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1. Evaluate the following integrals:
(a) / sec* r tan? vdr
Solution:

I= / sec’ z tan” x sec’ zdx = /(1—{—’can2 z) tan® z sec” zdz = /(tan2 r+tan® z) sec” zdx

Letting u = tan z, we have du = sec? zdz.

1 1 1 1
HenceIz/(u2+u4)du: P+ Zu+e= —tan3x+5tan5x+c.

3 ) 3
in(l
(b) /arcsn;( nx)dx

Solution:
d
Let ¢ = Ing, then df = %

=] = / arcsin tdt.

dt
Now let u = arcsint,dv = dt. Then du = ——,v =
V1—1t2
t
Hence by the method of integration by parts, I = tarcsint — / ——dt.
Y & P Vi- &

1 [d
If we let z =1 — t?, we get dz = —2tdt and so I = Inz - arcsin(Inz) + 5 / hy

NE

Therefore, I = Inx - arcsin(lnz) + V1 — In’z + c.

2. Let R be the region in the first quadrant bounded by the z-axis, the y-axis, the curve y = 1+./z
and the line y = 3 — x.

(a) Sketch the region R.

Solution:

Intersection point(s):
l+vVz=3-z= W)l =2-2)0°=>r=4—4r+ 2
=20=2-bx+4=0=(z—4)(z—-1)=>z=1

Also note that y =1+ \/z = z = (y — 1)?



(b) Using integration methods, set up (DO NOT EVALUATE) an expression for the area of
the region R.

Solution:
1 3
A:/ (1+\/§)da:+/ (3 —z)dx
0 1
OR

A =/0 <3—y>dy+/1 (3 y) — (y— 1)%dy.

3. Let R be the region bounded by the curve y = €2* and the lines y = ¢ and z = 0.
(a) Sketch the region R.

Solution:

Yy
/y:€2m
2
e
N I y=¢’
R/
I
|
I
U
I
1 T
Iny
2x
=t r=—.
Y 2

(b) Using the disk method, set up (DO NOT EVALUATE) an integral for the volume of the
solid of revolution obtained by rotating the region R about the y-axis.

Solution:



2
e 1n2y
V—7T/1 1 dy.

(c) Using the shell method, set up (DO NOT EVALUATE) an integral for the volume of the
same solid.

Solution:

1
V= 27r/ z(e® — e**)du.
0

(d) Evaluate ONE of the integrals above.

Solution:
1 72
V= 27r/ (ze? — ze®®)dx = 27 |:62 ‘5 = /:cemd:c]
0
1
Let u = z,dv = €**dz. Then we have du = dz,v = 56%.

2 1 2 1 1,1
=V =2 [%xQ — —xe®® 4+ 3 / ede:r} = [%xQ - 51‘6% + —62‘”]

4 0
2 2 1 1
o | B

. Evaluate the following limits:

1 R
(a) liml—/ e % dt
1

r—1 nr
Solution:
' flm esin %tdt 0
=lim*¥*¥—— | =
z—1 Inz 0

4 po gy

= lim %=1 (by L’Hopital’s Rule)
r—1 P
i esin % esin g

= A I

(b) lim(e” +2)t 1]
Solution:

1 1
For y = (e” + z)=, Iny = — In(e” + x).

x
_ . In(e®+2z) [0
so i) = iy "5 [
e 9
= alnl—% q 1= 2 (by L’Hopital’s Rule).
Since In (lim y) = lim(Iny) = 2, we have limy = lim(e” 4+ I)% = e
z—0 z—0 z—0 z—0



B U Department of Mathematics
Math 101 Calculus I

Fall 2002 Second Midterm

Calculus archive is a property of Bogazici University Mathematics Department. The purpose of this archive is to organise and centralise the distribution of the exam questions and their solutions.
This archive is a non-profit service and it must remain so. Do not let anyone sell and do not buy this archive, or any portion of it. Reproduction or distribution of this archive, or any portion of
it, without non-profit purpose may result in severe civil and criminal penalties.

1. Evaluate the following integrals:

(a) /x * arcsmxd , where |z| < 1.

