Plcmes A 4B hove vioemalls

Na

—3

T~ 2,1, »']7 & Y\B <1, 1:"'.47

g0 that thew \me OF intersection &fc«ulleJ ‘o

{7 k
= |2 1 -1 =-<0,+1, 7
O Y|

Tkus the plone in gquestton hois normoil

—

i F | .
= |1 1 -2 ;(3,*4,1?,‘
o 1 1

Olccwdfvﬂln s ecvukm = given by

, <ny, Y. '<3,'1,1$ = O
or eq\w\vulé/\-H\i

%'x,—%-l- ==0
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2. The points P(1,1,4) and Q(—%‘,ai‘g,‘ ‘—18-1-) lie on the paraboloid z = 22 + y2 + 2.

(a) (2 pts.) Find the equation of‘the tangent plane to the paraboloid at P.
| (b) (2 pts.) Find the equatién of the normal line Ip to the paraboloid passing through P.
? (c) (2 pts.) Show that the line {p found above meets the paraboloid agaiﬁ at the point Q.
: (d) (2 pts.) LetrlQ be the normal line to the paraboloid passing through Q. If ¢ is the angle

between Ip and lg, show that sin§ = 1

7
(@) Let a=flug= Attt o
Eqtion of # foynt ploe fo fha poabolod ot P
f}— D,y + R ‘)["")*43“,4)(34) .
= 4+ 2x- :)+1(3-1)
=) %02)( 23..

(b) The eoluw‘ﬂm o fhe  aarned (e l/

= =42t
,X'-“’(a + 4 (% ;Jo) 'i‘ | : - (ot
6:'30 +»€jl)(p,do) %: ) t—

2= Jlxog) -t =

() W (=) (%) 42
| L, ,
_For vf'=“9/6> -, a 35 9 F a{_ﬂtpmwé Q

Tlhas, 2o meets o famlmloz‘o( (Zfaﬂ" . L s A . dd
(o‘) smO= ""f Xl\j“ whot 1y mJ ,‘7 0. N | _ |
| linp ltling l

(-<22 '>A od n‘a,—.-'<-f/z,~

Y
nf)(ncl "L ji ~II=‘%14%§\

“h ~Sh
= _ |
= JM@ =__*. = —"
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3. Find the unit tangent vector,-sifgwunit normal vector, and the curvature for the plane

~ curve

z=t
y = —In(cost)

where —7/2 <t < 7/2.

Lt ) =<t, ~laleost)>
o, ¢'l4) =4 4,--%1*—7 = A At

- thar
‘ r——-' z
r(+) . (l:+m+> \ n (\/\")
'TH\ '4)” ‘ - {CouT,d
't y/
"— (:(____'——‘14) = M = 4-—5!\0{ ) CoJ'é?
Y 'HT‘H)\\ ' { )
. A
! " - \ n 4) T t
K (4) = &(%)Xr ) hee P et !

et H')HJ

Scc‘( __Cq){./

- o)

Thus, Kit) =




i
4. Suppose that the function f(z,yP®8tisfies f(1,1) =1, fz(1,1) = a and fy(1,1) = b for some
real numbers a and b. Define ¢(t) = f(¢t, f(¢,t)). Find ¢(1) and ¢'(1). '
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=L 4y ) Lot + 4 )]
-~ o+ b (a+b)
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- Note alse that
go) = (L fuM = fU0 =1
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5. Given the two lemniscates 72 g cos 20 and 72 =sin20 :

(a) (3 pts.) Sketch both curves on tl'ig Wine axes and find all the points of intersection.

(b) (5 pts.) Find the area of the region bounded by and common to both curves.
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