MATH1010 University Mathematics
Supplementary Exercise on Integration

5 Integration

5.1 Indefinite integral

Exercise 5.1.1. Evaluate

r+1
1. /(3—x2)3dx 3. / dx 5. /305(}2 xdx
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2. /x2(5—x)4d:c 4 /(8t— —1) dt 6. /4tan98606d9

5.3 Indefinite by substitution

Exercise 5.3.1. Evaluate

4 / dx 5 / xdx g / e*dx
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6 Further techniques of integration

6.1 Integration by trigonometric identities

Exercise 6.1.1. Evaluate

d
1. / @ 5. /0083 xdx 9. /tan xdx
1 —-cosz
dx
2. sin® x cos zdx 6. [ sin* zdx 10. —r dx
sin® z cos?
3. / sin 3z sin bzdx 7. / 11. / sin bx cos xdx
cos z sin® x
4. /cos — cos — d:v 8. / sin.g cos’ @ dx 12. /cos x cos 2z cos 3xdx
14 cos?z
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6.2 Integration by parts

Exercise 6.2.1. Evaluate

1. /lnxdw

2. /:E21nxdx 6.
1 2

5 / (_) da
T

4. /xe_””dx 8.

6.3 Reduction formula

22e > dx 9. -1
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rtan " xdx

In(z + V1 + 2?)dx

T cos xdx 10.

2% sin 2zdx 11. xsin® xdx

=

1

sin™" xdx 12. [ sin(lnx)dx

Exercise 6.3.1. Prove the following reduction formulas.

:/ ey = L s
a a
cosrsin"tzr n-—1
2.1 :/sm xdr; I, = — + I,_o, n>2
n n
sinxcos”flx n—1
3.1 :/cos xdx; I, + I, o0, n>2
n n
) / duo T CcosS ¥ +n—QI >
. - T, dIp = — . _ n—2, N =2
sin” z (n—1)sin" 'z n-1 2
5.1 /x cosxdz; I, = 2" sinx + nz" ' cosx —n(n — 1)1, 9, n > 2

61 — / dx 7o x n 2n — 3
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x"dx 22"/ x 4+ a 2an

7. In: ; In: - [n— ’ >1
VT +a 2n+1 2n+1 1,

[n,b n Z 1

6.4 Trigonometric substitution

Exercise 6.4.1. Evaluate
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6.5 Integration of rational functions

Exercise 6.5.1. Evaluate

; r?dx 5 / dx
'/1—x2 ) (22 —=2)(22 +3)
3 / 2 +1
. 6. d
¢ /3+xd$ (x+1)2%(z—1) ‘
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3/ 1+ 22 du (22 — 3z +2)%’ o
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t-substitution

dx
g / (x+1)(22+1)

dx

21 — 4a? — 1 —
10, T ¢ -
2 —2x —3

4 — 2x

11 / )@ 12

dx
12. /—x(x2+1)2

Exercise 6.6.1. Use t-substitution to evaluate the following integrals.

Qw/—ji—
1+sinz

4 / dx
’ sin® x

6.7 Improper integrals

Exercise 6.7.1. Evaluate the following improper integrals.

& dzx
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6 /°° dx
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*©  dx
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P /1 dx
' _1\/1—.932

Exercise 6.7.2. Determine whether the following improper integrals are convergent.

I /°° x2dx g 1 d_x
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Miscellaneous

Exercise. Evaluate

1. /f(a:)dx where

co

+~

R

R

1,

Jw) = {2;1:+1,

. /f(x)d:c where

4r —
ot

/ e” cos xdx

1,
L,

if £ <0
ifx >0

ifx <3
if x> 3

9. / xdf
COS“
10

dx
' / V2512 — 4
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11. —_—
/ (24 1)3
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12. d
/ (2% 4 2z + 2)? v

13./m

4_
14. / T e
X

15. —dx

16. / dr
(cosz + sinx)

17. /\/1+sina:d:v
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Answers

Exercise B.1.1]
1. 27x—9x3+2x5 1ZE7+C
2. 2543 — 1252 +30a° — 22 +

3

3. 223 + 27+ C
Exercise [£.3.1]

1. =22 -5z+C
e —et+r+C
3. —V1-22+C
4. Y1+ a4%5 40

ro
N

(1+12) +C

6. 2tan~!\/z +C

Exercise [6.1.1]
1. —cot3 + C
2. Lginbr 4+ C

6
1. 1 .

