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1. Find the work done by a particle which follows a trajectory y = 3z under a force field F (z,y) =
(coszcosy —sinz siny)(i + 7) from (0,0) to (7/6,7/2).

Solution:

W = / F.d# | where Cis given by y = 3z.

c
F(z,y) = (coszcosy —sinzsiny) (i + j) = M(z,y)i + N(z,y)j.
So M(z,y) = N(z,y) = (cosz cosy — sinzsiny) = cos(z + y).
So, necessarily M, (x,y) = N,(x,y) = F(z,y) is conservative.
So there’s a potential function ¢ defined as follows:
f(a:, y) = ﬁqﬁ(x, y), where ¢, = ¢, = cos(x + y). From here,

¢ = cos(z +y) = ¢(z,y) = sin(z +y) + f(y)

¢y = cos(z +y) = ¢(z,y) =sin(z +y) + g(z)
Equating the two solutions,
d(x,y) =sin(z +y) + f(y) =sin(z +y) + g(x) = f(y) = g(z) = ¢, a constant.

é(x,y) =sin(z +y) + ¢

and since F' is conservative,

. (z2,92)
W = / F-dF:/ F(z,y).di = ¢(x2,y2) — (21, 41)
c (

1‘1;3/1)

= ¢(n/6,7/2) +c— $(0,0) — ¢ =sin(§ + §) —sin(0 + 0)

2T \/§

= Sin( 3 ) = 7
- of 10f :
2. Let Vf(x(r,0),y(r,0)) = 561(9) + - 3¢ €5(0), where r and @ are polar coordinates. What are

€1(0) and &(6) in terms of i and j? Are they perpendicular? Give an interpretation for € ()

and é(6). [Hint : (arctanz)' = -15]

Solution:

Vf(z,y) = %ﬂ—i- 5_£j x =rcosh,y=rsind = r = /22 +y% 0 = arctan(¥)

8f_87’8f+808f T 8f (—y/x?) O ——co eg_smeaf

0r Oz dr  0x00 1/3;2_|_y 67“ 1+ (y/z)? 0 or r 00




of _ordf n wof  y of (1/z) of _ 08_f 3 cosf Of

dy Oy or 8_y80 N ar 1+ (y/x)200 or r 06

= V(a(r,0),y(r,0)) = |cosO7 - =5 ]

of smH@f} [ of cosH(?f

Vf(x(r,0),y(r,0) = gﬁ (cos 07 + sin 07) + 1(;—Jot(— sin 07 + cos 07

Hence € (#) = cos 07 + sin 0 and €3(0) = — sin 07 + cos 6]
€1(0).€5(0) = 0 =They are perpendicular.

. . ) 0
These are the basis unit vectors for a system of polar coordinates a—f = rate of
r
change of f with respect to  where 6 is kept constant
= €1(0) is the radial unit vector along which the change in f occurs with respect to

) 10 . .
r when 6 is kept constant. —8—5 = rate of change of f with respect to 6 where r is

r
kept constant

= 62(9) is the angular unit vector along which the change in f occurs with respect
to @ when r is kept constant.

3. By drawing relevant graphs, write but not evaluate, triple integrals for the volume of the region
bounded outside by z = 2 — 22 — y? and above by z = 1 in the first octant.

(a) in Cartesian coordinates only WITH dV = dxdydz. (b) in cylindrical coordinates.

Solution:

(a)




The intersection of z = 1 and z = 2 — r? is found by setting z = 2 — 7? = 1, that is,
on z = 1 plane. When one draws straight lines along z axis, the region S is seen to
be the union of two regions S; and S; along z having different boundaries.

Q1 = {(r,0))0 <0 <7/2,0<1},Q ={(r,0)0 <0 <7/2,1 <r <2} and
therefore

S=5US: ={(r0,2)0<0<7/2,0<r<1,0<z2
U{(r,0,2)0<0<7/2,1<r<+2,0<

so that V = /// rdzdrdf + / // rdzdrdf. Finally,
S1 Sa
/2 pl pl 7/2 pV2 p2—r?
:/ / / TdZde9+/ / / rdzdrdf.
0 0o Jo 0 1 0

2yt 2P
4. der the ellipsoid — + ==+ — =1
Consider the ellipsoi 1 + 9 + 16
(a) Find the equation of the plane tangent to the ellipsoid at P(-% el \/g, \[) by using the

gradient.

}

<1
z<2—r1?}

(b)Find a normal vector at P without using the gradient. (Do not derive the equation of the
tangent plane)

Solution:

(a) A normal N(z,y, z)to the ellipsoid is:

Ry o) =9 + 842 = 20 254 2
Nr(%, % \‘/_‘é) _ %(h 27— 3H).
Hence the tangent plane o is given by:
7: i+ 5= 50 o= 2+ = )i+ e+ )] =0
@2+ 5= ) =5l + 72 =0
2 1



Since P(%, 3., =) z < 0. So one considers the region below the zy plane

3 3
I'Q y2
——y1-Z L
& 19

Sl

So from Ny,(z,y) = %(m, y)i — 8—5(36, Y)] +k = —Nyown(,9)
- T . 4y -
Nup(z,y) = — - = 1= - 2]+k’
1-2-%  o/i-%-%
. 2 3 L 4L .
= Nop(—=y —=) = —27 — —] + &

The normal vector in part a(x — 24/3) is found.

5. Consider the function f(z,y) = —v2z +1 — /8y — 3.
(a)What are the domain and range of f? Find all critical points.
Can one use the second derivative test in this case?
(b)What is the absolute maximum of the function? By studying infinitesimal translations of
it,
verify that it is really a maximum.
(Note:Positivity or negativity of the infinitesimals should be discussed).
Solution:

(a)

. 1 3

Domain{f} = {(z,y)l -5 < @, g <y} = Range{f} = {f(z,y)| — o0 < f(z,y) < 0}
of 1 of . 1

i W#O,%sundeﬁneda‘cx— 3

of 4 of . 3

= — defined at y = —

9y W#O,aylsunene aty =g

1

1 3 3
So, {(z,y)|z = —5Y > §} and {(z,y)|z > —5 Y= §} are the sets of critical points.

Second derivative set cannot be used since the first partial derivatives are undefined.

f(_l+k’_+h):_\/2(—%+k)+1—\/8(2-#}1)—3:—\/@—\/@

w

[\
co

But since z > —% and y > 2

—14+k>-3 and§+hz§:>h, k> 0.
So Whenkz()andhz(),f(—%—i—k,%—i—h) is defined.



flmg+ k24 h) = f(=5,2) = ~VIF ~ VR <0

8 28
Which means that every translation from (—3, 2) gives rise to lower values of f =
f(=3,3) = 0is really a maximum for f.

6. Find the distance from the point P(1,—1,2) to the surface z =2 — z — 2y
(a) By geometrical considerations (without using Lagrange’s method)
(b) Construct explicitly, but do NOT solve, the Lagrange equations to find the distance.
(State clearly the constraint, the function to be extremized etc.)
Solution:

Take an arbitrary point on the plane, e.g. Q(0,0,2) Then, the distance, say d, is

N.P( .
given by: d = % ,where N is the normal vector for the plane.
N=i+2]+k,PQ=0-1)i+0+1)j+2-2k=—-i+7

=
hU-L

=2
Bl

(b) Let an arbitrary point on the plan be given by (z,y,z). Then the distance
between any point

of the plane and P is given by:

d(z,y,2) = /(x —1)2+ (y + 1)2 + (z — 2)? which is the function to be extremized.
Define also g(z,y,2) =  + 2y — z — 2 = 0 which is the constraint.

The Lagrange equations are given by:

ﬁd(x, Y,2) = Aﬁg(x, Y, 2)

d 4 74

Lagrange equations:

(z—1) _\
V=12 +(y+1)2+ (2 - 2)?

(y+1) _
Ve =12+ (y+1)2+ (z — 2)? =2

(2 —2) _\

VE =12+ ({y+1)2+ (2 — 2)

With the constraint:
r+2y+2—-2=0.
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1. Show that the lines:

Ly : z+1=4y—3=1t2—-1=0
Ly, : z+13=12t,y—1=6t,2 —2=3t

intersect and find an equation of the plane they determine.

Solution:

The lines intersect if and only if the following equations can be solved simultaneously
for ¢; and ¢s:

At —1 = 12ty — 13
t1+3 = 6t +1

Hence to, = —1/3,t
The vectors v =

= —4. The lines intersect at (—17,—1,1).
4,1,0) and vy = (4,2,1) are parallel to L; and L, respectively.

—~

k
So, v1 X vy = 0 | =% —47 +4k is normal to the desired plane. The equation
1

N N
N = Q.

of the plane is
1-(z+17)—4(y+1)+4(z—1)=0=>2— 4y + 4z = —9.
2. Find the point on the plane 2z 4 3y 4+ 2 — 14 = 0 nearest to the origin.

Solution:

First way: To minimize f(x,y,2) = 12+ y*+ 22 subject to the constraint g(x,vy,2) =
2z 4+ 3y + z — 14 = 0 the following equality must be satisfied:

Vf = AVyg
2wt + 2yj +2zk = AN2i+ 35+ k)

Hence A = z,y = 37“,2 = 7. Since 20 + 3y + 2z = 14 = 2:c+97w+§ = 14, we get
x =2,y =3,z = 1. The point nearest to the origin is (2, 3, 1).

Second way: For any point (z,v, 2), the distance from the point to the origin is
r = /22 +y?>+ 22 Since z = 14 — 2z — 3y on the plane, we get r(z,y) =
V22 +y2 + (14 — 2z — 3y)2. Now the absolute minimum of f(z,y) = r? = 22 +
y? + (14 — 2z — 3y)*: f, =10z + 12y — 56 = 0 and f, = 12z + 20y — 84 = 0 implies
x =2,y =3,z =1. Hence the point on the plane closest to the origin is (2,3, 1).




3. Use a double integral in polar coordinates to find the area of the region outside » = 2 cos # and
inside the cardioid » = 1 + cos #. Sketch the region.

1+cos 0 I 1+4cos 6
A // dA =2 / / rdrdﬁ-l—/ / rdrdf
2cos 8 w/2J0

:// ;i;ozﬁde_'_/ |1+c050d0
0 /2

/2 ™
:/ ((1+cos€)2—400520)d0+/ (1 + cosf)?df

0 w/2

. 3. 3. ) 1 1.
= (0+2sinf — -0 — —sin26)| + (0 +2sinf + -6 + —sin 20)
2" 1 . 2" 1

=—n/44+2+3/2r —3/Ar —2=7/2

Solution:

w/2 w

/2

4. Use a double integral to find the volume under the plane z + y + z = 0 and over the region R
bounded by the x-axis, the line z = 1 and the parabola y = 2. Sketch the region R.

// T+ y)dA = // (x + y)dydz

= [C@ropff ae= @+t
= (¢*/4+2°/10)|, = 7/20

/ / (x 4+ y)dzdy

1
= [ @ au= [ e 1/ay
0 0
1
= (=2/59°/% + y* /4 + y/2)|, = 7/20

Solution:

or equivalently

5. Let G be the solid in the first octant bounded by the sphere 22 +42+ 2? = 4 and the coordinate
planes. Evaluate / / xyzdV
G

(a) using cylindrical coordinates;

(b) using spherical coordinates.

Solution:
/2 P2 Vi—rZ T/2 24
/ / / r32sin 6 cos Odzdrdd = / / ~(4r® — r°) sin @ cos Odrdf
0=0 Jr=0J2=0 0 0 2
8 [™/? 4
=—/ sin f cos 0df = —.
5 Jo 5
(b)
/2 pm/2 2 /2 /2 39
/ / / p° sin® ¢ cos ¢ sin 0 cos Adpdpdd = / / “~ sin® ¢ cos ¢ sin O cos Odpdo
6=0 J¢p=0 Jp=0 0 0 )

7T/2 4
:—/ sin 6 cos 8df = —.
5 Jo 5



6. a) Let ¢ = ¢(z,y,z). Show that curl(Ve¢) = 0, assuming all derivatives involved exist and are
continuous.

Solution:
99, ¢. 99
i j k
curl(Vo) = % 3% a%
99 09 99
r O oz
56 8¢ P P P P

- oydz azay)’ + (azax 020z J oxdy 8y8x)k -

assuming equality of mixed second partial derivatives.
b) Let P = (0,1),Q = (2,-1),R = (2,5),S = (4,1) and C be the curve consisting of line

segments from P to @, @ to R and R to S. Evaluate / (x — y)dx + zydy.
c

Solution:
orHen Cr : m(t) = 2ti + (1 — 20)j

C’z : r(t):2i+(6t—1)j
r3(t) = (24 2t)i + (5 — 4t)j

/(x—)dx+xydy /Ci /C2 /03

1 1
/ (8% + 4t — 2) dt+/ (72t—12)dt+/ (32t + 4t — 46)dt
0 0 0 1
20

1 3 2
t
= / (40 + 80t — 60)dt = (40 + 80 — 601)
0

3

2

0
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1. (a) Find the directional derivative of the function f(z,y, 2) = 2*—zy*—2 at the point P(1,1,0)
in the direction of the vector v = 27 — 35 + 6k.

(b) In which direction does f change most rapidly at P and what is the rate of change of f in
this direction?

Solution:

(a)
fo = 3x% — y2
fy = —2zy = (Vf)p=2i—-2j — k.
fz = -1

A unit vector in the direction of v is

v 2-3j+6k 1 _. .
- Y _ — 2 (2 — 37 + 6k).
v ~ VA+9+36 7 (21— 35 + 6k)

1
Hence, % = (V)p-u=(d+6-6)= .
(b) f changes most rapidly along the direction of (V f)p = 2¢—2j—k. The maximum
rate of change is ||[(V f)p||=v4+4+1=3.

2. The ellipsoid 22 + 2y + 322 = 66 has two tangent planes parallel to the plane z +y + z = 1.
Find the equations of planes and the coordinates of their points of tangency.

u

Solution:

Let w = 2% + 2y? + 322 — 66. A normal vector at an arbitrary point is Vw =
(W, Wy, w,).

N =zt + 2yoJ + 320k

w, = 2z
wy = 4y » = jsnormal to the ellipsiod
w, = 62z

at the point Py(zo, Yo, 20)-

The normal vector of the given plane is v = 2+ 37 + k. N must be parallel to v which
implies that N = tv for some real number ¢. Hence:

Zo =1
2y, 4 = x9 = 29 = 32p.
320 =t

So let g = 65, yo = 3s and 2y = 2s for some parameter s. Since P, is on the ellipse,

65)” + 2(3s)* + 3(25)” = 66 = (36 + 18 + 12)s* = 66 = s = +1.



The points are (6, 3,2) and (—6, -3, —2).
The corresponding tangent plane will be of the form x +y+ z = D. Substituting the
coordinates of the points, we find

r+y+z=11 and z+y+2z=-11

3. Given the triple integral

18— z2—y
/ / / (a%+y7+2 ) dzdydz
V9—z2? ac2—|—y

(a) Sketch and describe the region of integration.
(b) Express this integral using spherical coordinates.
(c) Express this integral using cylindrical coordinates.

(d) Evaluate one of the multiple integrals found in parts (b) and (c).

Solution:

(a) Intersection of the hemisphere z = /18 — 22 — y? and the cone z = /22 + 2 is

the curve z? 4+ y? = 9 on the plane z = 3. The region is the part of the solid enclosed
between the hemisphere and the cone which projects onto R.