Solution:

arcsin .T

~__d w=1+1
Vet ettt

Let I denote the integral given. Then I =
Letting u = 1 — 22 implies du = —2xzdx:

du
L =- 7_—f+01

dz

1— 22

U2
IQZ/UdU:5+CQ.

Letting v = arcsinz gives dv =

Writing I in the original variable:

1
I=L+1L=—vV1—-2%2+ §(a1r(:sin:16)2 +c.

(b) /\/Elnxdac, where z > 0.

Solution:

We use integration by parts with the setting:
d 2
u=Inz=du=""" and dv:ﬁ:>UZ§x3/2.
x

Then the original integral I becomes:

2 2 [ 2’2 2 4
I=—x3/21nx——/x—dx=—x3/21nx——x3/2+c.
3 x 3 9

3
()/ Sxdx
(z+2)(x2+1)

Solution:




We use partial fractions:

5% A +Bx+C
(x+2)(224+1) z+2 22+1

which entails A = -2, B=2and C = 1.
! dxdx U odx 'or 41
o (+2)(z*+1) o T+2  Jp ¥*+1

= —2Inlz + 2|, + In(z® + 1)|(1) + arctan 7|,

T
= 31n2—2ln3+z.

2. Let f be a twice differentiable function which never takes the value —1 and satisfies:

f(x) dt
[
o (1+¢t)s

for all z. Show that f'f” = f2. (Hint: You may differentiate both sides with respect to z.)

Solution:

Differentiating both sides as suggested:

L "(z "(z) = 3(1))3.
1—mf():>f() (1+ f*(z))

Once more differentiating:

(@) = (L4 f2(2)75 (@) f'(@) = 1+ (@) 75 ().

Then clearly:
f'(@)f"(z) = f*(2).

3

3. Find the area of the region bounded by the curves y = =, Y = 0,xr=-1and z =1.
x

Vv1+
Solution:

Note that the function y is symmetric with respect to the origin, i.e. it is odd.
Moreover y < 0if x < 0, and y > 0 if x > 0. Hence the region bounded by the curves
given is symmetric with respect to the origin. This means the area A is given by:

0 e 13 13
A:/ —7da:+/ 7dm:2/ —dx.
1 V1+a? 0o V14 a2 o V1+a?
Letting v = 1+ z? we have du = 2zdz. The boundaries become: z =0 — u =1 and
x =1—u=2. Then:

2

A=2% /ju—\;aldu: [§u3/2—2\/ﬂ] = 2(2—\/5).

1



4. Find the volume of the solid generated when the region enclosed by y = cosz, y =sinx, x =0
and x = g is revolved about the r—axis.

Solution:
Yy

1

/

P I
|y
/ S

]

The volume of the solid is given by:

w/4 w/3
V = 7r/ (cos® z — sin® x)dx + 7r/ (sin®z — cos® z)dx
0 w/4

/4 /3 T /4 /3
= 7r/ cos 2zdzx + 7T/ —cos2zdxr = —sin 2x — —sin 2z
0 /4 2 0 2 w/4
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In order to get full credit, you have to show your work and explain what you
are doing. Calculators are not allowed, nor needed. Good luck.

T sin’t

(1) a) Evaluate lim F'(z) if F = dt. (15 points)

1
By the fundamental theorem of calculus, we have

d d (7 sin®t sin?
—F(x) = — dt =
dx (z) dx /1 t x
and _2 '
lim F'(z) = lim BT lim T inz=1-0=0.
z—0 z—0 X z—0 X
b) Find f'(x) if f(z) = 2% (z > 0). (15 points)
We have

In f(z) = (Inz)(Inz) = (Inx)?.

Differentiating we get

1 1
——f(z) =2(lnz)! - =
@) (z) = 2(Inz)" - —
and so | |
/ nr lng NI
= f(z)2—— = 2gln® =2
(@) = flept = 2ahe 2
c) Evaluate lir%(l + 21)3%. (10 points)
Let y = (1 + 2x)%. Then
1
Iny = iz In(1+ 2z)
and )
VSIS T T T3
and )
ity =l iy =
therefore

lin%(l +22)% = lim y = /3.
xr—

r—0



(2) Find the arc length of the curve y = % from x =0 toxz = 1.

