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1.) Find and classify all the critical points of

F (x, y) =
1

3
x3 − x + xy2 .

Solution:

First order partial derivatives are

Fx = x2 − 1 + y2 , Fy = 2xy

Equating these to zero we see that there are 4 critical points: (0, 1), (0,−1), (1, 0), (−1, 0).

Next, we calculate

D(x, y) = FxxFyy − F 2
xy = 4x2 − 4y2

Since D(0, 1) = D(0,−1) = −4 < 0, (0, 1) and (0,−1) are saddle points.

We have D(1, 0) = D(−1, 0) = 4 > 0 and Fxx(1, 0) = 2 > 0, Fxx(−1, 0) = −2 < 0,
therefore (1, 0) is a local minimum and (−1, 0) is a local maximum.

2.) a) At the point (1,2) the directional derivative of F (x, y) is 2
√

2 toward P1(2, 3) and −3 toward
P2(1, 0). Find the directional derivative of F (x, y) at (1, 2) toward P3(4, 6).

Solution:

The unit vector at (1,2) toward P1(2, 3) is ~u = (i + j)/
√

2. The directional derivative of
F (x, y) at (1, 2) toward P1(2, 3) is

D~uF (1, 2) = ~∇F (1, 2).~u =
Fx(1, 2) + Fy(1, 2)√

2
= 2
√

2 ,

which implies Fx(1, 2) + Fy(1, 2) = 4.

Now, the unit vector from (1,2) toward P2(1, 0) is ~v = −j.

D~vF (1, 2) = ~∇F (1, 2).~v = −Fy(1, 2) = −3 ,



Since Fx(1, 2) + Fy(1, 2) = 4, we get Fy(1, 2) = 3 and Fx(1, 2) = 1 which implies
~∇F (1, 2) = (i + 3j).

The unit vector from (1,2) toward P3(4, 6) is ~w = (3i + 4j)/5. The directional derivative
is

D~wF (1, 2) = ~∇F (1, 2). ~w = 3

b) A ball is put on the surface z = 2e−x−4y at the point (0, 0, 2). Along which direction in the
xy-plane will it roll?

Solution:

The ball will roll in the direction in which the surface is falling away at the fastest rate,
i.e., −~∇z.

zx = −2e−x−4y , zy = −8e−x−4y

Using these we find

~∇z(0, 0) = −2i− 8j

Therefore, the ball will roll in the direction −~∇z(0, 0) = 2i + 8j.

3.) Find the plane that is tangent to the surface x2 − y2 + 3z = 0. This plane contains the point
(0, 0, 1) and it is parallel to the line

x

2
=

y

1
=

z

−2
.

Solution:

Since the plane we are looking for contains the point (0,0,1) its equation is of the form

A(x− 0) + B(y − 0) + C(z − 1) = 0 ,

where A, B, C are real numbers and a normal of this plane is ~n1 =< A, B, C >. Let this
plane be tangent to the surface x2 − y2 + 3z = 0 at the point (m, n, p). At this point the
normal of the surface is ~n2 =< 2m,−2n, 3 > and it is parallel to n1, i.e., ~n1 = k ~n2 for
some real number k which can be chosen to be 1 without loss of generality. Therefore,
we have A = 2m, B = −2n and C = 3.

The line given above is parallel to the vector < 2, 1,−2 > and its dot product with the
plane normal < A, B, C > should be zero:

< 2, 1,−2 > . < 2m,−2n, 3 >= 0 ,

which implies 2m − n = 3. Since the point (m, n, p) is contained in the surface and the
plane we also have



m2 − n2 + 3p = 0 , 2m2 − 2n2 + 3(p− 1) = 0

Solving these three equations simultaneously we find that p = −1, m = 2, n = 1. Thus,
the equation of the plane is

4x− 2y + 3(z − 1) = 0

4.) Find the surface area of the sphere x2 + y2 + z2 = 4 above z = 1.

Solution:

We have z = ±
√

4− x2 − y2. Since we want to find the area above the line z = 1 we
need to have z positive and therefore we define

F (x, y) =
√

4− x2 − y2

whise first order partial derivatives are

Fx = − x√
4− x2 − y2

, Fy = − y√
4− x2 − y2

Now, the surface area is

A =

∫ ∫
R

√
F 2

x + F 2
y + 1 dA =

∫ ∫
R

2√
4− x2 − y2

dA ,

where R is the region on the xy-plane defined by (x2 + y2) ≤
√

3. Converting this double
integral into polar coordinates

A =

∫ 2π

0

∫ √
3

0

2r√
4− r2

drdθ

from which we find A = 4π.

5.) a) Using spherical coordinates express the volume of the solid region that is inside the sphere
x2 + y2 + z2 = 4 and outside the cylinder x2 + y2 = 1 in the first octant. (Do not evaluate the
integral.)

Solution:

In spherical coordinates the cylinder x2 + y2 = 1 becomes ρ = (1/ sin φ) and the sphere
x2 + y2 + z2 = 4 is ρ = 2. Solving these two equations simultaneously we find that
these two solid regions intersect at φ = π/6 and φ = 5π/6. Since the volume is in the
first octant the limits for the angle φ are π/6 ≤ φ ≤ π/2. The angle θ should satisfy
0 ≤ θ ≤ π/2. For ρ we have 1/ sin φ ≤ ρ ≤ 2.

Therefore the volume is

V =

∫ ∫ ∫
R

dV =

∫ π/2

0

∫ π/2

π/6

∫ 2

1/ sin φ

ρ2 sin φdρdφdθ



5.) b) Express the volume of the region R bounded by the parabolic cylinder x = y2 and the
planes z = 0 and x + z = 1 as a triple integral in the orders dzdxdy and dydzdx. (Do not evaluate
the integrals.)

Solution:

The projection of the region on the xy-plane is x = y2, and 0 ≤ x ≤ 1. So, the volume is

V =

∫ 1

−1

∫ 1

y2

∫ 1−x

0

dzdxdy

The projection of the region on the zx-plane is x + z = 1 and 0 ≤ x ≤ 1 which implies

V =

∫ 1

0

∫ 1−x

0

∫ √
x

−
√

x

dydzdx

5.) c) Express the following triple integral in rectangular coordinates in the order dzdydx.(Do not
evaluate the integral.)

I =

∫ π/2

0

∫ √
3

1

∫ √
4−r2

1

z2r3 sin θ cos θdzdrdθ

Solution:

I =

∫ 1

0

∫ √
3−x2

√
1−x2

∫ √4−x2−y2

1

xyz2dzdydx +

∫ √
3

1

∫ √
3−x2

0

∫ √4−x2−y2

1

xyz2dzdydx

6.) Let R be the region in xyz-space defined by the inequalities 1 ≤ x ≤ 2, 0 ≤ xy ≤ 2, 0 ≤ z ≤ 1.
Evaluate the integral below by first applying the transformation u = x, v = xy, w = 3z.∫ ∫ ∫

R

(x2y + 3xyz)dxdydz .

Solution:

The inverse transformation is x = u, y = v/u and z = w/3. The region is mapped into
1 ≤ u ≤ 2, 0 ≤ v ≤ 2, 0 ≤ w ≤ 3, and calculating the Jacobian we find J = 1/(3u)
which is positive. Therefore the integral becomes,

I =

∫ 2

1

∫ 3

0

∫ 2

0

(uv + vw)
1

3u
dvdwdu

=

∫ 2

1

∫ 3

0

(2u + 2w)
1

3u
dwdu

=

∫ 2

1

(6u + 9)
1

3u
du

= 2 + 3 ln 2



7.) Let R be the region between the line y = x and the parabola y = x2 and let C be its boundary

swept out counterclockwise. Find the work done by the force field ~F = (−y)i + (xy)j along C

a) Without using Green’s theorem.

Solution:

The work done by ~F is

W =

∫
C

~F .d~r =

∫
C1

(xydy − ydx) +

∫
C2

(xydy − ydx) ,

where C1 is the curve defined by y = x2 and C2 is the line y = x. We can parametrize
C1 as x = t and y = t2 with t ε [0, 1]. C2 can be parametrized as x = y = t with t ε [1, 0].
Using these parametrizations the work integral becomes

W =

∫ 1

0

(2t4 − t2)dt +

∫ 0

1

(t2 − t)dt =
7

30

b) Using Green’s theorem.

Solution:

Let ~F = P i + Qj, where P = −y and Q = xy. Using Green’s theorem we get

W =

∫ 1

0

∫ x

x2

(Qx − Py)dydx =

∫ 1

0

∫ x

x2

(y + 1)dydx =
7

30

8.) Show that the following vector field is conservative.