(b) Spherical coordinates are given by: x = pcosfsing, y = psinfsiny and z =
pcos . Then the given integral has the representation:

0 /4  pV/18 5
/ / / p? sin we?” dpdpdf.
—n/2J0 0

(c) Cylindrical coordinates are x = rcosf, y = rsinf and z = z. In these coordinates
the given integral has the form:

0 3 VI8 12 s o3
/ / / T'e(’" +2%) dzdrdf.
—n/2J0 Jr

The limits for € can also be taken as /

3n/2



(d) Evaluating (b):

1 w/4 /18 w/4
—z/ / 3p? sintpep3dpdcp: E/ sincpe“’3
2 Jo 0 6 Jo
/4

w/4
- <654‘/5 — 1) / sin pdy = T (654\6 — 1) coS ¢
6 0 6 0

- %<e54ﬁ—1) (1—%).

4. Calculate the outward flux of the vector field F(z,y) = xi + y*J across the square bounded by
the lines r = F1 and y = F1.

3v2
dy

0

Solution:

7[ F - -nds = / V - FdA (using the vector form of Green’s theorem)
c

:// +2yda:dy—/_(1+2y)2dy

= 2(y+y)| , =20+1-(-1+1)) =4

5. Let F = (1 + 2xy?)t + 222yj.
(a) Determine whether F' is a conservative vector field or not; if it is, find a potential function
for F'.
(b) Evaluate the work done by the force F from (1,2) to (2,5) along the parabola y = z? + 1.

Solution:

(a) Set P =1+ 2zy* and @ = 2z*y. The field F is conservative if P, = ),. Indeed:
P, = 4zy = ();. So, the given vector field is conservative.

There is, as a consequence, a potential function ¢ which satisfies V¢ = F'. Let us
now find it:
¢y =1+ 22y?> and Oy = 22%y.

Integrating one these say the first one we get ¢ = x + z%y* + a(y). Now using the
second condition we have ¢, = 2z%y + d/(y) = 22%y = a(y) = constant. We may
always choose a(y) = constant = 0. Hence a potential function is:

o(z,y) = 2°y* + .

(b) Let C denote the curve along y = 2 4+ 1 from (1,2) to (2,5). Then the work

done by F' is:
W:/F-d'r:/Vd)-d'r.
c c

This then equals, by the fundamental theorem of line integrals:

W = ¢(initial point) — ¢(end point)
= ¢(2,5) — ¢(1,2) = 102 — 5 = 97.



6. Evaluate the surface integral (In 2)dS where S is the part of the cone z = /22 + y? between

s
the planes z =1 and z = 2. Sketch the region of integration.

Solution:

. .. 0z
We first compute the necessary partial derivatives 22 = 22 + y? = 228— =2z =
x
0z x 0z
2 2 Similarly, 22 = ¥ Hence,
or =z oy =z

2 2 2 2
as = Ji+ () o (%2 dA:\/l—i—erydA
ox Jy 22
2 2 2 2 2
_ Jerer 2, (2@ ) saa
22 $2+y2

Then, I = //(lnz)dS = \/5// In (z° +y2)l/2 dydz.
s R

Y

Sh
=¥

We change to polar coordinates to obtain the double integral

2w 2
I= \/5/ / rInrdrdf,
0o J1

and then integrate by parts by using:

u = Inr dv = rdr
dr r?
d - -
Y T v 2

Hence,

2 2 2
I = 2%\/5/ Tlnrdr:27r\/§(%lnr
1
2

21
—/ —rdr
1 1 2
2
3
= 2%\/5(21n2—% >=27r\/§(2]n2—1).
1




7. Evaluate the integral ?{ G - dR where C is the triangle with vertices A(1,0,0), B(0,2,0) and
c
C(0,0,1) oriented as shown, and G is the vector field G(z,y,2) = y*i + zj + k.

Solution:

Using the Stokes’ Theorem:

iG-dR://S(VxG)-nds

where

V xG=

@M%)‘st
.
Yo

Let S be the plane through the given points, with normal

i ok
ABxBC=|-1 2 0|=2i+j+2k.
0 -2 1

The unit normal, oriented correctly, is

2%i+j+2k 1 . .
n=————=_—(224+ 79+ 2k).
7 3( J )

(it will have a positive z—component).
1
(VXQE) - n= 5(_2 — 4y).

The equation of the plane S is 2(x — 1) + y + 2z = 0. Hence:

0z 0z 0z 0z
+ B 0= o and + oy 0= By

2



. 0z 02\’ 1 3
Finally, dS—\/1+ (ax) + <a—y) dA_,/1+1+ZdA_§dA.

So,

/S(VxG)-ndS = 3 // —2 —4y)dA = —= 2// (1+ 2y) dydx

= _/0 (y+y)22wd$:—/ [(2—22+(2-22)%)] da

0

| —

1

' 4
= /a[—4x2+10m—%ﬂdm::{——m3+5m2—6x]
0 3 0

1 7
= ——45-6=—-.
- 3
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1. Show that the lines
Li:x=-2+4+ty=34+2t,z2=4—t, Ly:x=3—-t,y=4—-2t,z=1
(a) are parallel.
(b) Find an equation of the plane they determine.

Solution:

(a) v1 =< 1,2,—1 > is parallel to L;, va =< —1,—2,1 > is parallel to L, and
V1 = —V2 SO, L1 || LQ.

(b) Let t = 0 to find the points Py (—2,3,4), P5(3,4,0) that lie, respectively, on the
given lines. Py Py, =< 5,1,—4 > and

i 7 k
vy X PPPo=|1 2 —1|=-T7i—j— 9k is normal to the required plane. —7(x —
5 1 —4

3)—(y—4)—92=0
—Tr+21—y+4—-92=0
—Tr—y—92=-2bor 7Tz +y+92 =25

2. Find an equation for the plane tangent to the surface 2 + 4y* + 22 = 12 at the point (2, 1, 2).

Solution:

Let f(z,y,2) = 2° + 4y + 2*

Vf(z,y,2) =2xi+ 8yj + 2zk

vf(2,1,2) =4i+ 85+ 4k =4(¢ + 25 + k)

Use n =1 + 25 + k as the normal vector for the plane. The equation of the tangent
plane is

(x—=2)+2(y—1)+(2—2)=0

T—242y—242-2=0

T+2y+2=6

3. Find the work done on a particle by the force field F(z,y) = (z— )z—i—xyg in moving a particle
counterclockwise around the ellipse 922 + 4y? = 36 from (2,0) to (—2,0).

Solution:

922 + 4y% = 36 = ﬁ—z + ”9—2 = 1. Parametric equations of the specified part of the
ellipse is x = 2cost, y = 3sint, 0 <t < 7.

r(t) = 2costi + 3sinty

r'(t) = —2sinti + 3costj

F -r(t) = [(2cost — 3sint)i + (6 costsint)j|[—2sintts + 3costj] = —4costsint +
6sin®t + 18 cos® tsin ¢

W= /[ F-dr=[(—4costsint+ 3 — 3cos2t+ 18cos’ tsint)dt

= (—2sin®¢ + 3t — $sin 2t — 6 cos® ¢)[] = 3w + 12



4. State the volume enclosed by z? + 32 + 22 = a? by triple integrals using
(a) cylindrical coordinates,

(
(

b) spherical coordinates,
¢) evaluate ONE of the triple integrals found in (a) and (b).

Solution:

V=2 [ [ [V rdzdrdd
=2 [ [(r2) [y drdd
=2 [ [ rv/a? = r2drdd
—22 JZm 2\ /(a? = r2)3(8do
3 271' do
3 0
3

_ 2 _3p|27n _ 4ma
= za’0|g" = 5.

= [27 [T [ p? sin ¢pdpdpdd
T (T . 3\ |¢
_ f02 Jysing (5] dodo
=@ [ f; sin ¢dgdo
=5 h fo cosqﬁ Tdpdo
=% s da:% o O

__ 4ma®
= =3

Let F(z,y) = (ye™ — 1)i + ze™j. (a) Determine whether or not the vector field F' is conser-

vative.
(b) If F' is conservative, find a potential function for F.

Solution:

(a) Let f(z,y) = ye™ — 1 and g(z,y) = 267,
% = e™ + zye™, 3 f = g and F(z,y) is conservative.
(b) 52 9 — yemv — 1 = (b(x,y) = [(ye™ — 1)dz = yiemy —z+k(y) =" —x+ k(y).

6¢ = xemy + Kk (y) =g(z,y) = ze™ = k'(y) = 0 = k(y) = ¢, (constant) = ¢(z,y) =
exy —z+c

Let C' be the unit circle oriented counterclockwise. Evaluate the line integral fc ydzr + xdy

using Green’s Theorem and check the result by evaluating it directly.

Solution:

Let R denote a domain in R? with boundary the curve C. Green’s Theorem states

that
%fxydx-l—gxydy—/ = - =

But//1—1dA—Obecauseforf(aEy)—y,g(xy)—a:and 39—1 of — 1,

" By
of _ —

ag By =1- . 1=0. .

For the line integral, let x = cost, y = sint,

$ ydx + zdy = fo% sint(—sint)dz + cost - costdt



JiT(—sin?t + cos? t)dt = — [ Lo 2y 4 [PT Loy — (L

sin 2¢) 127 + (L +

N |+

1
4
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1.) Find and classify all the critical points of

1
F(z,y) = gx?’ —x+ Y.
Solution:
First order partial derivatives are
F,=a%— 1442, F, = 2zy

Equating these to zero we see that there are 4 critical points: (0,1), (0, —1), (1,0), (—1,0).

Next, we calculate

D(x,y) = FuuFy, — F}, = 42® — 4y

Since D(0,1) = D(0,—1) = -4 <0, (0,1) and (0,—1) are saddle points.

We have D(1,0) = D(—1,0) = 4 > 0 and F,,(1,0) =2 > 0, F,.(—1,0) = -2 <0,
therefore (1,0) is a local minimum and (—1,0) is a local maximum.

2.) a) At the point (1,2) the directional derivative of F(z,y) is 2v/2 toward P;(2,3) and —3 toward
P5(1,0). Find the directional derivative of F'(z,y) at (1,2) toward P3(4,6).

Solution:

The unit vector at (1,2) toward P;(2,3) is @ = (i +j)/v/2. The directional derivative of
F(z,y) at (1,2) toward P;(2,3) is

DzF(1,2) = VF(1,2).i = Fw(l’Q);%Fy(l’ 2 _ 22,

which implies F,(1,2) + F,(1,2) = 4.

Now, the unit vector from (1,2) toward P(1,0) is ¥ = —j.

DyF(1,2) = VF(1,2).0 = —F,(1,2) = —3,



Since F,(1,2) + F,(1,2) = 4, we get F,(1,2) = 3 and F,(1,2) = 1 which implies
VF(1,2) = (i+ 3j).

The unit vector from (1,2) toward P3(4,6) is @ = (31 + 4j)/5. The directional derivative
is
DaF(1,2) = VF(1,2).4 = 3

b) A ball is put on the surface z = 2¢7*~% at the point (0,0,2). Along which direction in the
xy-plane will it roll?

Solution:
The ball will roll in the direction in which the surface is falling away at the fastest rate,
ie, =Vz.
2 = —2e %W 2z, = —8e U
Using these we find

-

V2(0,0) = —2i — 8j
Therefore, the ball will roll in the direction —Vz(0,0) = 2i + &j.

3.) Find the plane that is tangent to the surface x2 — y? + 32 = 0. This plane contains the point
(0,0,1) and it is parallel to the line

Solution:

Since the plane we are looking for contains the point (0,0,1) its equation is of the form

Alz—0)+By—0)+C(z—1) =0,

where A, B, C' are real numbers and a normal of this plane is n] =< A, B, C' >. Let this
plane be tangent to the surface 2* — y* + 32 = 0 at the point (m,n,p). At this point the
normal of the surface is ny =< 2m, —2n,3 > and it is parallel to nq, i.e., ny = knj for

some real number £ which can be chosen to be 1 without loss of generality. Therefore,
we have A =2m, B = —2n and C = 3.

The line given above is parallel to the vector < 2,1, —2 > and its dot product with the
plane normal < A, B, C' > should be zero:

<2,1,-2>.<2m,—2n,3 >=0,

which implies 2m — n = 3. Since the point (m,n,p) is contained in the surface and the
plane we also have



m?>—n?>+3p=0, 2m? —2n* +3(p—1)=0

Solving these three equations simultaneously we find that p = —1,m = 2,n = 1. Thus,
the equation of the plane is

dr—2y+3(z—1)=0
4.) Find the surface area of the sphere z2 + y* + 22 = 4 above z = 1.

Solution:

We have z = +4/4 — 22 — y2. Since we want to find the area above the line z = 1 we
need to have z positive and therefore we define

F(z,y) =4 —22—y?

whise first order partial derivatives are

x )

Fx:_—a Fy:_—
Va4 —x?— 2 VA — 12— 2

Now, the surface area is

2
A://,/F§+F2+1dA=//—dA,
R Y R4 —a%—y?

where R is the region on the ay-plane defined by (2% +%?) < v/3. Converting this double
integral into polar coordinates

2 V3 2r
A= ———drdf
/0 /0 VA4 — r?
from which we find A = 4~.

5.) a) Using spherical coordinates express the volume of the solid region that is inside the sphere
2?2 +y*> + 22 = 4 and outside the cylinder 22 + > = 1 in the first octant. (Do not evaluate the
integral.)

Solution:

In spherical coordinates the cylinder 2 4+ y? = 1 becomes p = (1/sin ¢) and the sphere
22 +y? + 22 = 4is p = 2. Solving these two equations simultaneously we find that
these two solid regions intersect at ¢ = 7/6 and ¢ = 57/6. Since the volume is in the
first octant the limits for the angle ¢ are 7/6 < ¢ < 7/2. The angle 6 should satisfy
0 <6 <m/2. For p we have 1/sin¢ < p < 2.

Therefore the volume is

w/2 pm/2 2
V:///dV:/ / / p* sin ¢pdpdpdd
R 0 /6 1/sin¢



5.) b) Express the volume of the region R bounded by the parabolic cylinder z = y* and the
planes z = 0 and x + z = 1 as a triple integral in the orders dzdxdy and dydzdz. (Do not evaluate
the integrals.)

Solution:

The projection of the region on the zy-plane is z = 3%, and 0 < z < 1. So, the volume is

1 1 pl-w
V= / / / dzdxdy
—-1Jy2 Jo

The projection of the region on the zz-plane is x + 2z =1 and 0 < x < 1 which implies

1 pl—z pz
V= / / / dydzdx
o Jo —Vz

5.) c¢) Express the following triple integral in rectangular coordinates in the order dzdydz.(Do not
evaluate the integral.)

7/2 V3 pVA—r2
I = / / / 2213 sin @ cos Odzdrdb
0 1 1

Solution:

1 pvVB3—a22 pq/d4—a2—y2 V3 pVB—2Z  pa/4—x2—y2
I = / / / vy dzdydx + / / / wy 2 dzdydx
0 Jvi—az J1 1 0 1

6.) Let R be the region in zyz-space defined by the inequalities 1 < x <2, 0<zy <2, 0<z2<1.
Evaluate the integral below by first applying the transformation v =z, v =2y, w = 3z.

///(x2y+3xyz)dxdydz.
R

The inverse transformation is © = u, y = v/u and z = w/3. The region is mapped into
1<u<2 0<v<2 0<w<3, and calculating the Jacobian we find J = 1/(3u)
which is positive. Therefore the integral becomes,

2 3 2 1
I = / / /(uv—irvw)—dvdwdu
1 Jo Jo 3u

2 3 1
= 2u + 2w)—dwd
/1/0(u+w)3uwu
2

1
_ —d
/1 (6 +9) - du

= 2+4+3In2

Solution:



7.) Let R be the region between the line y = z and the parabola y = x? and let C be its boundary
swept out counterclockwise. Find the work done by the force field F' = (—y)i + (zy)j along C

a) Without using Green’s theorem.
Solution:

The work done by Fis

W = / F.dr = / (xydy — ydx) + / (xydy — ydx),
C C1 Co

where C] is the curve defined by y = 2? and Cj is the line y = x. We can parametrize

Cy as x =t and y = t* with t€[0, 1]. Cy can be parametrized as z = y = ¢ with t€[1,0].
Using these parametrizations the work integral becomes

7
W=/ (2t* - — N
/ t dt+/ (t* — t)dt o

b) Using Green’s theorem.
Solution:

Let F' = Pi+ Qj, where P = —y and ) = xy. Using Green’s theorem we get

W = // dydx—// y+1dydx—370

8.) Show that the following vector field is conservative.