3. Zstx—l—GsmS:c—l—C

4. 3sm +—sm—+C’

5. sinx—%sin?’x—l—c

3 1. 1
6. gx—;lsm2x+§sm4x+0

Exercise [6.2.1]
1. zlnz —z+C
2. %(lnx—%)—FC
3. —i((lnz)*+2Inz+2)+C

4. —(z+1e*+C

(222 + 20+ 1)+ C

6. zsinx + cosx + C

"+ C

10.
11.

12.

10.

11.

10.
11.
12.

. xsin”

A2 - i C

—3cotx+C

. 4secd+C

—In|cosz| +C

r—In(l+e")4+C

_ .1 + 21I1 14sinx +C

sinx l-sinz
—1cos?z + $In(1+ cos’z) + C

tant - tan T

- —In|cosz|+C

—8cot 2z — gcot?’ 20 +C

—%COS4ZB— %cos6:v+0

) §+sin2x+sin4x+sigf:p+c

8 16

214—_1c0s2x+§sin2x+0
lv+V1-22+0C

2y B panly 4 O

rln(z +V1+22) —V1+22+C

ISKS

%sin2x—%0082m+0

(sin(Inz) — cos(Inz)) + C
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Exercise [6.4.1]
1. x—tanta+C

2. fem T 0

3. —V1—22+sin 'z +C
Exercise [6.5.1]

1. —z+ 3|+ C

2. 9z — 322 4+ 323 = 2T |3+ 2|+ C
3. 2+ In(l+2%)+C

4. {In|=|+C

. 101f a:+f| 5\1/§tan_1\/i§+0
6. =5 +3mfz>—1]+C

Exercise [6.6.1]
1 —5%2 4 Llnftan | + C

2. tanx —seczx + C

Exercise [6.7.1]
1
L3

. T

2
3.
4. %ln?
5. 347’%
Exercise [6.7.2]
1. Convergent
2. Convergent

3. Divergent

10.

11.

12.

it 0
%sin’1§—§\/9—x2+0

njz+ VA4 22|+ C

_a:;f?)_xg-Q +4ln |5+ C

Stanlz+ 2L 4+ C

244

1 -1 17, (@+1)?
stan™" z + 71In o] +C

r?4+2In|z+ 1]+ 3Injz — 3]+ C

tan'z — 5 +1In (f_’;)% +C

m—i-ln]x\—%ln(ﬁ—i-l)—i-c

L_{_

cosT 3 0053

+In|tan§| + C

27
3V3

NIE
|
—_

N[

—gan

Divergent
Convergent

Divergent



Miscellaneous Exercise

1. F(x)+ C where

F(z) = {x

° +x,

2. F(z)+ C where

- |

222 — x,

3. F(z)+ C where

F(z) =

_a2?
27
z?
27

ifz <0
ifx>0

if x <3
z—;+x+3, ifx >3

if x <0
ifx>0

4. F(x)+ C where

( 13

wld, B w

\

=
3

4
— 4

3

5. F(x)+ C where

(2?
3

wl|®, |

|l

2

)
1‘2
2

wld, + vl

)

W=

ifx<—1
i —-1<z<«l1

—x+§, ife>1

if x <0
fo<zx<l1
ifz>1

14.

15.

16.

17.

© 8(a2t1)2

C 59+ 122 + 1427)(1 — )i 4+ C

L 68228 (5 548)3 4 O

1000

(cosz +sinz) + C

. xtanx + In|cosx| + C

. +In |5z + V2522 — 4|+ C

x(32245)

—i—gtan_lx—FC

.+ tan Yz + 1)+ C

r242z+2

Ctan' 2z 4+ 2 4+ C

4z2+1

2(A— 1)+ 4sin L4 C

_ 2V 41:—3')2 + C
____cosz +C

cos z+sinx

2v/1 —sinxz +C
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