(15 points)

We have
1
y:§(€m+€_m)
1 1
Y = 5+ e (1) = 5 — )
N2 __ lm_ —m2_é 12w_ —2z\ _ —/,T —x\2
1+ @) =1+ (" —e ") =-+ (e =24+ 7)) =—(e"+e7")
4 4 4
1
1+(y’)2:’§(em—l— ) ==("+e7")

and therefore the required arclength is

/Olmda::/ol%(em+e_m)dx

=—_¢" —e’m](l) = %(e—el) — %(1 —-1)



(3) Find the volume of the solid generated when the region enclosed by the curves
y=1+2%?% and y = 1+ 22 is revolved about the x-axis. (15 points)

y1%1+x2

/1 7[(1 +2%?)? — (1 + 2%) dx = 77/1[(1 +223/2 4 %) — (1 + 222 + 2*)] dz
0 0

[ 252 A ek
=T _ _ ) —
52 74 3 5,
[4+1 2 1]
=7l-4+ - - - —- =
5 4 3 5
11



(4) Evaluate the following integrals:
) sinx dx

/2 4+ cosx

Put u = 2 + cosz; then du = —sinx dxr and

(15 points)

sin x dx —du

V24 cosz - Vu

= —2v2+coszx + c.

1/4 daj
b S 15 points
) / - (15 points)

1/4 2dz

0o V1—(22)2
1/2 du

0 \/1—u2

1/2

[ sin! u}
0

1
1 L o—1

-~ O
5 —sin ]

]_1
BT

1/4 d.fU
/0 V1—4z2

N = N

0

SE)

[l
N =N = N =
N
—
=
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1.) Find the point(s) on the ellipse 2% + 4y* = 4 nearest the point (1,0). (Hint: Minimize the square
of the distance.)

Solution:

e 4y =4 (i)
il

i

d=+/(x—1)2+ (y — 0)2 . Let L be the square of the distance d.

D=d*=(x—1)*+y* where -2 <z <2

2
Now,x2—|—4y2:4:>y2:1—xz
2
1211 ama ™ ooy
D=(x-1)7+1 4and d$—2(x 1) 4—0
1-2=0= _4
! 1 T3
4. . .
We must show that £ = = is a min. point.
4
$:2:>D:9,IL‘:§:>D:§,:E:2:>D:1
4 4
Hence = = 3 minimizes D and minimum occurs at (5, i?)

2.) Find the volume of the solid that results when the area of the region enclosed by y = 4 — 2% and
y = x + 2 is revolved about the x-axis

Solution:

Intersection points :
4 -2 =2+2
P?+r-2=0=@+2)(z—-1)=0=>2=-2,2=1



V:/_ m[(4—2%)? = (z+2)*] do

i
V:/ 7r[16—8x2—|—x4—x2—4x—4]dx

1 511
108
V:/ 7r[12—4x—9x2—1—x4}dx:7r 12x—2m2—3x3—|—% :_57T

3.) a) Given f'(z) = xv2? + 1, find f(z) if f(2) = 12.
Solution:

f'(@) = oVTTF
fz) = /x\/m dx

u=1x>+5 du = 2zdx

dgu:xdx
_ 1 1/2 ot (2?2 45)%2

f(x)—2/u du = 3 +C = 5 +C
(22 4 5)%/2

2)=12=12= ——F——

f2)=12= 3

12=9+4+C

C=3

2 5)3/2
f(ﬂ?)=(x+) +3



b) Evaluate / _dr
z(1—Inx)

Solution:

u=1-—Inx

d
du ="
x
dz du
S C = —In|l - Inz| +C
/a:(l o " nlu| + n| nx| +
2
4.) Sketch the curve f(z) = Qx 5 by examining, a) the domain,b) the x and y-intercepts, c) all
2 —

asymptotes, d) symmetry, ) maximum,minimum and inflection points, f) intervals of increase and
decrease, g) concavity and by making a table of your data.