F = 2zy+ 22)i+ (22)j+ (222 + cos 2)k
a) without finding a potential for F.
Solution:

Let F' = P(x,y, 2)i+Q(x,y, 2)j+ R(z,y, 2)k, where P(z,y,2) = (2zy+2%) , Q(z,y,2) =
2? and R(z,y,z) = (2xz + cos z). F is conservative when all of the following conditions
are satisfied:

Py=Q., P.=R;,Q.=R,y
Since we have P, = @, =2z, P, = R, =22, Q, = R, = 0, F is conservative
b) by finding a potential for F.
Solution:

Let F = ﬁ(ﬁ(x,y,z) = ¢,i + ¢,j + ¢.k where ¢(z,y, 2) is a scalar function. Then, we
have



by = 2axy+ 22
¢y - xQ

¢, = 2xz4cosz

Integrating the first equation we find ¢ = 22y + 22z +G(y, z) where G(y, z) is an arbitrary
function of y and z. Now using this in the second equation we obtain G, (y, z) = 0 which
means that G is only function of z. Finally, using the third equation we see that G, = cos 2z
which gives G = sin 2+ ¢ where ¢ is an arbitrary real constant. Therefore, the potential
is

¢ =2’y + 22x +sinz + ¢
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1. (a) Find an equation for the plane through A(0,0,1), B(2,0,0), and C(0, 3,0).
(b) Find the cosine of the angle between this plane and xy-plane.
(c) Find the area of the triangle ABC.

Solution:
(a) We find a vector normal to the plane and use it with one of the points (it doesn’t
matter which) to write an equation for the plane.

—

AB = <2-0,0—-0,0—1> = <2,0,—1>
—
AC = <0-0,3-0,0—-1> = <0,3,—-1>

The cross product

L i 7k o
ABxAC=|2 0 —1|=30+2]+6k
03 —1

is normal to the plane. By using components of this vector and coordinates of
the point (0,0,1) we can write the equation of the plane as

3(x—0)+2(y—0)+6(z—1) = 0
dr+3y+62 = 6

(b) The angle between two intersecting planes is defined to be the (acute) angle
determined by their normal vectors.
The vectors n] =< 0,0,1 > and ny =< 3,2,6 > are normal vectors for xy-plane
and the plane 3z + 2y + 62z = 6 , respectively. To find the cosine of the angle
between these planes, let’s take the dot product of these vectors:

ny-ny = [[m] - [[n3] - cosd
<0,0,1>-<3,2,6> = 1-v/9+4+36-cost
6 6
= cosf = —= =

NZT
(c) The area A of the triangle is half the area of the parallelogram determined by
— —
the vectors AB and AC'. In the (a) part, we calculated,
—_— _— — — —
AB x AC" = 3i+2j+6k

—_— —

and ||AB x AC|| = 9+4+36="7

—_— —

and consequently A = —||AB x AC|| :;



2. Find the absolute maximum and minimum values of
flr,y) =2+ 22+ 2y —a® — y°
on the triangular region in the first quadrant bounded by the lines x =0, y =0, y =9 — z.

Solution:

0

Since f is differentiable, the only places where f can take these values are points inside
the triangle where f, = f, = 0 and points on the boundary.

Interior points : For these we have f, =2 — 22 =0, f, = 2 — 2y = 0 which gives
the single point (z,y) = (1,1). The value of f thereis f(1,1) =4

Boundary points : We take the triangle one side at a time:

1. On the segment OA, y =0. The function f(z,y) = f(z,0) = 2 + 2z — 2* may
now be regarded as a function of x defined on the closed interval 0 < x < 9. Its
extreme values may occur at endpoints

x=0 where f(0,0)=2
r=9 where f(9,0)=—61

and at the interior points where f'(x,0) = 2 — 22 = 0. The only interior point
where f'(z,0) = 01is x = 1 where f(z,y) = f(1,0) = 3.

2. On the segment OB, x =0 and f(x,y) = f(0,y) = 2 + 2y — y? may be regarded
as a function of y defined on the closed interval 0 < y < 9. Its extreme values
may occur at endpoints

y=0 where f(0,0)=2
y=9 where f(0,9)=—61

and at the interior points where f/(0,y) = 2 — 2y = 0. The only interior point
where f'(0,y) =0 is y = 1 where f(0,1) = 3.

3. On the segment AB, We have already looked at the values of f at the endpoints
of AB, so we need only look at the interiorpoints of AB. With y = 9 — z, we
have

flz,y) = f(£,9—2)=2+22+2(9 —2) —2? — (9 — 2)* = —61 + 18z — 22?



9
Setting f'(z,9 —x) = 18 — 4z = 0 gives x = 2

9 9 99 41
y—9—§—§andf(a:,y)—f(§,§> =-7

41

Finally, we list all candidates: 4,2, —61, 3, -5

The maximum is 4, which f takes at (1,1).
The minimum is -61, which f takes at (0,9) and (9,0).

3. Evaluate the following integrals:

(1) /01 /Om(xQ +o?)dy do

(2) // et dy d
R

where R is the semicircular region bounded by the x-axis and the curve y = /1 — 2.

Solution:

(1) It is easier to evaluate this double integral in polar coordinates. In order to
determine limits of integration let’s sketch the region of integration.

QFW/Q
1

2+t =1=r=1

Substituting L 878 0,y = rsinf, and replacing dx dy by r dr df, we get

1 pvV1-2a? w/2 pl
// (2% + y*)dy dz :/ /T2T‘d7‘d9
o Jo 0 0
/2 1,471
- [l
0 4 0

7r/21
= / Sdp="
. 4 8

(2) In Cartesian coordinates, the integral in question is a non-elementary integral
and there is no direct way to integrate e+ with respect to x or y. Again we
will apply polar coordinates.



y=vI— 2

f=m | |Q‘:0

The region R is substituting £ = r cosf,y = r sinf and replacing dydx by
rdr df enables us to evaluate the integral as

T 1
// e dyde = / / e rdrdo
R 0 Jo
DL er !
_ / | a
O 2

"1 T
- /0 Sle—1)do =" (e~ 1)

4. Evaluate 5 2
y 2 —
/// ($ y—i—z)dxdydz
0 Jo Jys2 3
2 —
by applying the transformation v = %’ v = %, w = %

Solution:

Let’s call the region of integration in xyz-space as D and corresponding uvw-region
as G. We need to find the boundaries of the region in uvw-region and the Jacobian
of the transformation in order to evaluate this integral. To find them, we first solve

2x — z
equations u = %, v = %, w = 3 for x,y and z in terms of u,v and w. Routine
algebra gives:
r = u-+wv
y = 2v
z = 3w

We then find the boundaries of G by substituting these expressions into the equations
for the boundaries of D.



xyz-equations
for the boundary of D

Corresponding
uvw-equations
for the boundary of G

Simplified

uvw-equations

I‘:g u+y:7:1) u=0
Y 2v
r==+1 utv=|(—|+1=v+1 u=
2 2
y=20 20 = v =
z=0 3w = w =
The Jacobian of the transformation is
Oor Ox Oz
ou Ov Ow
1 10
J(u,v,w) = 9y Oy 9y | _ 02 0[=6
0z 0z Oz
Oou Ov Ow
(y/2)+ 2w —y 2 1 2 pl R
/// ( g)dxdydz = ///(u—l—w)|J(u,v,w)|dudvdw
o Jo Jo

/01/02/01<u+w)6dudvdw
o[ [ [t ] ava
o[ [ G
6/01<

w> dv dw

2 1
+ vw) dw = 6/ (14 2w)dw
0 0
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1. Find the area of the region that lies inside the circle » = 1 and outside of the cardioid
r=1—cosf.



2. Calculate

w/2 pcosx
(a) I:/ / v*dy dx
0 0

(b) Reverse the order of the integral.
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1. Use Lagrange multipliers method to find all relative extrema of 2?y? on the ellipse 422 +y? = 8.
Solution:
Let f(x,y) = 2%y? and g(z,y) = 42% + y* = 8. We solve Vf = \Vg for x,y and \:
20y% = A8x; 22’y = \2y.

First equation gives either = 0 or 4> = 4\. Second gives y = 0 or 2> = \. Either
(z,y) = (0,0) which is not on the ellipse or A = 1, x = £1, y = +2. Hence we obtain
four points: (—1,—2),(—1,2), (1,—2) and (1,2). To show that these points are relative
extrema (not saddle points), one can look at the level curves of f, which are hyperbola. At the four

points we found, these curves stay at the same side of the ellipse.

2. Let Q be the solid bounded by the half cone z = —+/x? 4+ y? and the circular paraboloid
z=2—12?—y? and suppose [ : Q — R. Express // fdV as an iterated triple integral
Q

(a) in rectangular coordinates in the order dz dy dz;
(b) in spherical coordinates in the order dp d¢ do);
(c) [Bonus. | in cylindrical coordinates in the order dr dz df.

Solution:

The half cone and the paraboloid intersect at points with x, y satisfying —/x2 + y? =
2 — 2% — % Set u = /22 + y? to get —u = 2 — u? so that either u =2 or u = —1.
Hence the two surfaces intersect at the circle z = —2, 2% + y?> = 4. (Not at z = 1!
See the figure.)

2—z2—y?
/ / / fdzdydzx.
2+y

b) Express p on the paraboloid as a function of 6 and ¢:

—cos ¢+ /1 4 Tsin? ¢

2:2—;1:2—3/2:>pcosgb:2—p28in2gb=>p(¢): )
2sin” ¢




Hence, the iterated integral is

o5 rp(9)
/ / / fp*sinodpdepdb
o Jo Jo
where p(¢) is as above.

21 p2 pV2—z
/ / frdrdzd9+/ // frdrdzdd.
—2J o Jo Jo

half cone

3. Use the transformation u = $(z +y), v = %(IE —y) to find

1 1
// sin —(z + y) cos =(z — y)dA
oD 2

over the triangular region T" with vertices (0,0), (27, 0), (7, ).

Solution:

The region T is mapped to the triangle 77 in the u-v world as shown in the figure

or,y) _
O(u,v)

above. Observing that + = u + v and y = u — v, the Jacobian J =



// = //sinucosv|J|dvdu
T 0 Jo

= 2/ sinu(sinv)gdu
071'
= 2 sin® u du
JR— 0 1 3 ™ JR—
= (u — §sm2u)0 =T
4. Consider the vector field F(z,y) = e* cosyi — e*sinyj.
(a) Is F conservative on R??
If yes, find a potential ¢ for F; check that ¢ is really a potential for F.
If no, explain the reason in detail, using related theorems.

(b) Find curl F.

Solution:

(a) F is conservative on R%. The potential for F is ¢(z,y) = e® cos y.
(b) curl F =curl grad ¢ = 0.

5. Find the work done by the force field
F(z,y) = 2zyi+ (2% + cosy) j

t
along the curve C' : r(t) :ti+tcos§j, 0<t<

ol

Solution:

Note that F is conservative with a potential ¢ = 2%y + siny. Hence the work done is

3 3m? 3
W= o2 T cos )~ 00.0) = o5 Y~ o0.0) = s s T

6. Consider the vector field

and the curves C', C; and (5.




(a) Is it always true that /

F-dr:/F-dr? Why?
C1 C

Solution:

Let F = (f,g). Observe that f, = g,. By theorem, F is conservative on any simply
connected domain. Since F is not defined at P = (0,1), if a domain contains P, it
must be deleted. One can find a simply-connected domain, as €2y in the figure below,
which contains C' and C and does not contain P. On this domain F' is conservative

by theorem, therefore / = / .
C c Yy

(b) Is it always true that / F-dr= | F-dr? Why?
Co c

Solution:

Not necessarily. Since every domain containing C' and C5 contains P as well, we
have no chance to find a simply connected domain containing the curves but not P.
Therefore we cannot apply the theorem. Hence we cannot be sure about the equality.
Indeed, the equality is false in general.

7. Let C be the boundary of the region enclosed between y = 2% and y = 2z. Assuming that C

is oriented counterclockwise, use Green’s theorem to evaluate @ (6xy — y*)dy.
c

Solution:

The region € is simply connected with a connected, smooth, simple boundary. Set
F=0i+ (6zy —v*)j=(f,9). Then

]{(ny—yz)dy = %F-dr
¢ 9
= f/ 9944 (Green's)
Qf)x
2 2x
= / / 6y dy dx
0 Ja2?
2 2x
= 3/ y*| ., dx
0

_ (4t 2
3 5/,

64

5
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where Q is the solid region bounded by the cone z = 2 — /22 + y? and the xy-plane.
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1. Evaluate the triple integral:

Solution:

In cylindrical coordinates (7, 6, z),
Q={(r6,2)|0<6<2m 0<r<2 0<z<2-r}

///(Q—z)dV _ /2ﬁ/2/2_r(2—z)rdzdrd0
) /%/ r—%r?’drdﬁ

2
= [r——r] =Ar
8 o

2. (a) Find the angle between the planes + =7 and x +y + /2 z = —3.
(b) Find a vector ¥ that is tangent to the curve of intersection of the plane z = 2z + 3y

and the sphere z? + y% + 22 = 6 at the point (2,—1,1).

Solution:
(a) This is the angle between the normals N;=1%and Ny =1 +_§' +2 k. So,

N,-N, 1
cos) = —— = —
|N1||Ny| 2
T
=0 = —
3

(b) The curve of intersection is the circle
522 + 10y + 122y = 6, z2=2x+ 3y

Let R R .
= zi+y(x)]+ z(x)k

= cr', ceR

ST T

One finds 2’ = 2 + 3y/, and 10z + 12y + (20y + 122)y' = 0.

= At (2,-1,1),
yl = _27

Z = —4

= ¥ = c(i — 25 — 4k).



3. (a) Find the directional derivative of f(z,y,z) = x? + y* + 2? in the direction of the
upward normal vector to the surface z = 3z% + 2y at the point (2, 3, 30).

Solution:
Upward

At (2,3, 30)

—

N

N

[~

v £(2,3,30)
Dyf

=k — 6zi — 4yJ.
= k—121—127,
1. \ .
= —(k—121—12j
17 (ko — 124 —125)
= 41+ 67 + 60k
1
= 1-(60 - 48— 72)
=60
17

IN| =17

(b) Let p = /22 4+ y?2 + 22 and f = f(p). Determine the most general f(p) which satisfies

facac + fyy +fzz =

Solution:

0.

fa
1

Pa

f,pwa

-z,

fzczc = f"ﬂi"‘flpm, f,E
1 1

Pxx ___3-772
pp

Since p is symmetric in x,y and z

foz + fyy + o
Pzz t Pyy t Pzz

s+ P + P
Joz + fyy + o

= ‘;—Ill = (In f')’
= f
= f(p)

4

dp

J:;”(pil—i_ ng/ +2:0§) + fl(pzz + pyy + pzz)

p P p
1 Thus
2
f'+=f'=0
P
C
2
A
— + B, A, BeR
P

4. (a) Find the surface area of the part of the hyperbolic paraboloid z = 10 + zy that lies
inside the cylinder 22 + y2 = 9.