~F = (2xy + z2)i + (x2)j + (2xz + cos z)k

a) without finding a potential for ~F .

Solution:

Let ~F = P (x, y, z)i+Q(x, y, z)j+R(x, y, z)k, where P (x, y, z) = (2xy+z2) , Q(x, y, z) =

x2 and R(x, y, z) = (2xz + cos z). ~F is conservative when all of the following conditions
are satisfied:

Py = Qx , Pz = Rx , Qz = Ry

Since we have Py = Qx = 2x, Pz = Rx = 2z, Qz = Ry = 0, ~F is conservative

b) by finding a potential for ~F .

Solution:

Let ~F = ~∇φ(x, y, z) = φxi + φyj + φzk where φ(x, y, z) is a scalar function. Then, we
have



φx = 2xy + z2

φy = x2

φz = 2xz + cos z

Integrating the first equation we find φ = x2y+z2x+G(y, z) where G(y, z) is an arbitrary
function of y and z. Now using this in the second equation we obtain Gy(y, z) = 0 which
means that G is only function of z. Finally, using the third equation we see that Gz = cos z
which gives G = sin z+φ0 where φ0 is an arbitrary real constant. Therefore, the potential
is

φ = x2y + z2x + sin z + φ0



BU Department of Mathematics
Math 102 Calculus II

Fall 2005 Final
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1. (a) Find an equation for the plane through A(0, 0, 1), B(2, 0, 0), and C(0, 3, 0).

(b) Find the cosine of the angle between this plane and xy-plane.

(c) Find the area of the triangle ABC.

Solution:

(a) We find a vector normal to the plane and use it with one of the points (it doesn’t
matter which) to write an equation for the plane.

−→
AB = < 2− 0, 0− 0, 0− 1 > = < 2, 0,−1 >
−→
AC = < 0− 0, 3− 0, 0− 1 > = < 0, 3,−1 >

The cross product

−→
AB ×

−→
AC =

∣∣∣∣∣∣
~i ~j ~k
2 0 −1
0 3 −1

∣∣∣∣∣∣ = 3~i + 2~j + 6~k

is normal to the plane. By using components of this vector and coordinates of
the point (0,0,1) we can write the equation of the plane as

3(x− 0) + 2(y − 0) + 6(z − 1) = 0
3x + 3y + 6z = 6

(b) The angle between two intersecting planes is defined to be the (acute) angle
determined by their normal vectors.
The vectors ~n1 =< 0, 0, 1 > and ~n2 =< 3, 2, 6 > are normal vectors for xy-plane
and the plane 3x + 2y + 6z = 6 , respectively. To find the cosine of the angle
between these planes, let’s take the dot product of these vectors:

~n1 · ~n2 = || ~n1|| · || ~n2|| · cos θ

< 0, 0, 1 > · < 3, 2, 6 > = 1 ·
√

9 + 4 + 36 · cos θ

⇒ cos θ =
6√
49

=
6

7

(c) The area A of the triangle is half the area of the parallelogram determined by

the vectors
−→
AB and

−→
AC. In the (a) part, we calculated,

−→
AB ×

−→
AC = 3~i + 2~j + 6~k

and ||
−→
AB ×

−→
AC|| =

√
9 + 4 + 36 = 7

and consequently A =
1

2
||
−→
AB ×

−→
AC|| = 7

2



2. Find the absolute maximum and minimum values of

f(x, y) = 2 + 2x + 2y − x2 − y2

on the triangular region in the first quadrant bounded by the lines x = 0, y = 0, y = 9− x.

Solution:

-

6

@
@

@
@

@
@

@
@

@
@

@
@

0

x=0

y=0

B(0,9)

A(9,0)

y=9-x

(9
2
,9
2
)

•

•

•

Since f is differentiable, the only places where f can take these values are points inside
the triangle where fx = fy = 0 and points on the boundary.

Interior points : For these we have fx = 2 − 2x = 0, fy = 2 − 2y = 0 which gives
the single point (x, y) = (1, 1). The value of f there is f(1, 1) = 4

Boundary points : We take the triangle one side at a time:

1. On the segment OA, y =0. The function f(x, y) = f(x, 0) = 2 + 2x − x2 may
now be regarded as a function of x defined on the closed interval 0 ≤ x ≤ 9. Its
extreme values may occur at endpoints

x = 0 where f(0, 0) = 2
x = 9 where f(9, 0) = −61

and at the interior points where f ′(x, 0) = 2 − 2x = 0. The only interior point
where f ′(x, 0) = 0 is x = 1 where f(x, y) = f(1, 0) = 3.

2. On the segment OB, x =0 and f(x, y) = f(0, y) = 2 + 2y − y2 may be regarded
as a function of y defined on the closed interval 0 ≤ y ≤ 9. Its extreme values
may occur at endpoints

y = 0 where f(0, 0) = 2
y = 9 where f(0, 9) = −61

and at the interior points where f ′(0, y) = 2 − 2y = 0. The only interior point
where f ′(0, y) = 0 is y = 1 where f(0, 1) = 3.

3. On the segment AB, We have already looked at the values of f at the endpoints
of AB, so we need only look at the interiorpoints of AB. With y = 9 − x, we
have

f(x, y) = f(x, 9− x) = 2 + 2x + 2(9− x)− x2 − (9− x)2 = −61 + 18x− 2x2



Setting f ′(x, 9− x) = 18− 4x = 0 gives x =
9

2

y = 9− 9

2
=

9

2
and f(x, y) = f

(
9

2
,
9

2

)
= −41

2

Finally, we list all candidates: 4, 2,−61, 3,−41

2
.

The maximum is 4, which f takes at (1, 1).
The minimum is -61, which f takes at (0, 9) and (9, 0).

3. Evaluate the following integrals:

(1)

∫ 1

0

∫ √
1−x2

0

(x2 + y2)dy dx

(2)

∫∫
R

ex2+y2

dy dx

where R is the semicircular region bounded by the x-axis and the curve y =
√

1− x2.

Solution:

(1) It is easier to evaluate this double integral in polar coordinates. In order to
determine limits of integration let’s sketch the region of integration.

-

6

x2 + y2 = 1 ⇒ r = 1

θ = 0

θ = π/2
•1

•
1Substituting x = r cos θ, y = r sin θ, and replacing dx dy by r dr dθ, we get∫ 1

0

∫ √
1−x2

0

(x2 + y2)dy dx =

∫ π/2

0

∫ 1

0

r2 r dr dθ

=

∫ π/2

0

[
r4

4

]1

0

dθ

=

∫ π/2

0

1

4
dθ =

π

8

(2) In Cartesian coordinates, the integral in question is a non-elementary integral
and there is no direct way to integrate ex2+y2

with respect to x or y. Again we
will apply polar coordinates.



-

6

y =
√

1− x2

θ = 0

θ = π/2

θ = π

The region R is substituting x = r cos θ, y = r sin θ and replacing dy dx by
r dr dθ enables us to evaluate the integral as∫∫

R

ex2+y2

dy dx =

∫ π

0

∫ 1

0

er2

r dr dθ

=

∫ pi

0

[
er2

2

]1

0

dθ

=

∫ π

0

1

2
(e− 1)dθ =

π

2
(e− 1)

4. Evaluate ∫ 3

0

∫ 4

0

∫ (y/2)+1

y/2

(
2x− y

2
+

z

3

)
dx dy dz

by applying the transformation u =
(2x− y)

2
, v =

y

2
, w =

z

3

Solution:

Let’s call the region of integration in xyz-space as D and corresponding uvw-region
as G. We need to find the boundaries of the region in uvw-region and the Jacobian
of the transformation in order to evaluate this integral. To find them, we first solve

equations u =
(2x− y)

2
, v =

y

2
, w =

z

3
for x,y and z in terms of u,v and w. Routine

algebra gives:

x = u + v
y = 2v
z = 3w

We then find the boundaries of G by substituting these expressions into the equations
for the boundaries of D.