Solution:

Domain: R — {-3,+3}
r=0=y=0 (0,0) is the x and y intercept.
Vertical asymptotes: © = —3, x = 43

2 72

lim = +00 lim = —00
r—3+ 12 — 9 r—3— 12 — 9

I a I a n

im = —00 im = 400
c——3+ 12 — 9 r——3— T2 — 9
Horizontal asymptote: y =1

2
. T . X
lim = lim ——=1.

Tr— 100 2 _ Tr— 100 9
R (B

f(—=z) = f(x). The graph is symmetric with respect to y-axis.
18z 54(x? + 3)
! 1
= —— = —_— 0
f(z)=0=2=0.

(x
f'(z) is undefined at x = +3 (but not in the domain of f(x)
Critical number: x=0.

) ¥ e o

_||I”Ij _j"jl -+ +

B | Y AN AN NN Y

17(0) < 0, so there is a rel.max at (0,0).

The graph of the function is shown below.
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1. (a) If f is continuous on [2,5] and
1< f'(z) <4, Vz € (2,5)

then show that
3<f(B5)—f(2) <12

Solution:

By mean value theorem there is some ¢ € (2,5)such that  f/(c) =

f() = f2)
5

but 1 < f'(¢) <4s01< < 4 hence we have 3 < f(5) — f(2) < 12

(b) Evaluate the integral
/ x sin 2% cos 2’ dx

Solution:

Let u = sin(z?) then du = 2x cos(x?)
o ) udu  u? sin?(2?)
[ = [ xsin(2?) cos(x >IIT:Z+C:7+C



2. Consider the function

(a) Determine the domain of f.

(b) Find all horizontal, vertical and oblique asymptotes of f.
(
(

)
)

) Find the intervals on which f is increasing or decreasing.
d) Find all local extrema of f, if any.
)
)
)

C

(e) Find the intervals on which the graph of f is concave up or down.
(f) Find the points of inflection, if any.
(g) Sketch the graph of f.

Solution:

(a) Domain of f is the real line except the point zero i.e. R\{0}.

2
(b) f(z) = w then we have lim, ,1.2 — 3 % and also
lim, o+ f(x) = —o0 = lim,_,o- so y=2is a horiz%nta%asymptote and x=0 is a
vertical asymptote and no oblique asymptotes.
X || —oo -3 -2 0 4o
o+ |+ - + +
@l - - |
f || inc. | inc. dec. inc. inc.
fli< [ = P P P
Where f'(x) = %—’—% , fllr) =0 =2 =-2and f'(x) = —% + —i—i ,

f'(x)=0=2=-3
11

8
(@ F(-3)= 5 ana f(-2)= 11
e) Done in the above table!

) Done in the above table!

)




3. Evaluate the following limits

1 sin 2z
a) lim / cos Htdt
0

—0 sin
Solution:
sin(2x) 0
0 = — By applying L’Hospital’s rule we get;
sin(z) 0
lim, cos(5(sin(2z)))2 cos(2z) _
cos(x)
1 1 1 1
b) li e
)nggo<1+n+2+n+3+n+ +n+n)
Solution:
LSS SIS SISO S S ISP R o SO
l+n 2+n 3+n n+n 41 241 npl kg
this is a Riemann sum corresponding to the function in [0,1]

11 'd
hmn_>00221ﬁﬁ—+1:/0 1f$:1n|1+x| ;=2 —Inl1=1In2

4. Let R be the region bounded by the curves y = —x and y? = 2 — x and the z-axis.

(a) Sketch the region R and find its area.

(b) Let Sy be the solid generated by rotating the region R about the line x = —2. Set up an
intergral to calculate the volume of S;. (Do not evaluate the integral).

(c) Let Sy be the solid generated by rotating the region R about the x-axis. Set up an intergral
to calculate the volume of Sy. (Do not evaluate the integral).

Solution:
2—x = a2
(a) 0 = (z—1)(z+2)
r= -2 r=1
A:fi)Q V2 —x— (—x)dx + f02 V2 — xdx or
3oy, 10

A: 22— 2 _ (- d:2 —y— y_2:_

Jo2—v" = (—y)dy =2y 3+2|0 3

r=2-—y* x=—y
(b) Vi =7 [Z1((2 ) +2)* — (~y +2)*] dy
(©) Vo =7 |[%2— o) - (@*)dw + [;(2 - 2)da
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1.) Find the area of the region bounded by the graph of y = zlnz and the z-axis between z =1
and z = e.