Solution:



A(s) = // V1+a2?2+y?dA where
Q

Q = {(z,y)|z*+y* <9} Using polar coordinates,

27 3
A(s) = / / V1+7r2rdrdd
o Jo

3
2 (14123

2" 32|
2
- %(103/2—1).

(b) By using the transformations = + y = u, y = uv, evaluate the double integral

1 11—z Ly
/ / e=tv dy dzx.
o Jo

Solution:

Y = uv,
o(z,y) l—v —u | _
a(u,v)_dt[ " }—(1 v)u— (—u)v =u
y v
1 1
y=1-x -
1 X 1 u

1 ople 1 pl
/ / e=v dy doz = / e’|u| du dv
o Jo 10 o

= 5(6 —1).

5. (a) Evaluate the line integral / F - d7, where F = 2223 i + 3222% k and C is the curve
t

c
r =cost,y =sint,z =sin2¢,0

< 27r.

Solution:

-
F = <7(2%2%), conservative.

C is closed: 7(0) = 7(27)



= [F-dF =
C

(b) Let F=ax r where @ = a1% + as] + ask is a constant vector and 7 = z1 + yJ + zk.
Find V F and V x F. Is F a conservative vector field?

Solution:
. [ i ] k
F = det| a; ay as
[ Ty oz J ) )
= (a2 —yas)i + (vas — za1)j + (yar — zaz)k
= v - F=0
- = 0 0 0
F = det 9 9 9
v X ¢ ox oy 0z
(zag —ya3) (zaz —zay) (yay — xas)
= |2 o~ ww) ~ L way )|
= By Yyai — Tao 2 raz — zq ]
|2 (er = yos) — 2 (g - 2| 5
% 209 — Yas oz Yyay — Tao | J
[0 0 ~
+ %(J)ag —zay) — 8—y(za2 — yag)_ k

—

= 2a
Thus v x F = v x (@ X 7) = 2@ and since v x F #0, F is not conservative.

6. Let f(z,y) and g(z,y) be two functions that are continuously differentiable on an open set

containing the circular disk Q whose boundary is the circle 22 + y2 = 1. Two vector fields F
and G are defined as

~

F = fi+g3, G =(9.—9,)t + (fo — £,)3-

Find the value of the double integral

/ f-édmdy,

if it is known that on the boundary of Q we have f(z,y) =y and g(z,y) = 1.

Solution:

ﬁ'é:fxg_fyg+fgw_fgy:%(fg)_%(fg)'



By Green’s Theorem we know:

/de+Ndy://(Nw—My)dA
C Q

Identify M = N = fg. Then

/ ﬁ-édxdy=/<fg)(dx+dy),
Q C

where C is the circle 22 + y? = 1. Using

z(t) = cost, y = sint, t € [0,27],
f=y,9=1

/(fg)(dx +dy) = /27r sint(cost — sint)dt = —7
0

c
Therefore,
/ ﬁ-édwdyz—w.
Q
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1. Consider the curve r = # in polar coordinates. Compute the curvature at 6 = .

Solution:
x =rcost x =0cosb
y =rsinf y = 0sinf
_ l#g — @]
(i + g2)*"”

S
Il

|
=

\_/\i]/v\_/
Il
I
3

& = cosf + 0 (—sinb)
Z=—sinf+ (—sinf) + 6 (— cosh)
y =siné + 6 (cos )

i = cosf + cosf + 0 (—sin §)

TN = (EDED 2ew
(=12 + (-m)2)* (1 + 72)%

2. Compute v/ f(r) where r = /22 + y2 + 22 and interpret your result geometrically.

|
.

LR R
@@ 8 R
I
I

Solution:
or 4 or or »

By chain rule , Vf (r) = f' (r) 8_xZ+fI(T) a—yj+f’(7°) &k

2 S 2 “~ 2 A~
f'(r) SE— L___j+ "
2V +y?+ 22 222+ P+ 22 2¢/xt 4yt 422
(r

fl

!
) (:ci+yj+zk) _F0 g
r () r
Here the term f_r is a scalar and the second term ¥ is a vector.

T
= V[ (r) is parallel to the vector 7.
& V f flows outwards away from the origin.

4 N\

(x,,2)

=

& f is constant on all circles r = constant and V f is 1 to these circles.



of

3. Is there a function z = f(x,y) with continuous second partial derivatives such that 9
x

2y — e” siny, 8_y =1+ e"cosy? If yes, find such a function. If no, justify your answer.
Solution:

0 (0 0

ay <£> = 8_y(2y —e’siny) =2 —€°cosy = fyu

o (0 0

B (8_£> = %(1 +e®cosy) =e"cosy = fuy

The equation fyy = fyz & 2 —e€®cosy =e“cosy & 1 = e cosy is NOT satisfied on
any region (2.
Therefore there is no such function on any region €.

4. Evaluate [[[(2?+y®+2%)dV, where § is the region in the first quadrant (z,y, z > 0) bounded
Q

1
by the sphere 22 + 32 + 22 =1 and the planes y =z, y = — z.

V3
Solution:
4 N\
Z A
X
y=x/V3 y=x
_ J

0<p<l T<H<T 0<¢<

///(x2+y2+z2)dv:A2/03/01p2p2sin¢dpd¢d0:(%—%([—cosgb](?).(%):
Q 6
™

@.
5. Let P =(1,2), Q@ = (2,4), R = (3,—7), S=(4,2) and C the curve consisting from line segments
from P to Q, Q to R and R to S. Evaluate

vl

/(6zzcy2 — y®)dx + (62%y — 32y?)dy
C

Solution:



(1,2)

/\\ C /4,2)

N /
P, = (6zy* — y?), = 12zy — 3y?
Q. = (62°y — 32y?), = 12xy — 3y*
Therefore P, = @, on R?(= simply connected) = line integral is path independent.
=t 1<t<H4
= 2

We therefore replace C by the line segment { Z

(1,2) (4,2

2442 4
= 156.

/14(6t(2)2 — (2)%)dt = [T — 8t

1

6. Let C be a closed and simple (= without self intersections) curve. Show that

/ (—4*)dz + (=)dy

C

is a positive number.

Solution:

If g(z,y) > 0 for all (z,y) € Q, then [[ g(z,y)dA>C
o

This follows from the definition of the double integral as a limit of Riemann Sums.
Now, by Green’s Theorem,

J(=y*)dz + (2®)dy = [[(32% + 3y?)dA > 0 because z% + y* > 0 on (2.
C 0
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1. Find an equation for the plane that contains the lines x =y =2z—-2and z/2=y=1—z.

Solution:

The lines intersect at the point A = (0,0, 1), so there is such a plane.

The first line has the parametric representation (z,y,z) = (2t — 2,2t — 2,t), so its
direction vector is u = (2,2, 1).

The second line has the parametric representation (x,y,z) = (2t,¢,1 — t), so its
direction vector is v = (2,1, —1).

The vector n = u X v is perpendicular to both direction vectors, hence it is normal
to the plane that contains the lines.

1 3 k
n=uxv=|2 2 1|= 2 1 1— 2 1 J+ 22 k=-31+45 - 2k.
5 1 1 1 -1 2 —1 2 1

For any two points A and B on the plane, the vector BA is perpendicular to the
normal. We have A = (0,0, 1) on the plane. Letting B = (z,y, z) be an arbitrary
point on the plane, this gives us the equation of the plane:

n-BA=0
(=3t +45 —2k)-(zi+yj+(z—1)k) =0
—3z+4y—2(z—1)=0
—3r+4y—2z2+2=0.

2. The temperature distribution on a metal plate is T'(x,y) = 200 — (z? + 4y?). Let P be a heat
seeking particle in the plane (heat-seeking means that the particle moves in the direction where
the increase in the temperature is maximum).

(a) Suppose that we place the particle at (2,0). In which direction will the particle move?
(b) Find the path followed by this particle.

Solution:

The direction of maximum increase of T'(z,y) is given by the gradient of T'(z,y):

VT = 8—Tz+6—T ) = —2x1 — 8yJ.
ox dy

(a) At the given point the direction is VT'(2,0) = —4s.

(b) Note that when the particle is on the z—axis, the direction of movement —2z%
is along the x-axis towards the origin because the temperature 7' is increasing as
particle comes closer to the origin. So the particle cannot leave the x—axis, it moves
from the starting point to the origin, where T'(z,y) is maximum, along a straight
line.



3. Find // Ty dA, where @ is the triangle with vertices (0,0), (2,0) and (2, 2).
Q x

Solution:

We can evaluate this integral if we do the first integration with respect to variable y.

// sindi _ /2 /I Sinxdydx:/z [sinacy]ac "
Q z =0 Jy=0 Y =0 x y=0

2
:/ sinxd:r:[—cosx}izoz—cos2+(:050:1—cos2.
=0

4. Find the volume of the solid bounded by the cone z? = 2% 4 y? and the cylinder z? + y% = 9.

Solution:

Both the cone and the cylinder have rotational symmetry around the z—axis, so we
should better work in cylindrical coordinates (r, 6, z). In cylindrical coordinates, the
cylinder has the equation r = 3, and the cone has the equation 22 = r?. The equation
z = r gives us the upper half of the cone, and z = —r gives the lower half. Hence
the volume is:

27 3 r 27 3 r 2T 3 T
/ / dav = / / / rdzdrdf = / / |:’f'2:| dr df
=0 Jr=0Jz=—r 0 0 —r 0 0 2=
27 3 27 92 3 27
= / /2r2drd0:/ [—7«3] d&:/ 18 df = 367.
0 0 0 3 1,2 6=0

1 1 1
5. Consider the unit sphere 22 + y? + 22 = 1 and the points A = (—,—,——), B =
P Y P V3 V3 V3
1 1 1
(—, —, —) on that sphere. Find the coordinates of the point C' on the sphere such that
V3 V3 V3

the triangle ABC' has maximum area.

Solution:

Let the third point be C' = (z,y,z). Then construct:

2
u=BA={0,0——
< \/§>
1 1 1
—CA={(0— ——y— —, 24+ ——
Y <“" N1 \/§>

are two sides of the triangle ABC.

The length of the cross product of u and v is equal to ||ul|||v|| sin a;, where « is the
angle between u and v. This is equal to the area of the parallelogram with sides u



and v, or twice the area of our triangle. So, we want to maximize ||u x v||.

) 7 k
0 0 2
uxXv = 3
1 1 f1
T——F4— Y——F4—= 2+ —
NI B
0 2 0 2 0 0
1 . 1 1 . 1 (97 e — y——
-—— z+ —F rT——F— 2+ —+

o x ol = %(y—%)%(_%)

We want to maximize the square root of the last expression, but this is the same as
maximizing the expression itself. So we want to maximize

o= (r=4) ()

subject to the constraint S(z,y, 2) = 22+ y?+ 22 —1 = 0. We can solve this problem
using the method of Lagrange multipliers:

2

VH(z,y,z) = A\VS(z,y,2),

that is equivalent to:

2<m—%>i+2< —%)j:/\(2xi+2yj+2zk)

or componentwise:

1
)\l‘ = x—%

1
Ny = y——
Y V3
Az = 0

together with the constraint 2% 4+ y? + 22 — 1 = 0.

The first two equations give us x = y. By the third equation, we have A = 0, or
z=0.

If A =0, first two equations give us z =y = 1/\/3 We substitute these in 22 + 2 +
22 —1 = 0 and solve for z to get z = j:l/\/g. The points we get are A and B. At
these points we have H(z,y, z) = 0, i.e. there is no triangle at all. Clearly H has its
local (global) minimum at these critical points. So they are not what we want.

Then we must have z = 0. This gives us 22 + y? = 1. Since we also have x = y, we
have z = y = 1/v/2. We get the critical points:

() = ()



By evaluating H at these points, we see that H achieves its global maximum at the
second one.

6. Find the work done by the force field F' in moving a particle along the path y = 1/x from

azr + by

y — +oo to x — +oo, if the field has a potential ¢(z,y) = o a,b € Rand F(1,1) =
)

7ri T,
FREVEE
Solution:

In a force field defined by a potential, the work done depends only on the initial and
final points, and is equal to the difference of potentials at these points. Since our
initial and final points are at infinity, we have to compute the values of the potential
there by computing appropriate limits.

At the initial point, the potential is

, . afy+by
1 1/y,y) = lim /77
At the final point, the potential is
- . ar+b/x
Jm gl 1/z) = hm S =

Therefore, the work done is equal to a — b.
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1. Find parametric equations for the line that is orthogonal at the origin to the plane 3z+y-+z = 0.

Solution:

Let L be the line. P(0,0,0) is on L. The vector 3i+ j + k is a normal vector for the
plane 3z + y + z = 0, so, is a direction vector for L.

=3t
Thus, L: ¢ y=1
z=t,telR

2. Show that the ellipsoid 922 + 42 4+ 922 = 36 and the sphere 22 4+ y?+ 22 — 102+ 16 = 0 have
a common tangent plane at the point (0,0,2). Also find the equation of this tangent plane.

Solution:

P(0,0,2) satisfies the equations of both surfaces.

Let w = 922 + 4y? + 922 — 36. Then, Vw|p = 18zi + 8yj + 182k |p = 36k

= N; =k is normal to the ellipsoid at P.

Let u =%+ 42+ 22— 10z + 16. Then, Vu|p = 227+ 2yj + (22 — 10)k |p = —6k
= N, =k is normal to the sphere at P.

The plane through P and normal to k is tangent to both surfaces at P. The equation
of this tangent plane is 0(z —0) +0(y —0)+1(z—2) =0 ie. z=2.



3. Suppose f(z,y) is a differentiable function satisfying the partial differential equation
3fs +5f, =0.Let u =z +y and v = ax — y. Find the value(s) of « for which f, = 0.

Solution:

By the chain rule

of _0fou  Of v

fa = or auax+%a_x:f“'“+f”'°‘

and
8f 8f8u of ov

Substituting into 3f; +5f, = 0, we get (3a+5) f, + (3a—5) f, = 0. To have f, =0,

we require (3a — 5)f, = 0 and hence o = g

4. Let G be the region bounded above by the sphere p = a,a > 0 and below by the cone
o= 3 where p and ¢ are spherical coordinates. Express the triple integral

][ @+
G
a) using spherical coordinates, and sketch the region G.

Solution:

(a)

2 +y? =12 = (psing)?; dV = p?sin ¢ dpdg db.

Hence, I = ///,0 sin? ¢p?® sin ¢ dp de df = /27r/ / p*sin® ¢pdpde db.



b) using cylindrical coordinates.

Solution:

¢—z:>tan¢ V3= —:>z—

p=a = >+’ +22=0a%> = r*+z2
equation of the sphere.

T aV3
2

r=psing =asin - =

3
a\/§

The surfaces intersect in the circle with radius r = —

VaZ—r2
Hence,[z///r rdzdrdﬁ—/ / / r3dz drde.

c) Evaluate one of the multiple integrals found in parts (a) and (b).

S‘ <
w
[

N

Solution:

From the integral found in part (a),

fud 5 p=a
I = 27r/3 <lo—sin3 ) do
2ma® [
= /3 sin® ¢ d¢
5 Jo

(1 — cos® ¢) sin ¢ d¢p

( cosd 4 & gb)
27 1
5 {_5

Il
Y
s
ot
o\
w3

0

+

11
38
1 2 2ma® 29

N | —

s the equation of the cone.

=a? = 22=0a%—1r? is the



5. Find the work done by the force field F(z,y) = geZy cos ? i+ 2e¥ sin 7;—96; along the path

given by the semicircle 22 + y* = 1, y > 0 from point A(1,0) to point B(—1,0).