Corresponding
xyz-equations uvw-equations Simplified
for the boundary of D for the boundary of G uvw-equations

x =
y

2
u + v =

2v

2
= v u = 0

x =
y

2
+ 1 u + v =

(
2v

2

)
+ 1 = v + 1 u = 1

y = 0 2v = 0 v = 0
y = 4 2v = 4 v = 2
z = 0 3w = 0 w = 0
z = 3 3w = 3 w = 1

The Jacobian of the transformation is

Ĵ(u, v, w) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∂x

∂u

∂x

∂v

∂x

∂w

∂y

∂u

∂y

∂v

∂y

∂w

∂z

∂u

∂z

∂v

∂z

∂w

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣
1 1 0
0 2 0
0 0 3

∣∣∣∣∣∣ = 6

∫ 3

0

∫ 4

0

∫ (y/2)+1

y/2

(
2x− y

2
+

z

3

)
dx dy dz =

∫ 1

0

∫ 2

0

∫ 1

0

(u + w)|Ĵ(u, v, w)|du dv dw

=

∫ 1

0

∫ 2

0

∫ 1

0

(u + w)6 du dv dw

= 6

∫ 1

0

∫ 2

0

[
u2

2
+ uw

]1

0

dv dw

= 6

∫ 1

0

∫ 2

0

(
1

2
+ w

)
dv dw

= 6

∫ 1

0

(v

2
+ vw

)2

0
dw = 6

∫ 1

0

(1 + 2w)dw

= 6
[
w + w2

]1

0
= 6 · 2 = 12



BU Department of Mathematics
Math 102 Calculus II

Fall 2005 Make-up Exam
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1. Find the area of the region that lies inside the circle r = 1 and outside of the cardioid
r = 1− cos θ.



2. Calculate

(a) I =

∫ π/2

0

∫ cos x

0

x2dy dx

(b) Reverse the order of the integral.
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1. Use Lagrange multipliers method to find all relative extrema of x2y2 on the ellipse 4x2 +y2 = 8.

Solution:

Let f(x, y) = x2y2 and g(x, y) = 4x2 + y2 = 8. We solve ∇f = λ∇g for x, y and λ:

2xy2 = λ 8x; 2x2y = λ 2y.

First equation gives either x = 0 or y2 = 4λ. Second gives y = 0 or x2 = λ. Either
(x, y) = (0, 0) which is not on the ellipse or λ = 1, x = ±1, y = ±2. Hence we obtain
four points: (−1,−2),(−1, 2), (1,−2) and (1, 2). To show that these points are relative
extrema (not saddle points), one can look at the level curves of f , which are hyperbola. At the four
points we found, these curves stay at the same side of the ellipse.

2. Let Ω be the solid bounded by the half cone z = −
√

x2 + y2 and the circular paraboloid

z = 2− x2 − y2 and suppose f : Ω → R. Express

∫ ∫ ∫
Ω

f dV as an iterated triple integral

(a) in rectangular coordinates in the order dz dy dx;
(b) in spherical coordinates in the order dρ dφ dθ;
(c) [Bonus. ] in cylindrical coordinates in the order dr dz dθ.

Solution:

The half cone and the paraboloid intersect at points with x, y satisfying−
√

x2 + y2 =

2 − x2 − y2. Set u =
√

x2 + y2 to get −u = 2 − u2 so that either u = 2 or u = −1.
Hence the two surfaces intersect at the circle z = −2, x2 + y2 = 4. (Not at z = 1!
See the figure.)

(a)

∫ 2

−2

∫ √
4−x2

−
√

4−x2

∫ 2−x2−y2

−
√

x2+y2

fdz dy dx.

(b) Express ρ on the paraboloid as a function of θ and φ:

z = 2− x2 − y2 ⇒ ρ cos φ = 2− ρ2 sin2 φ ⇒ ρ(φ) =
− cos φ +

√
1 + 7 sin2 φ

2 sin2 φ



Hence, the iterated integral is∫ 2π

0

∫ 3π
4

0

∫ ρ(φ)

0

f ρ2 sin φ dρ dφ dθ

where ρ(φ) is as above.

(c)

∫ 2π

0

∫ 0

−2

∫ √
2−z

−z

f r dr dz dθ +

∫ 2π

0

∫ 2

0

∫ √
2−z

0

f r dr dz dθ.

z

x
y

−2

2

1

half cone

3. Use the transformation u = 1
2
(x + y), v = 1

2
(x− y) to find∫ ∫

T

sin
1

2
(x + y) cos

1

2
(x− y)dA

over the triangular region T with vertices (0, 0), (2π, 0), (π, π).

Solution:

u

v

π

π

T ′

The region T is mapped to the triangle T ′ in the u-v world as shown in the figure

above. Observing that x = u + v and y = u − v, the Jacobian J =
∂(x, y)

∂(u, v)
=



∣∣∣∣ 1 1
1 −1

∣∣∣∣ = −2. Hence,∫ ∫
T

=

∫ π

0

∫ u

0

sin u cos v|J | dvdu

= 2

∫ π

0

sin u
(
sin v

)u

0
du

= 2

∫ π

0

sin2 u du

=
(
u− 1

2
sin 2u

)π

0
= π

4. Consider the vector field F(x, y) = ex cos y i− ex sin y j.
(a) Is F conservative on R2?
If yes, find a potential φ for F; check that φ is really a potential for F.
If no, explain the reason in detail, using related theorems.
(b) Find curl F.

Solution:

(a) F is conservative on R2. The potential for F is φ(x, y) = ex cos y.
(b) curl F =curl grad φ = 0.

5. Find the work done by the force field

F(x, y) = 2xy i + (x2 + cos y) j

along the curve C : r(t) = t i + t cos
t

3
j, 0 ≤ t ≤ π

2
.

Solution:

Note that F is conservative with a potential φ = x2y + sin y. Hence the work done is

W = φ(
π

2
,
π

2
cos

π

6
)− φ(0, 0) = φ(

π

2
,

√
3π

4
)− φ(0, 0) =

3π3

64
+ sin

√
3π

4
.

6. Consider the vector field

F(x, y) =
1− y

x2 + (y − 1)2
i +

x

x2 + (y − 1)2
j

and the curves C, C1 and C2.

C2 C1

C
−1 1

2

y

x



(a) Is it always true that

∫
C1

F · dr =

∫
C

F · dr? Why?

Solution:

Let F = 〈f, g〉. Observe that fy = gx. By theorem, F is conservative on any simply
connected domain. Since F is not defined at P = (0, 1), if a domain contains P , it
must be deleted. One can find a simply-connected domain, as Ω1 in the figure below,
which contains C and C1 and does not contain P . On this domain F is conservative

by theorem, therefore

∫
C1

=

∫
C

.

−1 1

2

y

x

Ω1
P

Ω2

(b) Is it always true that

∫
C2

F · dr =

∫
C

F · dr? Why?

Solution:

Not necessarily. Since every domain containing C and C2 contains P as well, we
have no chance to find a simply connected domain containing the curves but not P .
Therefore we cannot apply the theorem. Hence we cannot be sure about the equality.
Indeed, the equality is false in general.

7. Let C be the boundary of the region enclosed between y = x2 and y = 2x. Assuming that C

is oriented counterclockwise, use Green’s theorem to evaluate

∮
C

(6xy − y2)dy.

Solution:

The region Ω is simply connected with a connected, smooth, simple boundary. Set
F = 0 i + (6xy − y2) j = 〈f, g〉. Then∮

C

(6xy − y2)dy =

∮
C

F · dr

=

∫ ∫
Ω

∂g

∂x
dA (Green′s)

=

∫ 2

0

∫ 2x

x2

6y dy dx

= 3

∫ 2

0

y2
∣∣2x

x2 dx

= 3

(
4x3

3
− x5

5

)2

0

=
64

5
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1.) Find the point(s) on the surface xy − z2 = 1 closest to the origin.



2.) Evaluate
∫ (3,5,0)

(1,1,2)
yz dx + xz dy + xy dz.



3.) Let F (x,y,z) be a vector field with continuous partial derivatives. Show that

div (curl F) = 0.



4.) Evaluate
∫ 1

0

∫ √1−x2

0
5
√

x2 + y2 dydx.



5.) Let L1, L2 be the lines whose parametric equations are
L1 : x = 1 + 7t, y = 3 + t, z = 5− 3t
L2 : x = 4− t, y = 6, z = 7 + 2t.
Find the distance between the two lines.



6.) Let a curve in the plane be parametrized by x = 2t, y = t2.
a) Find the curvature function of the curve.
b) Find the tangential and normal components of the acceleration of a particle moving on this curve.



7.)Evaluate the line integral
∮

C
y2 dx + x2 dy, where C is the square with vertices (0, 0), (1, 0), (1, 1)

and (0, 1) oriented counterclockwise, using Green’s Theorem and then check your answer by evalu-
ating it directly.