Solution:

Since the function y = zlnz is positive on the interval [1,e], the area of this region, A,

e
is equal to the integral: A = / rlnzdr.
1

(Integration by parts) Put v = Inz,dv = . We get

?Inx ‘x 1
A= — “dr=—(e*+1
5 /1 5 42 4(e +1)
. g d
2.) (a) Given F(z) = | cos’(t+ 1)dt, find . F(z).
z2
Solution:
d
p F(z) = cos®(x + 1) — 2z cos® (2% + 1)
x
(b) Find wll)gloo(l +e 7).
Solution:
@ 1
Substitute u =e*: lim (1+e *)¢ = lim (1+—)*=e.
T—+00 u—r+00 u
3.) Integrate /\/ s1n5x dx.
cos® z
Solution:

sinx 1 sin
\/ —5da: = 5 \/ dx = | sec? zv/tan zdz
cos® x cos?2z V cosz

Substitute u = tan z, then we get
2 2
:/\/ﬂdu: gu% +c= 3 tans z + c

4.) (a) Show that /0 " f(@)ds = /0 " fla— 2)da.

Solution:
a 0 a
Substitute u = a — x: / f(z)dx = / —fla—u)du = / f(a — u)du.
0 a 0
™ rsin'® g 7 [T sin'®g
D h ———dr == ———dz.
(b) Deduce that /0 1+costz ~ = 2 /0 1+costa

Solution:



T i 100 TN w100
By part (a), / e N / (m —z)sin™ (7 — x) s
0 0

1+cos?x 1+ cos?(m — x)
™ sin'® g ™ rsin'® g
o l+cosx o 1+cos*x

™ rsin'® x ™ gint% g
Hence 2 ———dr=m ————dz
o l+cos®x o 1+cos®w

+0oo

1
5.) Determine whether the series E )
n
n=2

5 1s convergent.
nn)

Solution:

+o0 1
By Integral Test, consider the integral / ——— dx.
1 z(lnzx)?

+oo
By substitution » = Inz, the improper integral / — du is finite, hence the series is
1 u

convergent.
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1. Find /a:(lnac)Zdac.

Solution:

Using integration by parts: (Inz)? = u and xdxr = dv
1 2

Then 2= Inzdz = du and = = v

x

2

2 2 1
/x(lnx)de = %(lnx)Q - / %2Elnxdaj = %(lnx)2 — /xlnxdm.

Using integration by parts once again: Inx = v and xdr = dv we get:

2 2 21
/x(lnx)QdaE = %(]nx)Q - (%lnx - / %;dm)

Now combining everything, we obtain the final result to be:

2 2 2

20p — 2_ T T
/x(ln:v) dx = 2(ln:v) 5 Inz + 1 +C.

2. Verify that the average value of a linear function f(z) = ax+b over the interval [z, x5] is equal
to the value of the function at the midpoint of the interval.

Solution:
1 2 1 az? 2
Average value = (ax + b)dzx = (— + bx)
To — I1 z1 o — T 2 o1
1 ar’ ar?
= — +bry————b
To — T 2 + b2 2 T
a, 2 2
= —(z5 —27) +b(z2 — )
—— (53 —ad) + baz — )
a 1+
= §(x2+$1)+b=f<12 2)
T1+ Ty, . ca .
where is indeed the midpoint of interval [z, zs].

3. Find arc-length of y = for 0 <z < 3.

V(3 — x)
3

Solution:

Recall that arc-length of y = f(z) from x = a to = b is given by the integral:

[ Vit wra.