Solution:

Let M = 623’ oS — e and N = 2¢%sin ™
Method I: Calculate the first partial derivatives M and Ng:

T T T
M, = g - 2e% 6057; = e cos 5 and N, = 2e% . 5 cos % = me? cos — T

M, = N, everywhere = F is conservative. So, work is path-independent.
Choose an easier path from A to B.

r. ) =t _ _ —
C'{y:O,—1§t§1 = dx=—dt,dy=0.

M

Then,

W = / F-dR= | F-dR (by path-independence)
c c
1 —_—
= / T e0 cos (=) (—dt)

.2 2
1

= —g /1COS (—gt) dt

=—-1-1=-2.

Method 1I: Find the potential energy function w.

0
a—Z—M—Qercos 5 . Then,
— ™ 2y Ed
w(z,y) 2/6 cos —-dz
T sin I
= §€2y  + ¥(y)
2
= e¥ sin? + ¥(y)
ow oy . TX , oy . TX
= — =2 sin— + ¢ =N = 2" sin —
dy 2 2

= YP=0=9Y=c
Thus, w(z, y)—eysin 5 Zte

Hence, W = w(B) — w(A) = sin (—%) - sing =—-1-1=-2



6. A particle moves along the path C determined by the curves y = 22 and y = z® where
0 < z < 1. It starts its motion from the origin along y = x? and then it comes back to the

-

origin along y = z® under a force field F(z,y) = (% + y)i + (¢® — y)].

(a) Determine the total work done on the particle by the force field F , by directly evaluating
the proper line integrals.

Solution:

Let M =2 +yand N =22 —y.

Yy
1.
y:xQ | \\:§y:x3
v
| T
0 1
S = de = dt, dy = 2tdt
o y=t2(fromt:0tot:1) r=at, ay =
=t B o
02'{y=t3(fromt:1tot:0) = dr =dt, dy = 3t"dt
W = F.dR+/ F-dR where F-dR = Mdzx+ Ndy = (2% +y)dx+ (2 —y)dy.
C1 Cs

Then,
1 0

W = /(t2+t2)dt+(t2—t2)2tdt+/ (2 + 3)dt + (t* — t*)3t2dt
0 1

1 3 4 5 6
et 3t

= = =343t =5 — - — —+ =
/0( + 3t°) 371 5+2

1

(b) Determine the total work done on the particle by the force field F, by using Green’s theorem.

Solution:

By Green’s theorem, W = ]{ F-dR = // —(N;—M,)dA (because C is oriented
o R

clockwise). Since N, =2z, M, =1,

W= //R(l—2x)dydx=/01/$:2(1—2x)dydm

- /01 (1-22)y [ dx:/o (1 - 20)(a?® — 2*) da
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1. Let a,b,u and v be unit vectors in 3-space lying on the same plane. Assume that a is
perpendicular to b and that w is perpendicular to v. Show that (a xb)- (u x v) = £1. Explain
what the 4+ and — signs geometrically mean.

Solution:
Given is ||al| = ||b]| = ||u|| = ||v]| =1 and a, b, u, v € P where n is a normal vector
for P.
axblP=axbjnand |laxbl|=]||a|l||b||sinfd=1as0=n/2(aLDb).
uXxvlP=uxv)nand ||luxv||=||ul|||lv][sing=1as ¢=n/2 (u L v).

We conclude that both a X b and u X v are parallel unit vectors, so the angle between
them is either 0 or . Then:

(axb) - (uxv)=|laxb|| ||luxv| cosa==+1.

If +1 then a x b and u X v have the same direction, if —1 then they have opposite
directions.

. : ow . : .
2. Using the chain rule compute — if w =sinzy +siny, r = u? +v? and y = wv.

ou

u=0,0=1

Solution:
ow Owdzr OJw @

Bu ~ 9z0u | By ou
we have x = 1,y = 0. Substituting all these values:

= (ycoszy +siny)2u + (xcoszy + x cosy)v. At u=0,v =1

0
ow -9
au u=0,0=1,z=1,y=0
3. Find the points on the sphere x? + 2 + 2? = 36 that are closest to and farthest from the point
(1,2,2).
Solution:

We use Lagrange multipliers to solve this problem. The distance function is d =
V(z —1)2+ (y — 2)2 4 (z — 2)2, hence enough to extremize its square. We find the
maximum and minimum of f(z,y,z) = (z — 1)? + (y — 2)? + (2 — 2)? subject to the
constraint g(z,y,z) = 22 + y*> + 22 — 36 = 0.

For a nonzero \ we set:

Vf=AVg= (2(zx—1),2(y —2),2(z — 2)) = A2z, 2y, 22).



Equating each corresponding slot:
1-XNz=1,(1-XNy=2,(1-XNz=2.

Note that if A = 1 then these three equations become inconsistent. So let A\ # 1.

Then we get:

2
XYy 1oy

The point we are seeking is on the sphere meaning that this triple must satisfy
g9(z,y,2) =0:

T =

1 4 4
(Y RV (R Ve A
This is equivalent to saying A = 3/2 or A = 1/2. Now we compute f at each of these
points induced by different values of A\, ie. A=3/2 < 2= -2,y = —4,2=—4 and

A=1/2 1 =2y=4,2z=4. Then:
F(=2,—4,-4) =81, and f(2,4,4)=9.

We conclude that the closest point is (2,4,4) with the distance 3 and the farthest
point is (—2, —4, —4) with distance 9.

4. Let R be the solid region in the first octant bounded by the coordinate planes, the plane
y + z = 2 and the cylinder x = 4 — y?. Express the volume of R as an iterated triple integral:

(a) in dzdzdy order (do not evaluate).

Solution:

The solid is bounded by the coordinate planes which are z = 0,y = 0,2 = 0. Hence

easily:
2 pd—y? p2—y
= dzdzxdy.
I

(b) in dydzdz order (do not evaluate).

Solution:

Along the y-axis (slices parallel to zz-plane) there are two possible boundaries. So
this is the sum two triple integrals:

//Dl/zzdydA—i-//m/ dydA,

where Dy = {(2,2)[0<2<4—(2—2)%4,0<z2<2}and Dy = {(x,2)][4— (2—2)? <
z <4,0<z<2}. Hence:

(2—2)?
// / dydxdz-l—// / dyd:cdz
(2—2)



(c) Find the volume of R by evaluating one of the above triple integrals.

Solution:

First integral is obviously easier to evaluate:

V(R) = //4 y/ dzdzdy = /02/04_y2(2 — y)dzdy = /02(2 —y)(4 - y*)dy

2 y*? 16 20
= 8y—-y -2+ L | =12—- - ="".
[y 37 y+2] 3 3

0

Y2 fog — z
5. Evaluate /// ( LA §> dzdydz by using the transformation u = (2x — y)/2, v =

y/2 and w = z/ 3 and 1ntegrat1ng over an appropriate region in the uvw-space.

Solution:

We easily find the back transformation to be z = u 4+ v, y = 2v, 2 = 3w. Now we
have to find new boundaries or the transformed region via the principle boundaries
go to boundaries:

upper boundaries lower boundaries
r=14+y2=u+v=14+v=>u=1 z=y/2=ut+v=v=>u=0
y=4=2v=4=v=2 y=0=>v=0
z=3=>3w=3=>w=1 z=0=>w=0,

which shows that the new region is a rectangular box (i.e. all boundaries are con-
stant).

To transform the integral we need also the Jacobian of the transformation which is:

1 10
8 ‘/L.’U, :'Z:U '/L"U)
8(%&= Ve Yo Yo |=|0 2 0|=6.
(v, v, w) Zu 2y 2w 00 3

The integral transforms as follows:

L, Corteg) e = [[ foew|5e0
_ 6/01/02(w+1/2)dvdw= 12/01(w—|—1/2)dw

w  w?]!
2 "2,

dudvdw

2 \/4ny \/875027112
6. Evaluate / / / 22dzdzdy.
0J0 v x2+y?

Solution:



The boundaries suggest that it is convenient to use spherical coordinates: z =
psin¢cosf, y = psinpsinf and z = pcos ¢ where 0 < ¢p < 7 and 0 < 6 < 27.

First remark is /22 +y? < 2z < /8 — 22 —y2. Transform these into spherical
N—_——— N—_—— ——

cone sphere
coordinates:

z= /12 +y? & pcos¢p = psing = ¢ =7
z2=1/8 -2 —y2 < pcosp = /8 — psin ¢ = p = 2V2.

Intersection of the sphere and the cone: 22 +y? = 8 — 22 — y? = 22 + 3?2 = 4 on the
zy-plane. This means:

0<z<4y4—9? and 0<y<2

which is the first quadrant of the circle with radius 2 and center at the origin on the
zy-plane. Hence in spherical coordinates: 0 < 6 < 7/2. The radius of this circle is
nothing but the projection of p onto zy-plane with the angle ¢ = 7/4. Thus, new
boundaries are:

0<H<7/2, 0<p<2v2, 0<¢<n/4

Now rewriting and evaluating the triple integral:

Vi—y? py/8-22- 72 pr/d p2V/2
/ / / 2dzdaﬁdy = / / / p° cos® ¢p? sin ¢ dpdpdf
$2+y 0 0 0

215/2 w/2 pr/d
= / / cos® ¢ sin ¢ dpdh
5o Jo Jo

215/2 1 1 w2
- 5 [g_ 3.23/2]/0 df

25 32
= 1—5(2\/5 —1)m = 1—5(2\/5 — D)m.

7. Consider the vector field F' = 229 + (1 + 32%y?)j defined in the xy-plane.
(a) Find a potential ¢(x,y) for F,i.e. such that F = V¢.

Solution:



First note that V¢ = (¢, ¢,). Equating this to F' we obtain:
(22y°, 1+ 32%y%) = (¢a, by)
and this yields two differential equations to solve:
be = 2zy> and Oy =1+ 3z%y°.

Integrating the first one: ¢ = 2%y + a(y). From here we can compute the derivative
with respect to y: ¢, = 3z°y* + a'(y). But this must naturally coincide with ¢, =
1 + 32y? which entails a'(y) = 1 or a(y) = y + ¢, where ¢ € R. Here the arbitrary
constant ¢ may be chosen as 0. The potential consequently becomes:

¢ =2y’ +y.
(b) Find the work done by the force field F on a particle that moves along the curve C' in the
direction of increasing z, if C'is formed by y = v1 — 22 for 0 <z <1,y =2zx—2for 1 <z <2
and y = —x +4for 2 <z < 4.

Solution: 9 |

Let us first label the three curves forming C' by C;, Cy and Cj respectively. Then

the work done is:
W:/F.dr:/...+/...+/..._
c C Cs Cs

But in part (a) we showed that F' is conserved, namely work done by F' is path
independent. Hence we can apply the fundamental theorem for line integrals:

/ F -dr = / V¢ - dr = ¢(end point) — ¢(initial point).
c c

Now we compute these points: £ = 4 = y = 0 meaning (4, 0) is the end point, and
z = 0 = y = 1 meaning that (0, 1) is the initial point of the path. Then:

W =¢(4,0) — $(0,1) =0—1= —1.

2

8. (a) For which region D is the double integral // (1 — % — yz) dA maximum? (Hint: Think
D

of the volume interpretation of a double integral.)

Solution:



/ f(z,y)dA represents a volume if f(x,y) > 0 in D. When f(z,y) starts taking

negative values the value of the double integral starts decreasing. Hence, to maximize
the volume we must choose D as large as possible so that f(x,y) remains nonnegative.

After this general argumentation we come back to the question. Our f > 0 if and
2

only if xz +y? < 1. Thus, we choose D to be the elliptic region described by:

D = {(z, y)€R2\4 +y? <1},

so that the given integral is maximum.

(b) Find the simple (non-self-intersecting), positively oriented (counter-clockwise) closed curve

3
Csuchthat/F-d’r is maximum if F = (x4y+%>i+xj.
o

Solution:

Since C'is a simple curve, the region bounded by it is simply connected. Then Green’s

: : ?y v
theorem is applicable. We set P = e + 3 and Q = z. Then:
22y o
/CF-dr = / (Tﬂ—?)dx%— x dy
_\,_/ Q

0 oP
= // (a—g - 3—y) dA (Green’s thm.)

- [ -5-s)e

This is the integral maximized in part (a) If D is the region found above then the

required simple curve is the ellipse: C': Z +y2=1.
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1. Change the order of integration in the following integrals.

o / i_wf(fc,y) dyd.

Solution:
Y
KO 2
B IN
-1 \ 3 €T
S — : y=1—-x
= 7z

From the sketch we see that to consider dzdy order of integration we divide the region
into three parts.

2 ploy 1 pl-y 0 pl
R15/ f(z,y)dzdy; Rz:/ / [z, y)dzdy; R35/ / [z, y)dzdy.
1 —1 0 —y —1J—y

=>// fa:ydydx—// fxydaﬁdy—i-// fxydxdy—i—/ fxydxdy.
-1 —1J—y

m 2sin 6
b)/ / dr db.

0o Jo

Solution:

One can solve the problem either in xy-plane or in fr-plane. Let us consider the
curve 7 = 2sin@ in zy-plane. Using the relations r? = 2% + y*,y = rsinf, we get
2? + (y — 1)> = 1. From this equation and the given limits of integration, we have a



region as shown above. Now, 2sina; = 7 and 2sin g = r. As we see ap > 7/2 > oy
and ap = 7™ — ;. Therefore, a; = sin *(r/2) and o = 7 — sin” !(r/2). (Note that
sin ! is defined for —7/2 < 6 < 7/2). It follows that

2sing m—sin~1(r/2)
/ / drdf = / / dodr.
H(r/2)

2. Analyze the behavior of f(z,y) = 2%y + zy® + zy at its critical points.

Solution:

The first partial derivatives are

0
a—; =5ty +9° +y=y(Bat +y* +1)
and
0
a—; =2(5y" + 2 +1).

The terms 5z* + y* + 1 and 5y* + 2* + 1 are always greater than or equal to 1, and
so it follows that the only critical point is (0, 0).
The second partial derivatives are

0%z 0%z
— =202%y , — = 20xy?
2 Yy, 017 xy
and
0%z
=5zt + 5yt + 1.
920y T+ oy +

Thus at (0,0), D = —1 and so (0, 0) is a saddle point.

3. Find the maximum and minimum values of the function f(z,y) = 2 + y* —z — y + 1 in the
disk D defined by 22 + y? < 1.

Solution:
(i)To find the critical points we set df /0x = 0f /0y = 0. Thus, 22—1 =0,2y—1 =0,

and hence (z,y) = (3, 3) is the only critical point in the open disk U = {(z,y) :
2 +y? <1}

(ii)The boundary QU can be parametrized by ¢(t) = (sint,cost),0 < ¢t < 27. Thus
f(e(t)) =sin?t + cos?t —sint — cost + 1 =2 —sint — cost = g(t).
To find the maximum and minimum of f on QU it suffices to locate the maximum

and minimum of g. Now ¢'(¢) = 0 only when

5T

int ¢ that is, t = —
sint = cost ,that is, t = —, — .
14



Thus the candidates for the maximum and minimum for f and QU are the points

¢(Z), ¢(%r) and the endpoints ¢(0) = ¢(27).

(iii)The values of f at the critical points are: f(3,3) = 3 from step (i) and, from

step (ii),
fley = 122 =2 v,
fle2) = 1= -2 =242,
and

f(e(0)) = f(e(2m)) = f(0,1) = 1.

(iv) Comparing all the values %,2 — V2,2 4+ /2,1, it is clear that the absolute

minimum occurs at (1, 1) and the absolute maximum occurs at (—v/2/2, —v/2/2).

. Let C be an oriented simple curve connecting (1,1,1) and (1,2,4). Evaluate / 2zyzdx +
c

2?2 dy + r*y dz. Justify your evaluation.