8.) Find the volume of the solid enclosed between the surfaces x = y2 + z2 and x = 1− y2.
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1. What horizontal plane is tangent to the surface z = x2 − 4xy − 2y2 + 12x− 12y − 1 and what
is the point of the tangency?

Solution:

Begin by rewriting the surface equation as

F (x, y, z) = x2 − 4xy − 2y2 + 12x− 12y − 1− z.

Obviously, the gradient of this function at the point (x0, y0, z0) is a normal vector to
the surface at (x0, y0, z0), where

~∇F (x0, y0, z0) = (2x0 − 4y0 + 12)̂ı + (−4x0 − 4y0 − 12)̂ + (−1)k̂

For ~∇F (x0, y0, z0) to be the normal vector to the horizontal plane, the first two

components of ~∇F (x0, y0, z0) should be zero. i.e.

2x0 − 4y0 + 12 = 0
−4x0 − 4y0 − 12 = 0

From these equations and the equation of surface, the point of tangency is (−4, 1,−31).
Hence the equation of the tangent plane is

~∇F (x0, y0, z0) · < x− x0, y − y0, z − z0 > = 0
< 0, 0,−1 > · < x + 4, y − 1, z + 31 > = 0

⇒ z = −31



2. Evaluate

∫ 1

√
2/2

∫ x

√
1−x2

1√
x2 + y2

dydx.

Solution:

We will use polar coordinates to evaluate this integral. So, first we will identify the
region of integration.

Consider that for fixed x, y runs from
√

1− x2 to x, and for fixed y, x runs from√
2

2
to 1. So, the region is bounded below by a semicircle of radius 1 centered at the

origin, and is bounded above by the line x = y. The region of the integration is the
shaded area in the figure:

-
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y =
√

1− x2

1

θ = π/2 y = x

x = 1R�
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�

Now let us describe this area in polar coordinates. Consider that r runs from the
circle with radius 1 to the line x = 1. The equation of the circle is r = 1, and the

equation for x = 1 is r cos θ = 1 ⇒ r =
1

cos θ
. So, r varies from 1 to

1

cosθ
and θ

varies from 0 to
π

4
. Thus,∫ 1

√
2/2

∫ x

√
1−x2

1√
x2 + y2

dydx =

∫ π/4

0

∫ 1/ cos θ

1

1

r
r drdθ

=

∫ π/4

0

(
1

cos θ
− 1)dθ

=

∫ π/4

0

(
dθ

cos θ
−

∫ π/4

0

dθ

= ln | sec θ + tan θ| − θ
∣∣∣π/4

0

= ln |
√

2 + 2| − π

4



3. Find the volume of the solid in the first octant bounded by the coordinate planes and the
surface z = 4− x2 − y.

Solution:

The projection of the solid G on the xy-plane is shown in the figure:

-
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The volume of the solid can be found as follows:

V =
∫∫∫

dV =

∫∫
R

[∫ 4−x2−y

0

dz

]
dA

=

∫ 2

0

∫ 4−x2

0

∫ 4−x2−y

0

dz dy dx

=

∫ 2

0

∫ 4−x2

0

(4− x2 − y) dy dx

=

∫ 2

0

[
4y − x2y − y2

2

]4−x2

y=0
dx

=

∫ 2

0

[8− 4x2 +
x4

2
]dx

= 8x− 4x3

3
+

x5

10

∣∣∣2
0

=
128

15



4. Let C be the triangle whose edges are x=0, x+y = 1, y=0. Apply Green’s theorem to evaluate
the line integral ∫

C

y2dx + x2dy

Solution:

Since f(x, y) = y2 and g(x, y) = x2, it follows from Green’s theorem that∫
C

y2dx + x2dy =

∫∫
R

[
∂

∂x
(x2)− ∂

∂y
(y2)

]
dA

=

∫∫
R

(2x− 2y)dA

As given in the question, the region of integration is

-

6

@
@

@
@

@
@

@
@

0

1

1

x + y = 1

R
����

���
�
�

�
��

�
�

Thus, ∫
C

y2dx + x2dy =

∫ 1

0

∫ 1−x

0

(2x− 2y) dy dx

=

∫ 1

0

[
2xy − y2

]1−x

y=0
dx

=

∫ 1

0

[2x− 2x2 − 1 + 2x− x2] dx

= x2 − 2x3

3
− x + x2 − x3

3

∣∣∣1
0

= 0



5. Let C be the curve x =
π

2
t5 +

π

2
t4, y = t8 + t9 + 1, 0 ≤ t ≤ 1.

Find the line integral ∫
C

(y cos xy +
1

y
ex/y) dx + (x cos xy − x

y2
ex/4) dy

Solution:

When t = 0, we have x = 0, y = 1 and when t = 1, we have x = π, y = 3. The curve
C is from (x0, y0) = (0, 1) to (x1, y1) = (π, 3).

Put P (x, y) = y cos xy +
1

y
ex/y, Q(x, y) = x cos xy − x

y2
ex/y. Then

∂P

∂y
= y(− sin xy)x + cos xy − 1

y2
ex/y +

1

y

(
− x

y2

)
ex/y

= −xy sin xy + cos xy − 1

y2
ex/y − x

y3
ex/y.

∂Q

∂x
= x(− sin xy)y + cos xy − 1

y2
ex/y − x

y2

(
1

y

)
ex/y

= −xy sin xy + cos xy − 1

y2
ex/y − x

y3
ex/y.

So,
∂P

∂y
=

∂Q

∂x
and F = P ı̂ + Q ̂ is conservative.

Let’s find a potential function φ for F. We have

∂φ

∂x
= y cos xy +

1

y
ex/y

φ =

∫
(y cos xy +

1

y
ex/y) dx

φ(x, y) = sin xy + ex/y + f(y)

We also have

Q(x, y) = x cos xy − x

y2
ex/y =

∂φ

∂y

∂φ

∂y
= (cos xy)x +

x

y2
ex/y + f ′(y)

⇒ f ′(y) = 0, f(y) = c,



So,
φ(x, y) = sin xy + ex/y + c∫

C

Pdx + Qdy = φ(x1, y1)− φ(x0, y0)

= φ(π, 3)− φ(0, 1)
= (sin 3π + eπ/3 + c)− (sin π + e0/1 + c)
= eπ/3 − 1
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1. If f = f(x− y, y − z, z − x), then show that

∂f

∂x
+

∂f

∂y
+

∂f

∂z
= 0.

Solution: We let u = x− y, v = y − z, w = z − x, then f = f(u, v, w). Since

∂u

∂x
= 1,

∂u

∂y
= −1,

∂u

∂z
= 0,

∂v

∂x
= 0,

∂v

∂y
= 1,

∂v

∂z
= −1,

and
∂w

∂x
= −1,

∂w

∂y
= 0,

∂w

∂z
= 1.

We get
∂f

∂x
=

∂f

∂u
.
∂u

∂x
+

∂f

∂v
.
∂v

∂x
+

∂f

∂w
.
∂w

∂x
=

∂f

∂u
− ∂f

∂w
,

∂f

∂y
=

∂f

∂u
.
∂u

∂y
+

∂f

∂v
.
∂v

∂y
+

∂f

∂w
.
∂w

∂y
= −∂f

∂u
+

∂f

∂v
,

and
∂f

∂z
=

∂f

∂u
.
∂u

∂z
+

∂f

∂v
.
∂v

∂z
+

∂f

∂w
.
∂w

∂z
= −∂f

∂v
+

∂f

∂w
.

Then the result follows.



2. Determine whether the following limits exist. If so, find them. If not, give an argument.

(10)a. lim
(x,y)→(0,0)

x2 − xy√
x−√y

Solution: We have

lim
(x,y)→(0,0)

x2 − xy√
x−√y

= lim
(x,y)→(0,0)

(x2 − xy)(
√

x +
√

y)

(
√

x−√y)(
√

x +
√

y)

= lim
(x,y)→(0,0)

x(x− y)(
√

x +
√

y)

x− y

= lim
(x,y)→(0,0)

x(
√

x +
√

y)

= 0(
√

0 +
√

0)

= 0

by the continuity of the functions x,
√

x, and
√

y.

(10)b. lim
(x,y)→(0,0)

2xy

x2 + y2

Solution: Suppose that the limit exists. Then if we approach to the point (0, 0) along
the line y = mx, then we get

lim
(x,y)→(0,0)

2xy

x2 + y2
= lim

x→0

2mx2

x2 + m2x2

= lim
x→0

2mx2

x2(m2 + 1)

=
2m

m2 + 1
.