Let us now compute the necessary quantities for the given curve:

B L

w
\)
BN
(@]
w
[\)
B
[\

—_
M\E

4z 2 4 \2yz
Now we are ready to compute the required arc-length L:

[\
H

4= =it (L+£) then /T4 (5/)2 = ——

3
s 1 N zz T2 2
= Vi+ 'de:/ —+—d S Witid WY
/0 () W 277 23|
1

4. (a) Show that (arctanzx) = el

Solution:

(tan(arctan z))’ = 2’ (taking the derivative of both sides)
[1+ (tan(arctan z))?](arctan z)’ = 1,

Th t '= .
us (arctan z) 52

(b) Find ((tan z)2ct )’
Solution:

We will use logarithmic differentiation:
y = (tanz)****"* = Iny = arctan z In(tan z).
NOW take derivatives of both sides:

1
In(tan x) + arctan x (1 + (tanz)?),
anz

v _
y 1+a?
y =

1 1
tan g)drctane In(tanz) + arctan z 1+ (tanz)?) ).
(ana)n (L intana) L1 (rany)

1 T
(c) Find lim (cos 5) .

r—r0o0
Solution:

Instead of the function itself, it advantageous to consider its logarithm, we then
convert back via exponentiation.

1\* 1
y= (cos—) = Iny = xIncos —
x x
. . . Incosh
lim Iny = lim zlncos — = lim (where h = 1/xz)
T—00 T—00 i h—0t

__sinh

= lim —<% — (0 = lim y = lim ™Y =" = 1.
h—ot 1 T—00 T—00
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3
1. Find the integral / Vztan™! \/zdx.
1

Solution:

We use integration by parts:
Let u = tan™' v/z and dv = /.

du 1 1 x3/2
Mr 1 +1z2y/x anc v 3/2

3 2 [? 11
t —1 d = t —1 v - 3/2 —d
/1\/§an Vzdr an \/53/21 3/135 1+x2\/§x

3 3
1 1
. 31 1+2x
2

1 3
= [’can_1 x§x3/2 - g(x —In|1+ x\):|

1

2 1
= 2V3tan'V3—-tan"'1— -(3—1In|4| —1+1n|2|)

3 3
m m® 2 In2
= 2V35;— < — 2 =
\[3 6 3 3
. . dz
2. Find the 1ntegral/m.
Solution:
. . . s 1 de 1
Using trigonometric substitution: z = 3 5ee 0 = 9 = 35 ftan #. Hence:

I—/ dx . / dx B / %sec@tan@d@
) (922 —1)32 27(22 — 132 tan3 6

1 sec 0 1 cosf
= — —do = — d9
3 / tan® 6 3 / sin? 4

d
Now let u = sin @, then d—z = cos 6. Hence, the integral becomes:

Lfde_ Yoo 1 Lo T e

I = = __ -
3) u? 3u 3sin ® 3



d
3. Find f(x), given that f(1) = 0 and that y = f(z) satisfies the differential equation d—y = e Y.
T

Solution:

We can separate the variables:

d T
Y _ = /eydy = /xezdx =ze® — /ezd:c
dx ey

integrating the right hand side by parts letting v = z and dv = e®dx. Finishing the
integration we get:

e =z — e+ C = y=In(ze” —e” + O)

where C' is an integration constant and to be determined by the given condition:
f(1)=In(e—e+ C) =0= C =1 so that the unique solution becomes:

y = In(ze® — e” + 1).

1‘2 _ 1
4. Evaluate i/ t—dt.
d.fE 3z t -+ 1

Solution:

d t—1dt d

“p—1 P i1
il T Tdt= — dt ——dt
dz )5, T+1 dx +/a

g L+ 1 t+1

d By @y 32— 1 22— 1
=2 = St dt| =-3 i )
dm[ / t+1 +/a t+1 (3x+1>+(x2+1> “

by using the fundamental theorem of calculus.

5. Evaluate the following limits, if they exist:

( ) I et +e -2
a) lim —.
z—0 1 — cos2x

. 1\*
(b) mh_)rglo <cos 5) :
Solution:

0
(a) This is indeterminate of the form 0 Applying I’Hopital’s Rule we get:

. oef4+e -2 . et —e® . ef+e® 1
lim ———— = lim ———
z—0 1 — cos2x z—0 2sin 2z

im— = —.
z—0 4 cos 2x 2

(b) This is of the form 1%, so it is good to consider the logarithm of the given

function:
1\* 1 1 1
L = lim In <cos —) = lim zln (cos —) = lim M.
0
Apply L'Hopital’s rule since the limit has the indeterminate form o
—L_(—sinl/z)(—1/2?) —sinl
L= lim &2 = lim ——/° /T _ 0.