Solution:

Observe that F' = Fji+ FJ+ F;;E = 2xyz77+ x225+x2yﬁ is conservative with potential
é(x,y, 2) = 22yz, i.e. 0¢/0x = Fy, 0¢/0y = F, and d¢/0z = F3. By Fundamental
Theorem of Work Integrals, it follows that

/2:ryzdx+x22dy+x2ydz=¢(1,2,4)—</5(1,1,1):1-2-4—1-1-1:7
C

. Let R be the region the the first quadrant of zy-plane bounded by the curves y = 22, y = 322,
y = z and y = 2z. Evaluate / / z?dz dy. Hint: You might try an appropriate change of
R

variables.

Solution:

Wl

W=




Consider the transformation
2 2 v
T:R >R, (u,v) > (x=-—
U u
so that v = 2 and u = %. With this transformation the rectangle enclosed by the

linesu =1, u =3, v=1, v=2is mapped onto the shaded region in zy-plane. The
corresponding Jacobian is:

v 1
3(3;,3/) _ _E E . U2 U2 _ ’1)2
u,v) | v 2v ud oud ol
u?

Note that there is a minus sign since the transformation 7" reverses orientation. Then,

o[ [ 35 4]

5 81"
6. Let C be the boundary of the square with corners (1,1), (2,1), (2,2), (1,2), oriented counter-

— | dvdu = — —
vdu = U :
clockwise. Compute

4

1 1

/ (2% +y) dz + (22 + v?) dy.
c

Solution:

Since (a) the enclosed square S is simply connected, (b) its boundary is a simple and
closed curve and (c) f = 22+ y and g = 2z + y? are differentiable over S, one can
use Green’s Theorem to change this line integral into a double integral over S:

.- //(a—i—a—y)ddx—// (2 1)dydz = 1.

7. Let A', E, C be the vectors in 3-space. Assume that A s orthogonal to neither B nor C.
(a) What is the angle between A x (B x C) and projg, ¢ A ?

Solution:

Either (i) A is normal to B x C such that proj B éff is the zero vector and the angle

is undefined,; o

{ M[}' x C is parallel to B x C",
1B x C[?

hence orthogonal to A x (E X é) by the definition of cross product. In this case, the

angle sought is 7/2 radians.

or (ii) the nonzero projection projz, s

— — —

(b) If A # 0, then does A x B = A x C imply B = C ? Justify your answer.

Solution:

No, for example, let A=
B, nortoC and Ax B =

,E =i+ j and C = 2+ 7. Then A is not orthogonal to
1X14+1X] =
butB—z+j7é22—|—j C.

O+k—z><22+z><g—A><C’



sin !(xy — 2)

8. Evaluat li )
vamae (z,y)l—rfgzl) tan=!(3zy — 6)

Solution:
Let a = zy — 2. Then (z,y) — (2,1) implies a — 0. So

lim sin '(zy —2) .. sin"'(a)
(@y)>21) tan~'(3zy —6) a0 tan~'(3a)

which leads % indeterminacy. After application of L’Hopital’s rule we get:

sin™!(a) 1+ 9a?
li — =1 — =1/3.
I TG aB i Y

9. Bonus question. (a) Let F =427+ 4yf—|— 2k. Let S be the surface that is the bottom of the
paraboloid z=22+y?2 with z < 1. Find the outward flux away from the z-axis of F' through S.
(b) Let Q be the solid inside z = 22 + 32 and below z = 1. Let F be as above. Evaluate
[ff,V-Fav.

Are the results in part (a) and (b) equal? Why? [You may answer this question without solving
(a) and (b).]

Solution:

(a) The surface S is parametrized as © = u, y = v, z = u> + v2. A normal to S

i j K )
is at (u,v,u? +v?) is 7y X 7y = |1 0 2u| = —2ui — 2vj + k. This vector points
01 2w

towards the z-axis, not away from the z-axis. A normal vector away from the z-axis
is 2ui + 2vj — k. The flux is given by the surface integral of F', namely it is equal to

ffsﬁ-ﬁds :// (4ui + 4v] + 2k) - (2ui + 2v] — k) dA
24+02<1

= (8u? + 8v* — 2) dA

u24+v2<1
27 1—

= (8r% — 2)r dr df
o Jp
= 27[2r* — r?]} = 2.

(b) We have V - F = (8%74- %f+ %E) - (427 + dyj + 2k) = 24z + a4y+ 292 =

44+44+0=28,s0
[ff,V-Fdv :///dezs/// dv
—8// / dzdA
2+y2<1 :v2+y

- [1— (2> +9%)]dA

2+y2<1

/ /[1—r2]rdrd0
27 ,,,2 7.4 1
ol

1

8- 27 -

= A4r.

4



(¢) The results in (a) and (b) are not equal. In fact, by the divergence theorem, the
integral over (2 is equal to the surface integral of F' over the whole surface enclosing
2, and this surface consists of S and the disk D = {(z,y,2) : 22 + 4> < 1, 2 = 1}.

Since
///6-F“dvz//ﬁ-ﬁds+//ﬁ-ﬁds
Q S D

and since F has a positive component in the direction of 1_5, which is 77 on D, the
surface integral over D is positive, not zero, and the results cannot be equal. In more
detail, we have

[f, F-idS =// (4ui + 4v] + 2k) - k dA
u2442<1

=2 dA
u?2+u2<1
= 2(area of the unit disk) = 2-71% = 27 # 0.
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1.) Find the point(s) on the surface ry — 2% = 1 closest to the origin.




2.) Evaluate ﬁf’f&? yzdr + xzdy + xy dz.



3.) Let F (x,y,z) be a vector field with continuous partial derivatives. Show that

div (curl F) = 0.



4.) Evaluate fol I W +y? dydz.



5.) Let Ly, Ly be the lines whose parametric equations are
Ly:x=1+Tt, y=3+1t, 2=5—-3t

Ly:x=4—t, y=6, z=7+42t.

Find the distance between the two lines.



6.) Let a curve in the plane be parametrized by = = 2t, y = t%.
a) Find the curvature function of the curve.
b) Find the tangential and normal components of the acceleration of a particle moving on this curve.



7.)Evaluate the line integral §,,y* dz+ x* dy, where C' is the square with vertices (0,0), (1,0), (1,1)
and (0, 1) oriented counterclockwise, using Green’s Theorem and then check your answer by evalu-
ating it directly.



8.) Find the volume of the solid enclosed between the surfaces z = y* + 2% and z = 1 — °.
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1. What horizontal plane is tangent to the surface z = 22 — 4oy — 2y? + 122 — 12y — 1 and what
is the point of the tangency?

Solution:
Begin by rewriting the surface equation as
F(x,y,z) :xz —4371/—2y2+1213— 12y— 1—2.

Obviously, the gradient of this function at the point (xg, 30, z0) is a normal vector to
the surface at (g, yo, 20), where

V F (0,0, 20) = (2z0 — dyo + 12)i + (—4zo — dyo — 12)] + (=1)k

For VF (%0, Y0, 20) to be the normal vector to the horizontal plane, the first two
components of VF(xg, 4o, z0) should be zero. i.e.

2w0 — dyg+12 = 0
—4$0—4y0—12 =0

From these equations and the equation of surface, the point of tangency is (—4, 1, —31).
Hence the equation of the tangent plane is

6F($0,?J0720) - <r—x0,Yy —Yo,z2— 20> = 0
<0,0,—-1> - <z+4y—1,z4+31> = 0

= z=-31



1

v 1
V2/2 /\/1—$2 \/ x? + y2

2. Evaluate dydz.

Solution:

We will use polar coordinates to evaluate this integral. So, first we will identify the
region of integration.

Consider that for fixed x, y runs from +/1 — x? to x, and for fixed y, x runs from

V2

> to 1. So, the region is bounded below by a semicircle of radius 1 centered at the

origin, and is bounded above by the line z = y. The region of the integration is the
shaded area in the figure:

Now let us describe this area in polar coordinates. Consider that r runs from the
circle with radius 1 to the line x = 1. The equation of the circle is » = 1, and the

and 6

equation for x = 1 is rcosf =1 = r = So, r varies from 1 to

cosf’ cosh

varies from 0 to % Thus,
/1 /x 1 w/4 pl/cosf 1
—— dydx = / / —r drdf
V22 Jvi—a? \Jx? +y? 0 1 r

w/4 1 ’
= -1
/0 (COSG )d

w/4 w/4
BT
o cosf 0

w/4
= In|secd + tanf| — 0‘
0

= ln|\/§+2\—£



3. Find the volume of the solid in the first octant bounded by the coordinate planes and the
surface z = 4 — 22 — 3.

Solution:

The projection of the solid G on the xy-plane is shown in the figure:

The volume of the solid can be found as follows:

vgirav = [f [/d

2 4—z2 4—x%—y
= / / / dz dy dx
0o Jo 0
2 pd—a?
= // (4— 2 —y) dy do
0o Jo
2 2

y 4—3}2
= / [41/ — 2%y — —] dx
0 2 y=0

2 A
= / 8 — 42? + —]dx
0 2

dA




4. Let C be the triangle whose edges are x=0, x+y = 1, y=0. Apply Green’s theorem to evaluate

the line integral
/ y2dx + x2dy
c

Solution:

Since f(x,y) = y? and g(x,y) = 22, it follows from Green’s theorem that

/Cyzdx—ierdy _ // [ax y( )| dA
_ //R(Qx—Qy)dA

As given in the question, the region of integration is

1 1—a
/ yide 4+ 2°dy = / / (2x — 2y) dy dx
c 0o Jo
1 11—z
= / [Qxy — y2] dx
0 y=0
1
= /[2x—2x2—1—|—2x—x2]dx
0

= - —F-—r+2°—

, 23 ) :c‘l
3 3



5. Lethethecurvex:gt5+gt4, y:t8+t9+1, 0<t<1.

Find the line integral
1 z/ z x/4
(ycoszy + — e™Y) dr + (zcoswy — — %) dy
c Y Y
Solution:
When t = 0, we have x = 0,y = 1 and when ¢t = 1, we have x = 7,y = 3. The curve

C is from (xo, yo) = (0,1) to (x1,11) = (7, 3).

1
Put P(z,y) = ycoszy + — /Y, Q(x,y) = x cosxy — % ¢®/V. Then
Y )

oP 1 1 x
_ : z/y z/y
— = y(—smnzy)r +coszxy — — e +—<——) e
Ay ( ) y? y\ v
- Voo T
= —aysinzy +cosxy — — e — — "V
) Y
Q) 1 x (1
_ ; z/y z/y
— = z(—sinx cosxy— — e’ —— (-] e
O ( v+ T y? (y)
; 1 oy _ L afy
= —xys1nxy+cosxy——26 —— e’
Y Y
opP 0
So, — = oQ and F'= P 1+ @ j is conservative.
Jdy  Ox

Let’s find a potential function ¢ for F. We have

9, 1
99 = ycosay + — Y
ox Yy

1
¢ = /(ycosxy%—; e:”/y) dx

$w,y) = sinay+ eV + f(y)

We also have
x/y E ¢
_e P —

Qz,y) = wcoszy —
y? oy

a¢ o T x/y !
o (cosa:y):v—l—y2e + f'(y)



So,

C

o(z,y)

/ Pdzx 4+ Qdy

sinzy + "/ + ¢
P(z1,y1) — (0, %0)

o(m,3) — $(0,1)
(sin 37 4 ™3 + ¢) — (sin7 + ! +¢)
e™/3 — 1



Bogazici University

Department of Mathematics

Math 102 Calculus I1

Date: June 2, 2008
Time: 10:00-12:00

T 12 [3 [4 5
20 points each 120
Full Name . OZDEMIR ASAF
Math 102 Number
Student 1D

Spring 2008 — Final Examination

IMPORTANT

1. Write your name, surname on top of each page. 2. The exam consists of 4 questions some of which have more than
one part. 3. Read the questions carefully and write your answers neatly under the corresponding questions. 4. Show all

your work. Correct answers without sufficient explanation might not get full credit. 5. Calculators are not allowed.

1. If f = f(x —y,y — 2,z — x), then show that

Solution: Welet u =2z —y, v =y — 2z, w = z — x, then f = f(u,v,w). Since

and

We get

or or of

or Oy 0z

ou ou ou

ox T Oy "0z 0,
ov ov ov

— = — =1 — =1
Ox 0 oy "0z ’
ow ow ow
o, oo, Do
Ox Oy 0 0z

af 9f du Of v _0f dw 9f Of

or  Ou Or +%'8x +%'8x  Ou Ow’

of _0f ou_ of ov  of ow

of | of

dy  Oudy v oy 8w'8y: ou  Ov’

and

0f _0f ou 0f v Of ow_ 9f 9f

0z Oudz  Owdz Oowdz  Ov  Ow

Then the result follows.




2. Determine whether the following limits exist. If so, find them. If not, give an argument.

2
(10)a. lim — Y

(@)= (0,0) /T — /Y
Solution: We have

lim —$2 -y lim (1;2 — Vet \/ﬂ)
(2)—(00) /T — /Y (@5)—00) (VZ — /§) (VT + \/Y)
z(z —y)(Vz + VY)

= lim
(xry)g'(ovo) T — y
= lim z(v/x+
(z,9)—(0,0) (\/_ V)
= 0(V0+0)

=0
by the continuity of the functions x, \/z, and \/y.

2
(z,y)—(0,0) T= + Y

Solution: Suppose that the limit exists. Then if we approach to the point (0,0) along
the line y = max, then we get

2xy 2ma?

im — = lim—m——

(z,9)—(0,0) 22 + y? 2—0 12 + m2a2
I 2ma?

pr— lm —

=0 x2(m? + 1)

2m
m2+1

So for m = 1 and m = 2, we get different limits and this gives a contradiction.
Therefore we conclude that the limit

2y
1m —_—
(z,9)—(0,0) % 4 y2

does NOT exist.



The surfaces

f(&?,y,Z) :$2+y2—2:0
and

g(x,y,z) =x+2—4=0

meet in an ellipse E. Find the parametric equations for the line tangent to £ at the point
P(1,1,3).

Solution: The tangent line is orthogonal to both Vf and Vg at P, and therefore
parallel to v = Vf x Vg. The components of v and the coordinates of P give an
equation for the line. We have

Vf(1,1,3) = (2zi + 2yj)| = 2i + 2j

(1,1,3)

Vg(1,1,3) = i+ 2k){(17173) =i+k

and
v=(21+2j) x (i+k) =21 —2j—2k.

So, the line is given by

r=1+2t, y=1—-2t, 2=3-2t.



4. Evaluate the following integral

/ /R TydA

where R is the region bounded by the lines y = x, y = 22, and z + y = 2.

Solution: After sketching the graph of the region R, one should have

2/3 2z 1 2—x
// xydA :/ / a:ydydx+/ / xydydx = 13/81.
R 0 T 2/3Jx



(5)a. Find the line integral of f(z,y,z) = = + y + z over the straight line segment from (1,2,3) to
(0,—1,1).

Solution: The straight line segment from (1,2,3) to (0, —1,1) can be given as
r(t) = (i+ 2§+ 3k) + t(—i — 31— 2k) = (1 — )i+ (2 — 3)j + (3 — 20)k,
where ¢ € [0, 1]. This gives
() = —i — 3j — 2k and ||7(¢)]| = V14.

Then we have
1
/f:z:y, ds_/f N (@)]|dt = /(6—6t)\/ﬁdt:3\/ﬁ.
0

(15)b. Find the line integral of f(z,y,z) = x + /y — 2° over the path from (0,0, 0) to (1,1,1) given
by
Cr: rt)=ti+tj, 0<t<1

and
Cy: r)=i+j+tk, 0<t<1.