So for m = 1 and m = 2, we get different limits and this gives a contradiction.
Therefore we conclude that the limit

lim
(x,y)→(0,0)

2xy

x2 + y2

does NOT exist.



3. The surfaces
f(x, y, z) = x2 + y2 − 2 = 0

and
g(x, y, z) = x + z − 4 = 0

meet in an ellipse E. Find the parametric equations for the line tangent to E at the point
P (1, 1, 3).

Solution: The tangent line is orthogonal to both ∇f and ∇g at P , and therefore
parallel to v = ∇f × ∇g. The components of v and the coordinates of P give an
equation for the line. We have

∇f(1, 1, 3) = (2xi + 2yj)
∣∣
(1,1,3)

= 2i + 2j

∇g(1, 1, 3) = (i + 2k)
∣∣
(1,1,3)

= i + k

and
v = (2i + 2j)× (i + k) = 2i− 2j− 2k.

So, the line is given by

x = 1 + 2t, y = 1− 2t, z = 3− 2t.



4. Evaluate the following integral ∫ ∫
R

xydA

where R is the region bounded by the lines y = x, y = 2x, and x + y = 2.

Solution: After sketching the graph of the region R, one should have∫ ∫
R

xydA =

∫ 2/3

0

∫ 2x

x

xydydx +

∫ 1

2/3

∫ 2−x

x

xydydx = 13/81.



5.

(5)a. Find the line integral of f(x, y, z) = x + y + z over the straight line segment from (1, 2, 3) to
(0,−1, 1).

Solution: The straight line segment from (1, 2, 3) to (0,−1, 1) can be given as

r(t) = (i + 2j + 3k) + t(−i− 3i− 2k) = (1− t)i + (2− 3t)j + (3− 2t)k,

where t ∈ [0, 1]. This gives

r′(t) = −i− 3j− 2k and ||r′(t)|| =
√

14.

Then we have∫
C

f(x, y, z)ds =

∫ 1

0

f(r(t))||r′(t)||dt =

∫ 1

0

(6− 6t)
√

14dt = 3
√

14.

(15)b. Find the line integral of f(x, y, z) = x +
√

y − z2 over the path from (0, 0, 0) to (1, 1, 1) given
by

C1 : r(t) = ti + t2j, 0 ≤ t ≤ 1

and
C2 : r(t) = i + j + tk, 0 ≤ t ≤ 1.

Solution: We observe that C1 runs from the point (0, 0, 0) to the point (1, 1, 0) and
C2 runs from the point (1, 1, 0) to the point (1, 1, 1) and the path from (0, 0, 0) to
(1, 1, 1) is a piecewise regular path with components C1 and C2. Therefore∫

C

fds =

∫
C1

fds +

∫
C2

fds

with suitable orientations of C1 and C2. We compute

C1 : r(t) = ti + t2j, t ∈ [0, 1] ⇒ r′(t) = i + 2tj ⇒ ||r′(t)|| =
√

1 + 4t2.

Then∫
C1

f(x, y, z)ds =

∫ 1

0

f(r(t))||r′(t)||dt =

∫ 1

0

2t
√

1 + 4t2dt = 1/6(5
√

5− 1).

Similarly,

C2 : r(t) = i + j + tk, t ∈ [0, 1] ⇒ r′(t) = k ⇒ ||r′(t)|| = 1,

and ∫
C2

f(x, y, z)ds =

∫ 1

0

f(r(t))||r′(t)||dt =

∫ 1

0

(2− t2)(1)dt = 5/3.

Therefore we get∫
C

f(x, y, z)ds =

∫
C1

f(x, y, z)ds +

∫
C2

f(x, y, z)ds = 5/6
√

5 + 3/2.



6. Use the transformation u = x, v = z − y, w = xy to find∫ ∫ ∫
G

(z − y)2xydV

where G is the solid enclosed by the surfaces x = 1, x = 3, z = y, z = y + 1, xy = 2, xy = 4.

Solution: We observe that by the transformation given, the surfaces that bounds the
solid G in xyz-space corresponds to planes in uvw-space.

x = 1 ⇒ u = 1,

x = 3 ⇒ u = 3,

z − y = 0 ⇒ v = 0,

z − y = 1 ⇒ v = 1,

xy = 2 ⇒ w = 2,

xy = 4 ⇒ w = 4.

In order to write the integral in uvw-space, we also need the Jacobian. We compute

x = u, y = w/u, z = v + w/u

and
∂(x, y, z)

∂(u, v, w)
= −1

u
.

Now, we have∫ ∫ ∫
G

(z − y2)xydV =

∫ ∫ ∫
H

(
v +

w

u
− w

u

)2

u
w

u

∣∣∣∣ ∂(x, y, z)

∂(u, v, w)

∣∣∣∣dV

where H is the image of G under the transformation. Finally, we get∫ ∫ ∫
H

(
v +

w

u
− w

u

)2

u
w

u

∣∣∣∣ ∂(x, y, z)

∂(u, v, w)

∣∣∣∣dV =

∫ 4

2

∫ 1

0

∫ 3

1

v2w

∣∣∣∣− 1

u

∣∣∣∣dudvdw

= 2 ln 3.
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�¹Á�6 °�Ý # µ � ° %h#32!%('
� ® Äk� µ Á ® Äê25À ° �ÕÀ ° %(�vÌ3Ä(#32e8 ®«° 2eã­� °�Ý¶ö® À ° %(8 ® Á¢ÂÃ#3Ä;�¼À µ·¶I® Äk%(# ° %���û ® ñ æ¸ º¹�ü½,¾ªú0� ¸ º¹é è ½u¾ªúì� è ��+¤� � ),� � è �b)«� � )u�ë� �0ý þ â



-ª���!�a%ê#É8 ¶ #34v�¼476�ÄkÅ3� ¶ #3Ä;# µ �7%(ÄkÀ5ÿ7� Ý�� ã�� � �¼Ì«ÀeÅ3� °�� ãöí� � � � )� � -��ô¡ä)� � �   ¡ð-/ ®3µ·¶ 6¤%(�	%('
�Õ476�ÄkÅ�#�%;6�Ä;� ® Á�%('�Àe8:4v6�ÄbÅ«�¹#�%:%('
� ¶I® À ° %¹� � )3��)«�z-«��6
8;À ° Ì0%;'�� Ý �7Ë ° Àe%;À ®«°­® Á�4v6�ÄbÅ�#�%(6�Äk�3�Í¤Î
Ï`Ð,Ñ(Ò Î
ÓªÔ���a%��¹���k� Ý � °�® %(�¹%;'��÷476�ÄkÅ3�òÀ ° %('��¹åC6��v8b%(À ®3° �ÊÞ:'�� ° �¹���k�1�
	�� � )3�z-���¡ )3���   ¡ -�
7�Êû ® ñ%('��ì6 ° Àe%	%(# ° Ì«� ° %ÜÅ3�v4a% ® Ä¼#�%Ü# ° #3Ä � ÀX%(Ä;#3Äkã ¶I® À ° %ÜÀe8�� ���k�ê� � ó ���k�� � ó ���k� � �÷ø�ã Ý �aË ° Àe%;À ®«° æÛ%('��4v6�ÄbÅ3#&%(6�Äk� ® Á�#ì4v6�ÄbÅ«���÷���k�:#�%ê# ¶ö® À ° %��ÕÀ58 � �ìó����u� � ��:ó����k�ë��	k)«�z-¤�h-���
 î � �:ó����k� � �����ê¡ þ �  ����!   âÞ:'�� ° 4 ®«µÉ¶ 6
%;À ° Ìò%;'�� Ý �vÄkÀeÅ�#�%(ÀXÅ«� ® Á�%('��¼6 ° Àe%1%(# ° Ì«� ° %ví�òóM���k����" � þ �7���Ê¡ þ �   ��#%$    � ��& �7�!�ê¡ þ �   �'#%$    �z-����:¡ þ �   ��# �!   �(& �   �!�:¡ þ �   �'#%$   *) âÞ:'�� ¶I® À ° %·� � )«�v)«�z-«�	À58Õ#34h'
À5�7Å3� Ý ñ '
� ° �Ü� +
æ�ÀR�s�3�+�÷�M+.�Ü� � � )«��)3�z-«�a�+, ® ñ � ° �v� Ý % ®Ë °�Ý � � ó ��+«� � % ® Ë °�Ý %('��¼476�ÄkÅ�#�%;6�Ä;�Õ#�%Ê%('
À58 ¶I® À ° %�í� ó �M+.�ë�-	R+¤�h+
�z-/. ��
 î � � ó �M+.� � � -/. �¤�ñ '�À54h' À581%;'��¼4v6�ÄbÅ3#&%(6�Äk�÷#�%¹� � )3��)«�z-«�z�0 ���!�a%:×¢�����(�
���ä8;À ° �	¡�4 ® 8»�öæª+21ð���(�31 ý �54�À °�Ý %;'��á2 ® 4v#32 µ #&ç¤À µ 6 µ æ µ À ° À µ 6 µ # °�Ý 8(# Ý�Ý 25� ¶I® À ° %(8® Á�×§À ° %;'��¼Ì«ÀeÅ3� ° Ý�®«µ #3À ° �Í¤Î
Ï`Ð,Ñ(Ò Î
ÓªÔÞ:'��áÌ«ÀXÅ«� ° Ý�®«µ #3À ° �zç¤4v256 Ý �v8�Àe%(8 �I® 6 °�Ý #3Äkã3�56¼ÀXÅ«� ° ×­À58 Ý À87ö�vÄk� ° %(À5# � 25�:�aÅ«�7Äkã ñ '��vÄk�3æ»8 ® Á ® Ä%('��¹Ì«ÀeÅ3� °$Ý
®«µ #�À ° ÀeÁ�Àe%Ê'»#38á#É2 ® 4v#32 µ #&ç¤À µ 6 µ æ µ À ° À µ 6 µ # °�Ý 8;# Ý�Ý 2e� ¶I® À ° %væ�%('��aã µ 6�8k%� �É#�%k%h#3À ° � Ý #�%Ü%;'�� ¶ö® À ° %(8Õ×uà·��×ußò��+
�0ø�6
%÷×ußì� � 8;À ° �:9��+�À ° %('��0Ì«ÀXÅ«� °*Ý�®«µ #3À ° �õ�� ° 4v�¼%('��7Ä;�¼À58 °�® 2 ® 4�#�2 µ #&ç¤À µ 6 µ æ µ À ° À µ 6 µ�® Ä:8;# Ý�Ý 2e� ¶ö® À ° % ® Á�×§ÀXÁ�+;1Ú���;�31 ý �þ ��4�À °�Ý %;'��¼8;6�ÄbÁM#34v�Õ#3Äk��# ® Á�%('�� ¶I® Äk%;À ®«°­® Á�%;'��¼4 ®«° � �   � þ �   ¡ þ �   %('»#�%ÊÀe8Ê# �I® Å3�Ü%('��¼Ä;�7Ì«À ®3° À ° %('
�Ë�Ä;8k%êåC6»# Ý Ä(# ° % �ö® 6 °�Ý � Ý<� ã­%('
�Õ2eÀ ° �á�0� �§# °�Ý %('�� ¶ #3Ä;# �I® 2�#ò�0� �   �Í¤Î
Ï`Ð,Ñ(Ò Î
ÓªÔ= ° %('
�Õ4 ®«° � ñ �Õ'»#�Å«� �   � þ �   ¡ þ �   î � �?>3@ þ �G �¡ þ �¤ ��A,¤À ° 4v�Ü%;'��¼8;6�ÄbÁM#34v�¹#3Ä;�v# ® Á%('�� ¶I® Äk%;À ®«° %('»#�%	À58	# �ö® Å«�ò%;'��ìÌ«ÀXÅ«� ° Äk�vÌ«À ®«° À58á#38�B�� Ý æ ñ �ì'»#�Å«�ì% ® 4 ®«° 8kÀ Ý �7Ä �DC +
��, ® æ® 6�Ä¹Á�6 ° 47%;À ®«° À58 � �¨×¢�����(�
�Õ� @ þ �G ¢¡ þ �ª �� ���a% Æ Ý � °
® %(� %;'�� Äk�vÌ«À ®«° Ì3ÀeÅ«� ° # °
ÝFEHGÝ � °�® %(�¼%('��¼8;6
ÄkÁM#347�¹#�Ä;��#¤��Þ:'�� ° í
E�G � ¸ë¸JILK¤�5M ×M �:¥   ¡ �5M ×M ��¥   ¡ä)ON �!   ¾ E
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, ® æ�%('
�ÕÄk�vÌ«À ®«° À58:Á ® Ä µ � Ý�� ã­%('�� ¶I® À ° %(8Õ�����(�
��8;6�4h' %('»#�%ê+;P��QP )Õ# °
Ý �   P �3P����û ® ñ æ5M ×M � �R� þ �   ¡ þ �   � # �!   þ �§# °�Ý M ×M � ��� þ �   ¡ þ �   � # �!   þ �ö�S, ® æ� M ×M ��¥   ¡ � M ×M �ë¥   ¡ä)á� )UT��   ¡ä)*T3�  þ �G �¡ þ �¤  ¡ )��V� âÞ:'ª6
8ê%;'��¼8;6�ÄbÁM#34v�¹#3Ä;�v#ìÀ58ví
EHG � ¸ë¸ I . �¼¾ E �W. ��¸ �X ¸ ààOY ¾.�
¾«�� . � ¸ �X ��� � �   �k¾«�­� . ��Z �  - � � $02[ �X � . �T â�ª��4�À °�Ý %;'��ÜÅ ® 2e6 µ �	%;'»#�%êÀ58:� ° 4v2 ® 8;� Ý<� ã­%;'��¼8 ¶ '��7Ä;�78ê�   ¡©�   ¡ �   �]\É# °�Ý �   ¡£�   ¡�� � � -«�   � þ �Í¤Î
Ï`Ð,Ñ(Ò Î
ÓªÔ4�À5Äk8k%�æ ñ �ò'»#�Å«�÷% ® Ë °�Ý$® 6
% ñ '
�vÄ;�¹%('��78;�ò8 ¶ '��vÄk�v8ÜÀ ° %;�vÄk8;�v4a%��	/�25��#�Ä;2eã #&%á%('
�÷À ° %;�vÄ;8k�v4a%(À ®3°� µ 6�8b%Ê8(#�%;À58bÁ�ã �   � � � � -«�   �V� î þ � � þ �V� î � � \þ �^A�0%('�� ° 8k6 � 8b%(Àe%;6
%(�0%('
À58¼À °¯®«° � ® Á�%('��É8 ¶ '��vÄk�·�7åª6�#�%(À ®«° 8Ü% ® Ë °�Ý %('��0�våC6»#&%(À ®3° %;'»#�%¼�# °�Ý �E8(#�%;À58bÁ�ãöí �   ¡©�   ¡ � \þ � - ¥   � þ î �   ¡©�   � þ � ))UT � T 0)UT�â, ® æ ñ �:'»#�Å«�1% ®ÜÝ ÀeÅªÀ Ý ��%('���� ° 472 ® 8k� Ý Å ® 2e6 µ ��À ° % ® % ñ ®Ü¶ #�Äk%(87�¢Þ:'�� � �v2 ® ñ ¶ #�Äk%¢Àe8�# ¶I® Äk%;À ®«°® Á¢%('
�¹Ë»Äk8k%	8 ¶ '��7Ä;�ì# °
Ý %('��÷# �I® Å3� ¶ #3Äb%áÀe8á# ¶ö® Äk%(À ®«° ® Á�%('��¹8;�74 ®«°�Ý �á�!�7%`_|8á4�#32e2�%;'��¹Ë�Ä;8k%¶ #3Äk%�a � # °�Ý %('��¼8;�74 ®«°
Ý$¶ #3Äb%�a   �4 ® ÄáË °�Ý À ° Ì�a � 4 ®«° 8kÀ Ý �7Ä	%('��0#�Ä;��# ® Áë4vÄ ® 8;8¼8;�747%(À ®«° %('�#�%	Å�#3Ä;Àe�v8 ñ ÀX%(' � #38Ü8k' ® ñ ° À ° %('��Ë»Ì«6�Äk�3í
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9rÁ ñ �Õ4v#3252ÛÀe% E � � ��%('�� °<E � � ��� ��\ � �   � ý4�À5Äk8k%:Å ® 256 µ �ÜÀ58:4 ®«° 8;�7åC6�� ° %(2Xã a � � ¸ $g  �h ��\ � �   � ý ¾ � � \i\T þ ý â4 ® Äja   æ»8kÀ µ À525#3Ä;2Xã«æ%k­� � ��� � þ � � � � -«�   � ý ��Þ:'
� ° ía   � ¸ g  �hX � þ � � � � -«�   � ý � þ +l�T þ ý âÞ:'�� ° %('��Ü% ® %h#32ÛÅ ® 256 µ �ÜÀe8nmk6�8k%Ê%('
�Õ8k6 µ¨® Á�%('��78;�Ü% ñ ® ío ® 2e6 µ �:�Va � ¡:a   � � þ +l�T þ ¡ \i\T þ ¥ ý � �3+ þT þ ý � & ý âT¤�qp Nsr ,¤6 ¶�¶ö® 8;�¯×,à � +¯Á ® ÄE#�252Õ�����;���ìÀ ° 8 ®«µ � 47À5Äk4v6�25#3Ä Ý
®«µ #�À °:t À ° %;'�� ¶ 2�# ° ���L^ '»#�%E4v# ° ã ® 64 ®«° 47256 Ý �Õ# �I® 6
%�×vupxw r ,¤6 ¶
¶ö® 8k�¹×uà	� ×uß��ä+ìÀ °�t �A,¤' ® ñ %('�#�%�×§À58:4 ®3° 8k%(# ° %áÀ °yt �Í¤Î
Ï`Ð,Ñ(Ò Î
ÓªÔp Nsr ^A��472�#3À µ %;'»#�%ìÁ ® Ä0#§Ë
ç¤� Ý ï{z ± æÜ×������zï��÷Àe8ì4 ®«° 8k%h# ° %0Á ® Ä0#�252��|z ± 8k6�4h'£%('»#�%�����zï��}z t �/ ®«° 8;À Ý �vÄ¼#­2eÀ ° �q~�� ³ �����(���U�
� �üïI´É%('�#�%ÜÀ58 ¶ #3Ä(#32e25�72�% ® � � #&ç¤Àe8¹# °�Ý À ° %(�7Ä;8k�v47%;8 t � = °t�� ~ ñ �¼4v# ° 4 ®«° 8;À Ý �vÄê×§#38Ê#÷Á�6 ° 47%(À ®«°­® Á�� ®«° 2Xã«æ�8kÀ ° 47�	� Àe8�Ë
ç¤� Ý �A,¤À ° 4v� t Àe8:#ò4vÀeÄ;4v6
2�#3ÄÝ�®«µ #3À °�t�� ~!À58�4 ®3°�° �v4a%(� Ý ñ �	4v# ° # ¶
¶ 2eãì%;'��Ü" �v# ° o�#32e6��êÞ:'�� ® Äk� µ �R"�oáÞê�a�¤�!�7%�� � �k�  � �Õ% ñ ®EÝ À58k%;À ° 4a% ¶ö® À ° %(8ê8;6�4h'§%;'»#�%ò��� � �zï��z�u���   �zï��jz t(� ~��ÊÞ:'�� ° æ � ã$"�o	Þ %;'��vÄk�÷�zç
Àe8k%;8#��á8k6�4h' %;'»#�%:� � 1L��1ð�   %('»#&%Ê8(#�%;À58kË��v8ví×Ió��!�7��� ×¢��� � � � ×¢���   �� � � �   � + î ×¢��� � �ë��×¢���   � âõ��vÄk�Ü× ó �!�7�ë��+÷#�8�~!À58�#Õ25À ° � ¶ #3Ä(#32e25�72
% ® %('��ê� � #&ç¤Àe8v�ëõ�� ° 4v��æ¤Á ® ÄëË
ç¤� Ý ï ñ �á'»#�Å«� ¶ Ä ® Å«� Ý%('»#�%á×¢�����zï���Àe8:4 ®«° 8b%h# ° %v�p�w r ,ªÀ ° 47�Õ×uß���+ò% ®¤® æ � ã ¶ #3Äb%�p Nsr Á ® Ä:#÷Ë¤ç
� Ý � ñ ��B °�® ñ %;'»#�%ê×����«�(�
��À58:4 ®«° 8b%h# ° %����!�7%��� X �(� X ��z t # °�Ý ×���� X �(� X �ë�]���ë�!�7%÷��� � �;� � ��z t{� �Õ#3Ä � Àe%;Ä(#3Äbã %;'�� ° í×,àÜ�ä+ î ×¢��� � �(� � ��� ×¢��� X �;� � � � ã ¶ #3Äb%�p Nsr �×,ßê� + î ×���� X �(� � �ë� ×¢��� X �(� X � � ã ¶ #3Äk%qp�w r âÞ:'ª6
8	×¢��� � �(� � ��� ×¢��� X �(� X �ë��� ñ '�Àe4h' À µ·µ � Ý À5#�%(�72eãÉÀ µÉ¶ 2eÀ5�v81×§À58:4 ®3° 8k%(# ° %��
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Ê�Ë ÊÁÌ Ê�Í Ê�Î ÊÁÏ Ê�Ð ÑRÒRÑ^ÓQÔ
Ì¬Õ�ÖI×µØ Î7Õ�Ö,×µØ Î7Õ�Ö,×±Ø Í^ÏMÖ,×±Ø Í^Ï�Ö,×µØ Í¬Õ�Ö,×µØ Ë;Õ¬Õ�Ö,×µØ