Solution: We observe that C runs from the point (0,0,0) to the point (1,1,0) and

C5 runs from the point (1,1,0) to the point (1,1,1) and the path from (0,0,0) to
(1,1,1) is a piecewise regular path with components C; and Cs. Therefore

/Cfds:/CIfder/CQfds

with suitable orientations of C'; and C5. We compute
Cr: rt)=ti+t%, tc[0,1]=7(t)=i+2t=|7")] = V1+ 4t

Then
1
flz,y, 2 ds—/ fr ||7"()||dt:/ 20v/1 + 4t2dt = 1/6(5v/5 — 1).
Ch 0
Similarly,

Cy: r(t)=1i+j+tk, te€l0,1]]=7r{t)=k= || =1,

and
[ s ds—/ £ |\r<>udt=/0<2—t><1>dt=5/3.

Therefore we get

/ f(z,y, z)ds = flx,y,z)ds + f(x,y,2)ds = 5/6V5 + 3/2.
C C1

Ca



6. Use the transformation u =z, v = z — y, w = zy to find

[ [ ranr

where (G is the solid enclosed by the surfaces x =1, v =3, 2=y, 2=y + 1, 2y = 2, xy = 4.

Solution: We observe that by the transformation given, the surfaces that bounds the
solid GG in xyz-space corresponds to planes in uvw-space.

r=1=u=1,

r=3=>u=3,
z—y=0=v=0,
z—y=1=v=1,
Y =2 =>w =2,
ry=4=w=4.
In order to write the integral in uvw-space, we also need the Jacobian. We compute
r=u, y=w/u, z=v+w/u
and
oz, y, 2) 1
O(u, v, w) u

Now, we have

JJ o= [ 23

where H is the image of G under the transformation. Finally, we get

2 4 1 3
JILGz-zy izt - [ o
H u u u 2 0 1 u

O(u, v, w)
= 2In3.

O(z,y, 2)

O(u, v, w) v

dudvdw
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1. The point P = (1, —1,2) lies on both the paraboloid f(z,y, 2) = z2+y*—2z = 0 and the ellipsoid
9(z,y,2) = 22% + 3y* + 2% — 9 = 0. Write an equation of the plane containing the point P that
is normal to the curve of intersection between the paraboloid and the ellipsoid.

Solution:

We first determine the line formed by the intersection of the given surfaces. We solve
for the curve that satisfies both the equations:

?+y’—z 0
202 + 32 +22-9 = 0

Subtracting twice the first equation from the second one gives 42+ 22 +22—9 = 0 or
y? = —2? — 22+ 9. Plugging this 3?2 into the first equation gives 22> — 22 —32+9 =0
or 72 = 22 4+ 32 — 9. We have obtained expressions for 2 and y? in terms of z. Now
we set z =t to get the set of equations that determine the curve of intersection:

2 = t?+3t-9

y o= —t*—-2t49
z =t
d d d
r'(t) = d_: i+ d—:Z + d—z k at the point corresponding to (z,y,2) = P = (1,—1,2)
will give a vector that is tangent to the curve of intersection. We can evaluate r (t)

at the given point by the help of implicit differentiation, with x =1, y = —1, 2z = 2,

t = 2. We have:
dzx dzx dzx 7
Tt T3 L T T @ T 2
t—2 t
Similarly,
dy dx dx
22— = -2t - 2= 2— =—-06=> — =3;
Tt dt z-1 dt [z=1
dz
d —=1
an 7

7
Thus, the vector 3 i+ 3j+ k is normal to the desired plane passing through P =
(1,—1,2). So the equation of the plane is:

g(x—1)+3(y+1)+(z—2):0

or,
Tz + 6y + 2y = 5.



2. Consider the region @ bounded by the curves zy =1, 2y =3, 22 —y? =1, 22 —y> = 4. Let T
be the transformation from z-y plane to u-v plane given by u = xy, y = 2> — y*. (i) Find the

corresponding region @' in the u-v plane. (ii) Calculate the integral I = / / (z” + y*)dxdy.
Q
[ Hint: 8(3;’ y) _ 8(”5 U)
~O(u,w) — \9(z,y)
1 1
E\/\/ZIUQ +v24uv,y= E\/\Mu? + v2 — v, at your own risk!]

1
) , or, you may want to use the inverse transformation x =

Solution:

(i) The region corresponds to the rectangle bounded by the lines u = 1, u = 3, v = 1,
v =4.

(ii) First we compute the Jacobian:

-G -(EED -

Now, we can evaluate the integral in the u-v plane:

I://Q(xQ—I—yQ)dxdy://I(xQ—i-yZ) %‘dudvz/ﬁ/ﬁ%dudvzi&

3. Find the volume V of the solid bounded below by the sphere p = 2 cos ¢ and above by the cone

z = 4/x% + y? using a triple integral in spherical coordinates. Show clearly how you find
the limits of the integrals.

y 2z
T —2y

Solution:

1 r? + 92
z

solid are below the cone, ¢ must be greater than 7 /4. Also, since they have positive
z coordinates, ¢ must be less than 7/2. So

T
For the points on the cone, ¢ = tan™ =71 Since all the points in the

s s
—<p< —.
4 — ¢ < 2
The radius, p, is bounded above by the sphere, so
0<p<2coso.

Since there no restriction for 0:
0<6<2n.

Therefore, the volume of the solid can be found by the integral:

2r pw/2 p2cosf 2 pw/2 8
/ / / p’sinf dp deo do =/ / — cos® ¢ sin ¢ do db
0 w/4 JO 0 w/4 3
2m 2 7'('/2

I

—Z cos? (ﬁ] df
3 w/4

27r1 T
= —df = —.
/0 6 3



4. Given the vector fields: Fi(z,y,2) = 2zyz —y)i= (2?2 +3y? —2) j+ 2%y k, Fo(z,y,2) =
y*i=22j+5k. (i) One of F; and F, is conservative, the other is not. Find which is which.
(ii)For the conservative F calculate the potential. (iii) For the conservative F calculate the line
integral over the path C in the z-y plane, as shown in the figure. (iv) For the nonconservative
F calculate the line integral over the same path C.

Solution:

(i) The field Fi(z,y,2) = (2zyz — y) i = (2?2 + 3y® — 1) j + 2%y k is conservative

since
_ 2 2 _
0(2zyz — ) o 1= d(z*z + 3y* — x)
oy ox
O(x?z+3y* —x) 2 0x?y
0z T oy
0(2ryz — y) o2y
_ L = 2 =
0z vy oy

The field Fo(z,y,2) = y? i = 22 j + 5 k is not conservative, because:

Oy? 0z?

— =2 — = 2x.

oy y# ox ¢

(ii) Let f(z,y, z) be a potential for the field Fy(x,y, z) = (2zyz —y)i= (222 + 3y* —

r)j+r?yk. Then a—f = 2xyz—y, so f(r,y,2) = z*yz—xy+h(y, 2) for some function
x

oh
h. Taking the partial derivatives of f with respect to y and z, we find — = 3y* and

9y
oh .. .
3 0. So h = y® + c for some positive ¢, and f(z,y,2) = 2?yz —zy +y> +cis a

z
potential function.

(iii) Since the field F is path conservative, the line integral is equal to the difference
of the values of the potential f, which we have found above, at the end points.

/Fl'dr:f(lalao)_f(oa_lao):1'
c

(iv) The path C is the union of the smooth curves Cy, Cy and Cj, where



Cy:  t], —1<t<0
Cy:  ti, 0<t<1
Cy: i+tj, 0<t<1

So,
/Fg-dr :/ Fg-dr—i—/ Fz-dr—i—/ F,-dr
C C]O Csa 1 Cs 1
:/ (t2i)-jdt+/(tQj)-idt+/(t2i+j)-jdt
—04041=1 "

5. A cardioid in polar coordinates is given by r = 1 + cosf, 0 < # < 27. Find the area of the
cardioid by using the Green area formula, A = % i) ¢ Tdy — ydz, using 0 as the parameter.
(Do not use any other method to calculate the areal)

Solution:

We parametrize the boundary curve by —7 < 0 < 7 as follows:

8
—
e
~
Il
<

(0) cos(f) = (1 + cos(#) cos(6)
(#) sin(f) = (1 + cos(f) sin(h).

<
—~
=)
~—

I

<

Rearranging these equations, we get :
1 1, . .
z(0) = 3 (14+cos20+2cosf), y(f)= 5(5111294_251119)

It follows that:

d ) . d

@x(O) = — (sin 20 + sin§) , @y(Q) = (cos 26 + cos 0)
Thus,

A = xdy — ydx

N[ = DN =
—

\)

™

+

/ = (14 cos 20 + 2cosf) (cos 260 + cos 0) db
-
2

1
/ 5 (sin 20 + 2sin §) (sin 20 + sin #) df

1 3{1% _3r
o2\ 2 2 ] 2

1 1
6. Consider the line integral I = / F - dr, where F = (Za?y + gy?’) i+ x j. Find the smooth,
c

simple, closed curve C' with counterclockwise orientation, that maximizes I. [Hint: Convert [
to a surface integral. In which region of the z-y plane is the integrand of the surface integral
positive?]

Solution:



Using Green’s theorem, we get

P [ R [[ 20 (L L) aam [ 1= (L)

2
The integrand is positive when % +4? < 1. The boundary curve of this region,

2
T +1? =1, is the curve that maximizes the line integral. The curve can also be
parametrized as:

r =2cost, y=sint, 0 <t < 2m.
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1. A point moves along the parabola y = 22 in such a way that the horizontal component of its

velocity is always 3. Find the tangential and normal components of its acceleration at the point
P(1,1).

Solution:

Let z = 3t, y = 9t* be the parametric equations of the parabola. So the point P(1,1)

corresponds to t = 3

Now 7(t) = 3ti + 9t°5, then v(t) = 3i + 18t5 and ||Jv(t)|| = /9 + (18)? so that
v(t) ) ) 1 2

lo(®)|ll,—, /s = V75 = 3v/5. Hence, T = = i+ J=<—,—>.

1=1/3 lv@®)  3v5  3v5 V5 V5

36
Also, a(t) = 0t + 185 and a(t) = arT + ayN. This gives ar =a-T = i
36 1 2 —36 18
so ayN =a(t) —arT = (0,18) — —=( —, —= ) = ( ——, — ). Therefore,
N =alt =T = 019 = U (G o) = (55 5)

2. The surface of a lake is represented by a region D in the zy-plane such that the depth (in feet)
under the point (z,y) is given by

f(z,y) = 300 — 22° — 3y?

a) In what direction should a boat at the point P(4,9) sail, in order for the depth of the water
to decrease most rapidly?
b) In what direction at the point P(4,9) does the depth remain the same?

Solution:

a) The gradient of f is: V f = (—4z, —6y). Evaluated at P(4,9) it will be
V| P9 = (=16, —54). The water depth will decrease most rapidly in this direction.

b) The depth will remain the same in the directions that are perpendicular to
(—16, —54), i.e. + (54, —16).

3. Given the force field F(z,y) = z(z? + yz)%3 i+y(z?+ yZ)%3 7,

a) Determine whether F' is a conservative force field or not; if it is, find a potential energy
function for it.

b) Find the work done by this force from A(1,0) to B(e?*",0) along the curve C' described by
the parametric equations

z = e'cost

y = elsint.



Solution:
a)Set M= ——>_ and N=—2 _ Then
3 3
(22 +y?)” (22 +y2)>

3 - 3 -
N, =y <_§> (xQ + yz) 5/2 2, M,=x (_5) (x2 + yz) 5/2 2
So Ny = M,. F is conservative, on any region not including the origin. Therefore,
F = Vuw.
=M = w(z,y) :/Mdac =

—-1/2

1 (22 +y2) "/
2 -2 + ¢(y)
+ ¢(y)

=N — % ($2+y2)_3/22y—|—<p'=

Therefore, ¢' =0= ¢ = C.

w=— (2% +1?)

1

w(r,y) = ——F——
@)=

+C.

b) work = w(B)—w(A)
1

Ve VI

e27r

4. Find the volume of the solid which is bounded above and below by the cone 22 = 222 + 2y/?
and on the sides by the cylinder 2% + y? — 4y = 0.

Solution:

2
z
When the cone and the cylinder intersect, 2% + 3> = 5 = 4y.

2? +y? = 4y = r =sinf (circle) and 2% = 21 = 2z = +rV/2

V= 2. (volume of upper half)

V2
= // / rdzdrdf

pro Jectlon
onto zy-plane

T 4sin 0 T
= 2/ / r2\/§drd0:2/ ﬁél?’sin?’edﬁ
o Jo 0o 3
2/2-43 [T
— \/; /(1—00520)sin0d0
0

128v/2 < cos39> T 512v/2
= —cosf + = )
3/, 9




5. Evaluate the surface integral

[[vzas

S

where S is the portion of the paraboloid z = 1 — 22 bounded by the yz-plane and the planes
y=—2and y = 2.

Solution:
ox 0x

=1-22= - =0,and — = —2z.
X Z ay an 82 z

A oz \*
dsS = 1 — ——
s = e () (3)

= V1+442%dydz

On the yz-plane, x = 0, so z = +£1.

1 p2
=//yzdS=// yzvV1+422dydz
—1J -2

s

e (2

2 1
dz:/ z2V1+422(0)dz=0
) —1

6. Find the flux of the vector field
F(2,y,2) = 321 — 2°yj + 22k
outward across the rectangular box with vertices

(la 05 O)a (15 3, 0)5 (_25 Oa 0)5 (_25 3: 0)5 (15 01 5)1 (15 35 5)a (_25 Oa 5) and (_25 3a 5)

Solution:
The flux of F across S'is [[F - ndS.
S

By the divergence theorem, this integral equals the triple integral on D where D is
the closed surface determined by the rectangular box.

// V-FdV. Also, V-F=3—2"+2.

Flux:/_Q//5




7. Evaluate the surface integral

//(VxF)-ndS

S

where F' is the vector field F(z,y,z) = —yzi + x23 + xzyk, S is that part of the sphere
22 4+ y? + 22 = 5 below the plane z = 2, and n is a unit outward normal vector to the surface
of the sphere.

Solution:

By Stokes’ Theorem, the surface integral equals

I:j{F-dR:f—yzdx-f—xzdy-l-xydz
c c

where C' is the circle formed by the intersection of the sphere and the plane. The
circle C' is given by z = 2, 22 +y? = 1.

r = cost de = —sintdt
Therefore, C': { y = sint and 0<t<2r = ( dy = costdt

2 27
I:/ 251n2tdt+2cos2tdt+0:2/ dt = 4.
0 0
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1. Let F(x,y) = (x2 +y2> 1+ (.r?;—fy?) J on R?\{0,0}. Compute /CF -dr if C is the curve
from @ to P as in the figure.

Solution:

. . . - -
Lot F = f(a,0)i+ g(o,0)i that i e.0) = (=2 ) and g(o) = (5.

Then ) ) ) )
[k R et
(22 + y2)? (22 + )2
They are equal, hence there exists a function h(z,y) such that Vh = F. This
function satisfies h, = ————— and h, = ———. Integrating the first one:
unction sati - S nd h, PNy ntegrating rst on
Y x
hy=———— = h=—arctan | — | + k(y),
’ x? 4 y? e (y) )

where £k is a function of y. Then,
x

hy = + K (y) = 2

72 + 12 = k(y) = constant.

x
Hence, h(z,y) = — arctan (;) + k, where k is a constant.

h is discontinuous at the points where y = 0. But since F' is conservative, / F -ds

c
is independent of the path. By the fundamental theorem for line integrals only end
points of C' are important. Now,

/F-ds:/Vh-ds:h(O,—l)—h(l,—l)z—z.
c c 4



2. Let a space curve parametrized by ¢ be given by:

r = t—1
y = 2t+1
z = t24+2

Compute the curvature of this curve at the point (—1, 1, 2) using the definition of curvature.