Ù_ÚÜÛÞÝ -3+�ß S�à n�má#3n$X7âQ6�#�% àTã n ã3ä %('�Xæå�2Ü#3n
XçåHX^k¨åjX7n�m à 4^6�25#3k�% ã %;'�Xæ2 à n�X èéëêíì î -�ïñð�òó î ô )�ïõ-Iòö î ð ô -&ò #�n�m$4 ã n.%¡# à n à n�÷
%;'�Xøå ãDà n.%çù�ð
ú ô -Fú(ð.û¬üý
þFÿ������¿þ��	�
:'
X�m à k¨X^47% à5ã n��DX^4¬% ã k ã3ä %;'�X�2 à n�X�
 î ð } ïÞ-�� ô -�� à 8�%;'�X	n ã k;W #32��3X^47% ã k ã3ä %('
X�å�2Ü#3n
X�#38���X^mrüù´ð
ú ô -Fú¡ð.û à 8�#32T8 ã0ã n %('�Xøå�25#3n�X��_8 ã %('�XøX7âQ6�#�% àTã n ã�ä %;'�Xøå�2Ü#3n
X à 8ð�ù ì ô ð.û!ïõ-�ù ó ïñ-Dûrï ù ô -3û^ù ö ô ð.û î +

ã k ð ì ïõ- ó ô - ö î ô )��w ÚÜÛ�� à �3X^n %('
X ä�ã k;4^X��_X725m��� ù ì ú ó ú ö û î 2Tn!ù ó
ö û � � ï ì ó � ï ì ö �! �� ÚxÝ -�"&ßÁo	X¬%(X7k;W à n�X$#�'�X7%;'�X^k �� à 8V# 4 ã n�8;X7k%��#�% à �DX&��X^25m ã kVn ã %(' à�ä�à % à 8)�*�_n�m�# å ã %;X^n.% à #32�X^n�X7k;÷�+ ä 6�n�4¬% à5ã nä�ã k à %¸ü, ÚøÝ )-"&ß S�à n�mY%('�X�# ã k%� m ã n�XVh.+ %(' à 8 ä�ã k¨4^X ä k ã W�ù�+
ú^)Dú¸)IûÁ% ã ù0/�ú21 3Dú21 3IûA#32 ã n�÷æ%;'�X	4^6
k%�DX&4 m�X78;47k à hHX^m h.+%;'�Xøå_#3k(#�W X¬%(k à 4	X^âR6_#&% à5ã n�8 4 Z
è55é 55ê ì î /rò76ó î )�ï ù 1 3 ô )Iû�ò78
ö î )�ï ù 1 3 ô )Iû
8 à n:9 /rò-<; �

ý
þFÿ������¿þ��	�
� Û>= X¬%>? î 2Tn!ù óFö û@�*A î ì ó �CB î ì ö ü



D ?D ó î )ó î D AD ìD ?D ö î )ö î D BD ìD AD ö î + î D BD óE�X^n�47X { à 8:4 ã n�8;X7k%��#�% à �DX�ü
:'
X^nGFCHÁù ì ú ó ú ö û:#få ã %(X7nR% à #32 ä 6�n�47% à5ã n�8¨6�4¡'á%;'_#�%�IJH î {D HD ì î 2Tn!ù ó
ö ûK H îML 2Tn!ù óFö ûON ì î ì 25naù ó
ö û!ïQPSR7ù ó ú ö û î ì 2Tn ó ï ì 25n ö ïQPSRD HD ó î ì óK H îML ì ó N ó î ì 2Tn ó ïQP 6 ù ì ú ö ûD HD ö î ì öK H îML ì ö N ö î ì 2Tn ö ïTP 8 ù ì ú ó û
l ã H�ù ì ú ó ú ö û î ìVU0W ù óFö û!ïQX, Û l à n�4^X { à 8	4 ã n�8;X7k%��#�% à �DX��Y# ã k%� î L*Z { N v î HÁù[/Áú 1 3.ú 1 3&û ô HÁù�+Fú¡+
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IMPORTANT

1. Write your name, surname on top of each page. 2. The exam consists of 7 questions some of which have more than

one part. 3. Read the questions carefully and write your answers neatly under the corresponding questions. 4. Show all

your work. Correct answers without sufficient explanation might not get full credit. 5. Calculators are not allowed.