Solution:

Let o(t) denote the curve in the question. Then o(¢) = (t — 1,2t + 1,#* + 2). Now

!
t
the unit tangent vector at an arbitrary point is T'(¢) = 0-18”. By definition, the
o
curvature of a curve o (t) at a point s is | T7(s)]|-
1/2

o'(t) = (1,2,2t) = [|o’(1)]| = (5 + 47"
Then computing the derivative of the unit tangent:
T'(t) = (—4t(5 + 4%) 72, —8t(5 + 4t*) ™2, 2(5 + 417) /2 — 817(5 + 44*) /%),

The point (—1,1,2) is achieved when ¢t = 0, i.e. o(0) = (—1,1,2). So we need to
find || 77(0)] to find the curvature at this point:

T'(0) = (0,0,2v5) = | T'(0)]| = 25,
which is the curvature at (—1,1,2).

3. Let f(z,y) =sinz +cosy, 0 < z,y < 7. Find the local maximum, minimum and saddle points
of f in the given domain.

Solution:

The given domain excludes its boundary. Given f is differentiable everywhere, so for
the given domain if it has a local maximum, minimum and saddle point, they must
be attained at the points f; = f, = 0. But f, = —siny # 0 in the given domain.
Hence there is no local maximum, minimum or saddle point of f if 0 < z,y < 7.

4. Find the surface area of the portion of the cone 2z = 42 + 4y that is above the region in the
first quadrant bounded by the line ¥ = z and the parabola y = z2.

Solution:

On the cone we have 2? = 422 + 4y? = 2z = F+/422 + 4y2. Since the surface area of
the portion that is above the given region is asked, we have to consider z > 0. So,
our function is z = f(z,y) = /422 + 4y?. Let ) denote the region given and Aj
denote the surface area. Then:
9 9 1/2
= JL G - Gr) ]
o | \0x oy




The region is shown in the graph below:

So, the region is formed by the points (z,y) such that 0 <z <1 and 2% <y < .

Now, g—f; = (4$2 + 4y2) ' 4z and g—f = (43v2 + 4y2)_1/2 4y. So,

Y

of\* [(of\? 1622 + 163>
= - 1l=—" "7 4+1=5.
(83:) * <8y) i 4z? + 4y? + b

Thus the surface area is:

Asz//\/_dA f//dydx

= \f/ x — 2 dm—\/_{g—%s};:?.

5. Find the volume that is enclosed by the spheres 2 + 9% + 22 = 9 and 2% + ¢y + (2 — 2)* =

Solution:

First, we have to find out where these spheres intersect. Clearly at the intersection
. 9
z must satisfy 22—(2—2)2=5$4z—4:5:>z:1

We then substitute this in one of the sphere equations to find the equation that x
and y satisfy:

9 2 1 63

2,2
92| =4 =4—- —=—.
x+y+(4 ) = 2 +y? 6 16

So, we have to divide the enclosed volume into two parts. The below part is a portion
of the first sphere and the above part is a portion of the second. Let’s call the first
part Vi and the second part V5.

For finding V; consider the area of cross section that varies with z as shown in the
figure:




If we call it A(z) then A(z) = (9 — 27

First volume is consequently

3
99

Vi = / (9 — 2)mdz = 7.
9/4 64

For Vj, similarly, B(z) = (4 — (z — 2)?)w. Then:

405

9/4
1/2:/0 (4~ (z =2 ="

Then the total volume is just the sum of these two:

405 99 504
Volumele—l-V'Q:( ) =

a—i-@ 7T—6—47r=87r.

6. (a) Suppose f, = 0 for all (z,y) in some circular domain € in the plane. What can you
conclude about f?

(b) Suppose f, = f, =0 in Q. Show that f is constant in Q.

Solution:

(a) We claim that for a fixed k¥ € R, f(z, k) is constant for all z € R such that
(z,k) € Q.

Consider a line | = {(z,y)| y = k} that is parallel to z—axis and intersects {2. On
QN[ we can consider f as a function of z only, since ¥ is fixed. Since 2 is a circular
domain 2N/ is connected we can apply the Mean Value Theorem (MVT). Let z;, 25
be two distinct points such that (z1, k), (22, k) € QN l. Then, by MVT there exists
a c such that x; < ¢ < x5 that satisfies:

f(-Tl) - f(iUQ)

T1 — T2

flle)= =0= f(x1) = f(22)-

Here f’(c) = 0 as [ is a line parallel to the z—axis. Hence, for fixed k we have proved
that f(z, k) is constant.

(b) Since f, = 0 too, by part (a) for a fixed s we know that f(s,y) is constant. Let
(zo,y0) € Q and f(xg,yo) = m. Let (z1,y1) € Q be arbitrary then:

fe=0= f(z1,91) = f(20,51) by part (a),
fy =0= f(zo,41) = f(w0,90) by part (b).

Thus f(z1,y1) = f(zo,yo) = m which immediately implies f is constant.
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r = 243t
1.) [20] Find an equation of the plane perpendicular to the line { y = —1+2¢ and containing
z = 3-2t

the point (3, -2, 3).

Solution:

The direction vector of the line v = 3i+ 2j — 2k is the normal vector of the plane asked.
(3,—2,3) is also on the plane, so the equation of the plane is

or

2.) Given the force field F(z,y, z) = In(yz)i + u
Y

3r—3)+2y+2)+(-2)(2—-3)=0

3xr+2y — 22 = —1.

-

J+

€T -
_k’
z

a. [25] Determine whether F' is a conservative field or not; if it is, find a potential energy function

for it.

b. [15] Find the work done by this force from (0, 1,1) to (m, /e, \/e) along the curve C described by

the parametric equations

Solution:

a) Let M =1In(yz), N =

P

)

x
Y

r =
Yy =

Z =

T
z

mt?

1+ (vVe=1)t
1+ (ve—1)sin (%t)



oM 1 ON
oy y Oz
oM 1 0P
9z 2z Oz
N _ , _oP
0z oy

Hence F is conservative.

Then 3f(x,y, 2z) a potential function such that Vf =F

of
R |
o~
= f:/ln(yz)da}=xln(yz)+\111(y,z)=xlny+:rlnz+\111
of _ ¢
dy Y
= f:/gdy:xlny+‘112(x,z)
of _ =z
0z 2
= f=/§dz=xlnz+\113(x,y)

So f(z,y,2) = zln(yz) + C
b) Since F is conservative, work = / Fdr = f(m,v/e,ve) — £(0,0,1) = win(y/ey/e) —
Oln(1-1) =7 ¢

3.)[40] Find the points on the hyperboloid z? — y* + 22? = 1 where the normal line is parallel to the
line that joins the points (3, —1,0) and (5, 3, 6).

Solution:

Let g(z,vy, 2) = 22 —y?+22% —1, then the hyperboloid is the level surface of g(z,y, z) = 0.
The gradient of g at P(xo, Yo, 20) is :

Vg‘P = 2.’L’0i — 2y0j + 4201{

The direction of the line through (3,—1,0) and (5, 3, 6) is:

v =2i+4j+ 6k

Then

2CUO = 2\
420 = 6A



for some A\ € R, i.e, Vg|, = Av for some A € R.

Then we find
Ty = A
Yo = —2A
and we plug these into the equation of the hyperboloid to find ),
9 9 9\?
9
—3+- XN =1
(=2+3)
2 2
M=) A=44/-.
3’ 3
So the points are P V2 ~2v2 32 and P. ~V2 2v2 V3
1n T N =, ——= 11 : ) )
b CA\VE VB 2B VB VB VR

4.) [35] Evaluate the triple integral

1
——d
///D 2?2 + y? + 22 v

where D is the solid region above the zy-plane bounded by the cone z = 1/3x% + 3y? and the spheres
22 +y? + 22 =9 and 2% + y® + 22 = 81.

Solution:

a?+y?+ 2 =81

7+ +22=9

z = /3(z2+ 9?2
\/3p?sin*¢p = pcos¢g
3p°sin ¢ = p®cos’¢
3sin¢p = 1—sin’¢

0 1 —4sin? ¢
1
5 = Sin¢
1
¢ = -



Using spherical coordinates:

2n pmw/6 P9 1 ) 2n /6
/ / /—Zp sin gpdpdpdl = 6/ / sin ¢dpdpdl
o Jo J3 P 0o Jo
2w

= 6/ —cos ¢|7/° df
0
= (—6V3+12)r

5.) [35] Evaluate the line integral

?{ Vz dx + In(2® + 3?) dy
c
where C is the curve given in the figure below:

)
2 +y’ =4

SV

AN )

N\
o

Solution:

In this problem, let M = \/z, N = In(2? + y?). Then, M(z,y), N(z,y) are continuous

functions, 88—1‘;, %—JZ are also continuous, C' is a simple, closed curve. So we can use Green’s
theorem:
N M
f Vzdz +In(z? + yH)dy = / (———)dA
c R X Y

— //Ldjq
rRI+ Y2
s 22 9
= // IC;)S rdrdf
0 J1 r

= / 2 cos Or|2do

0

= 2/ cos 0do
0

= 2sinf|]

= 0

6.) [30] Given that ﬁf(xo, o) = i—27 and Dgf (0, 10) = —2 where Dzf is the directional derivative
of f in the direction of the vector #. Find the unit vector(s) .

Solution:



let u = ai—+ bj, a,b € R.

Duf(xo,90) = =2 = Vf(zo,%) - u
= (i—2j)- (ai+ b))
-2 = a—2b

Also since u is a unit vector, a? +b?> = 1. Using a = —2 + 2b we get

(=24+20)+b* = 1
4—8b+ 42+ = 1
502 —8b+ 462 + 1> = 0

3
blzl,bgzg

b:1:>a:0andb:g:>a:—§. Soeitheru:0i+1j:joru:—gi-f-%j.
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1. Suppose the vectors u, v and w satisfy u+v +w = 0. Show that ux v=v xw=w x u.

Solution: We have

UXV=UX(—U—W)=—-UXU—-UXW=—-UXW=WXU.

The identity u X v =v x w is proved similarly.

2. Determine whether the limit  lim, )—(0,0)

i

4+y2

222

Solution: Considering, for instance, the curves

Ci :x=t,y=0 and Cy : x=t, y=t

we have
i

and, on the other hand,
li

Therefore the given limit does not exist.

22%y
m — = 1111l —
(@) 200) 24 + 2 150 £

222y o2t
m ——— =lim —
(@) 2(0,0) 24 4+ y2 10 244

0
=0

=1.

exists. If so, find its value.




3. Locate and classify the extrema for the function F(z,y) = 2* — zy + y™.

Solution: First
VF(z,y) = 2z —y,—z+4y°) =0

(1) € {(o,m, (—%—%) , (%%} |

zy) | | 2 -1
T -1 1292

if and only if

Now,

=24y? — 1

so that
D(0,0)=-1<0 = saddle point at (0,0).

On the other hand,

o(22) o (2.0) () 1

8 4 4
and
Frr =0
2 2 2 V2
implies that F' has relative minimum at the points <—\/?7, —%) and (%, %) .

1 1
4. Use Lagrange multipliers to investigate the function  f(z,y) = — + —  for extrema over the
r oy

1 1 1 . i
curve  — + — = — where a is a positive constant.
2y a
, 1 1 1 . .
Solution: For g(7,y) = — + — — —, Vf(x,y) = AVg(z,y) holds if and only if
22y a
1 1 1 1
(w7 =2 )
yielding
r=y=2\.

The constraint equation g(z,y) = 0, in turn, gives A = Fa/v/2. Finally, the compu-
tation

f(vV2a,v2a) = V2 and  f(—v2a,—V2a) = V2

a a

shows that, subject to the constraint g(z, y) = 0, f attains its maximum at (v/2a, v/2a),
and minimum at (—\/ﬁa, —\/5@).



5. Find the volume V of the solid bounded by the plane z = 0, and the surfaces 2% + 32 = a? and

az = a2 —LU2.

Solution:

veal|
0Jo

2 PR) 0222
@ T a a 4 a
/ dydzdx:zl// Mdzdx:—/(az—x2)3/2 dx
0 0J0 a Jo

% 4 4 7|'/2 7I'/2 29 1 2 7'('/2
@2 [ A ods — 4a3/ <M) a0 = a3/ (cos®260 + 2 cos20 + 1) do
0 0

a 0 2
/2 cos 40 + 1 in 46 3.\ 3
:a3/ M—1—2(:0829—1-1 40 = o [ 22 + sin 260 4+ =6 = T3
; 2 8 2 ) os 4
where in (%) we used the substitution z = asin 6.
y 22 P 2
6. The plane —+ = 2 + — =1 (a, b, c are positive constants) divides the solid elhpsmd — + b_2 + 5 <1
c

into two unequal pieces. In this problem, you will find the volume V' of the smaller piece G as
follows.

(a) (4 pts.) Let G be the image of the solid G under the change of variables u = x/a, v = y/b,
and w = z/c; and let V; be its volume. Find a relation between V and V;.

Solution: The Jacobian of the change of variables u = x/a, v = y/b, and w = z/c is

given by
Jdr Ox Ox
ou v Ow a 0 0
M: 9 Oy Oy |_ 0 b 0]=abc
O(u, v, w) Ou Qv Ow 00 c
0z 0z 0z
ou v Ow
so that
O(x o\, Yy, r)

V= /// AV, = /// quMw = abc /// dViyvw = abc Vi .
G1 Gl

(b) (4 pts.) Let G be the the spherical cap bounded above by the unit sphere, and below by the
plane z = 1/ \/g; and let V5 be its volume. Find a relation between V; and V5.

UU’LU

Solution: Since n = (a,b,c) := (1,1,1) is a normal to the plane M : u+v+w =1,
the distance of M to the origin (ug, vo, wy) := (0,0,0) is

D laug 4+ bvg + cwy — 1| 1

Var + 02+ V3’
Accordingly, the solid G; = {(u,v,w) e R®* :u? +v? +w? <1 & u+v+w > 1} is
the (smaller) spherical cap obtained by cutting the unit sphere u? + v* + w? = 1 via
a plane 1/+/3 units away from the origin. Therefore V; = V5.




(c) (4 pts.) Find the volume V; of the spherical cap Go.

Solution:

21 p\/2/3 pVI=12 2 1
ng// / dwrdrdé’—// Vi—r2—— ) rdrdd
0o Jo 1//3 \/§

2T 9 r=4/2
:/ [—1(1—7’)3/2 L ] d9—27r( ! ! +1)
0 3 2\/§ r=0 9\/7 3\/5 3
2 (
== (3v3-4)
9v3
7. (a) (6 pts.) Using Green’s theorem, find a simple closed curve C' with counterclockwise orientation

that maximizes the value of
vy E
[ = _
/C 5 4 + |z 5 )

Solution: Using Green’s theorem, we have

JEC-2)- 4 ()] e fee-

where R is the region enclosed by the simple closed curve C'. The region that maxi-
mizes this double integral is therefore

and explain your reasoning.

R={(z,y) e R*:1—2" —y* > 1} = the closed unit disk.

Thus the curve C that maximizes [ is the unit circle oriented in the counterclockwise
direction, that is
C : xz=cost, y=sint, 0<t<2m.

(b) (4 pts.) Find the maximum value of I by evaluating the double integral you found in part (a).

Solution: Passing to polar coordinates we get

27 pl T2 7”4 r=1 T
[max:// (1—$2—y2)d14://(1—T2)7’d7"d¢9:271'|i———:| = — .
a?4y?<1 0 Jo 2 4], 2

(c) (2 pts.) The double integral you evaluated in part (b) corresponds to the volume of a solid
above the xy-plane. Describe this solid.

Solution: This is the solid bounded above by the elliptic paraboloid z = 1 — 2% — 12
and below by the plane z = 0.
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