1. Suppose the vectors u,v and w satisfy u + v + w = 0. Show that u × v = v × w = w × u.

Solution: We have

u× v = u× (−u −w) = −u × u − u ×w = −u × w = w × u .

The identity u × v = v × w is proved similarly.

2. Determine whether the limit lim(x,y)→(0,0)
2x2y

x4 + y2
exists. If so, find its value.

Solution: Considering, for instance, the curves

C1 : x = t, y = 0 and C2 : x = t, y = t2

we have

lim
(x,y)

C1−→(0,0)

2x2y

x4 + y2
= lim

t→0

0

t4
= 0

and, on the other hand,

lim
(x,y)

C2−→(0,0)

2x2y

x4 + y2
= lim

t→0

2t4

2t4
= 1 .

Therefore the given limit does not exist.



3. Locate and classify the extrema for the function F (x, y) = x2 − xy + y4.

Solution: First
∇F (x, y) =

〈

2x − y,−x + 4y3
〉

= 0

if and only if

(x, y) ∈
{

(0, 0) ,

(

−
√

2

8
,−

√
2

4

)

,

(√
2

8
,

√
2

4

)}

.

Now,

D(x, y) =

∣

∣

∣

∣

Fxx(x, y) Fxy(x, y)
Fyx(x, y) Fyy(x, y)

∣

∣

∣

∣

=

∣

∣

∣

∣

2 −1
−1 12y2

∣

∣

∣

∣

= 24y2 − 1

so that
D(0, 0) = −1 < 0 ⇒ saddle point at (0,0) .

On the other hand,

D

(

−
√

2

8
,−

√
2

4

)

= D

(√
2

8
,

√
2

4

)

= 24

(√
2

4

)2

− 1 = 2 > 0

and
Fxx ≡ 0

implies that F has relative minimum at the points

(

−
√

2

8
,−

√
2

4

)

and

(√
2

8
,

√
2

4

)

.

4. Use Lagrange multipliers to investigate the function f(x, y) =
1

x
+

1

y
for extrema over the

curve
1

x2
+

1

y2
=

1

a2
where a is a positive constant.

Solution: For g(x, y) =
1

x2
+

1

y2
− 1

a2
, ∇f(x, y) = λ∇g(x, y) holds if and only if

−
〈

1

x2
,

1

y2

〉

= −2λ

〈

1

x3
,

1

y3

〉

yielding
x = y = 2λ .

The constraint equation g(x, y) = 0, in turn, gives λ = ∓a/
√

2. Finally, the compu-
tation

f(
√

2a,
√

2a) =

√
2

a
and f(−

√
2a,−

√
2a) = −

√
2

a

shows that, subject to the constraint g(x, y) = 0, f attains its maximum at (
√

2a,
√

2a),
and minimum at (−

√
2a,−

√
2a).



5. Find the volume V of the solid bounded by the plane z = 0, and the surfaces x2 + y2 = a2 and
az = a2 − x2.

Solution:

V = 4

∫ a

0

∫ a
2
−x

2

a

0

∫

√
a2−x2

0

dy dz dx = 4

∫ a

0

∫ a
2
−x

2

a

0

√
a2 − x2 dz dx =

4

a

∫ a

0

(

a2 − x2
)3/2

dx

(∗)
=

4a4

a

∫ π/2

0

cos4 θ dθ = 4a3

∫ π/2

0

(

cos 2θ + 1

2

)2

dθ = a3

∫ π/2

0

(

cos2 2θ + 2 cos 2θ + 1
)

dθ

= a3

∫ π/2

0

(

cos 4θ + 1

2
+ 2 cos 2θ + 1

)

dθ = a3

(

sin 4θ

8
+ sin 2θ +

3

2
θ

)θ=π/2

θ=0

=
3π

4
a3

where in (∗) we used the substitution x = a sin θ.

6. The plane
x

a
+

y

b
+

z

c
= 1 (a, b, c are positive constants) divides the solid ellipsoid

x2

a2
+

y2

b2
+

z2

c2
≤ 1

into two unequal pieces. In this problem, you will find the volume V of the smaller piece G as
follows.

(a) (4 pts.) Let G1 be the image of the solid G under the change of variables u = x/a, v = y/b,
and w = z/c; and let V1 be its volume. Find a relation between V and V1.

Solution: The Jacobian of the change of variables u = x/a, v = y/b, and w = z/c is
given by

∂(x, y, x)

∂(u, v, w)
=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∂x

∂u

∂x

∂v

∂x

∂w
∂y

∂u

∂y

∂v

∂y

∂w
∂z

∂u

∂z

∂v

∂z

∂w

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

a 0 0

0 b 0

0 0 c

∣

∣

∣

∣

∣

∣

∣

= abc

so that

V =

∫∫∫

G

dVx,y,z =

∫∫∫

G1

∣

∣

∣

∣

∂(x, y, x)

∂(u, v, w)

∣

∣

∣

∣

dVu,v,w = abc

∫∫∫

G1

dVu,v,w = abc V1 .

(b) (4 pts.) Let G2 be the the spherical cap bounded above by the unit sphere, and below by the
plane z = 1/

√
3; and let V2 be its volume. Find a relation between V1 and V2.

Solution: Since n = 〈a, b, c〉 := 〈1, 1, 1〉 is a normal to the plane M : u + v + w = 1,
the distance of M to the origin (u0, v0, w0) := (0, 0, 0) is

D =
|au0 + bv0 + cw0 − 1|√

a2 + b2 + c2
=

1√
3

.

Accordingly, the solid G1 = {(u, v, w) ∈ R
3 : u2 + v2 + w2 ≤ 1 & u + v + w ≥ 1} is

the (smaller) spherical cap obtained by cutting the unit sphere u2 + v2 + w2 = 1 via
a plane 1/

√
3 units away from the origin. Therefore V1 = V2.



(c) (4 pts.) Find the volume V2 of the spherical cap G2.

Solution:

V2 =

∫ 2π

0

∫

√
2/3

0

∫

√
1−r2

1/
√

3

dw r dr dθ =

∫ 2π

0

∫

√
2/3

0

(√
1 − r2 − 1√

3

)

r dr dθ

=

∫ 2π

0

[

−1

3
(1 − r2)3/2 − r2

2
√

3

]r=
√

2/3

r=0

dθ = 2π

(

− 1

9
√

3
− 1

3
√

3
+

1

3

)

=
2π

9
√

3

(

3
√

3 − 4
)

7. (a) (6 pts.) Using Green’s theorem, find a simple closed curve C with counterclockwise orientation
that maximizes the value of

I =

∫

C

y3

3
dx +

(

x − x3

3

)

dy

and explain your reasoning.

Solution: Using Green’s theorem, we have

I =

∫∫

R

[

∂

∂x

(

x − x3

3

)

− ∂

∂y

(

y3

3

)]

dA =

∫∫

R

(

1 − x2 − y2
)

dA

where R is the region enclosed by the simple closed curve C. The region that maxi-
mizes this double integral is therefore

R =
{

(x, y) ∈ R
2 : 1 − x2 − y2 ≥ 1

}

= the closed unit disk .

Thus the curve C that maximizes I is the unit circle oriented in the counterclockwise
direction, that is

C : x = cos t, y = sin t, 0 ≤ t ≤ 2π .

(b) (4 pts.) Find the maximum value of I by evaluating the double integral you found in part (a).

Solution: Passing to polar coordinates we get

Imax =

∫∫

x2+y2≤1

(

1 − x2 − y2
)

dA =

∫ 2π

0

∫ 1

0

(

1 − r2
)

r dr dθ = 2π

[

r2

2
− r4

4

]r=1

r=0

=
π

2
.

(c) (2 pts.) The double integral you evaluated in part (b) corresponds to the volume of a solid
above the xy-plane. Describe this solid.

Solution: This is the solid bounded above by the elliptic paraboloid z = 1 − x2 − y2

and below by the plane z = 0.
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