T—00 —1/:132 z—00  COS 1/£E N



Hence the desired limit is:
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1. Given f(1) =3, f(4) =7, f(4), f(14) = 23, evaluate /2(x2+ 1) f'(z* + 3z)dx.
1

Solution:

Let u = 2 + 3z then du = 3(2* + 1)dz. So the integral becomes:

16

/1 (& + 1)@ + 30)do = 5 [ = S8 - F@) = 53— =

2. Evaluate the following limits.

. - L
(a) lim(e +2)=.

Solution:

lim (e + x)% = [1°] exponential type indeterminacy. Instead of y = (¢® 4+ )= let us

z—0
. ) In(e® + z
consider its logarithm Iny = %:
In(e® 0 G2
lim(Iny) = limw = || =lim &2 =~ =2,
z—0 z—0 T 0 z—0 1 1
Now exponentiate this to find the desired limit:
imy = lim(e® +2)} = ¢
Ay = (et b e)E =
Y
(b) lim — [ €' dt.
z—0t T 0

Solution:
We use the fundamental theorem of calculus when applying L’Hopital’s rule:

tZ
T /0 e’ dt _ |:0:| . 6w2

1 2
lim — e’'dt = lim
z—0t 2T 0 z—0t T



Ny T o .
(c) nlg{)lo;ln 2+ - (Hint:Recognize it as a Riemann sum).

Solution:

Jo ok "1 k
Observe lim E In {/2 —|— — = lim —1n <2 + —). This is the Riemann sum for
n—o00 n—o00 n n

k=1
f(z) =Inx over [2 3]. Then

n L 3
lim In \n/ 24 — = / ln zdz.
n—>00 k:z_:l n 2

1
We use integration by parts: let Inx = v and dr = dv then du = —dx and v = =.
x
Then:

3 3 27
/ lnxdmlenx@—/ dx:3ln3—2ln2—(3—2):lnz—l.
2 2

3. Find the integrals:
e
a =dx
(a) / 1+es

Solution:

[
8

N
Il
o o

w8 N8

Let u=es = u?

’LL2

|
)

d 6
Computing the differential: 6u® = emd—u = 6u’du = u®dr which means —du = dx.
x U
Plugging into the integral:

3 2 1
/ emd$=6/ Y du:6/ 1—
1+e3 u2+1 u?+1

= 6[u— arctanu] + ¢ = 6[es — arctanes] + c.

(b) /xarcsinxdm.

Solution:

. . . dz T
By integration by parts: arcsinx = u and xdx = dv = du = Wi and v = —.
-
Rewriting the integral:

1
I = | zarcsinzdr = —z% arcsinz — /
/ 2 m



Setting z = sin § we get:

1 1 in% ¢
I = 5.%‘2 arcsin x — E/S(:I(I)lse cos 6do

1 1
= 5332 arcsinz — 1 /(1 — cos 20)d0

1 1 1
= 5:52 arcsinx — 1[9 —5 sin 260] + ¢

1 1
= 5352 arcsinx — Z[arcsinx —zvV1—2?+ec

4. Find the area bounded by the graphs of y = ze™ and y = L
e

Solution:

We make a picture in order to see the situation. The second one is line through the
T

origin. For y = ze™®, we look at derivatives and asymptotes: 3y = e™® — ze™* =
n . . . '/'Ll
e*(l—z) =y =e *(x—2). Moreover lim y = —oo, and lim ze™ = lim — =
T——00 T—00 rz—o00 eT
0.

We now check the intersection points of these two curves:

E:xe’””:>ac(1—<31”‘):O:>a::(],:1::1.
e

Then the area A bounded by both curves reads:

211

1 o 1 B I
A = /0 (xe —g)daj—/oxe d:v—Q—e

1

0

1 72
= —xe |3 +/ e fdr — —
0 2e

T
= —e_m(x+1)(1)— %

0_ e 2e 2e



5. The region between the graphs of y = 22 and y = 3~ 2? is revolved about the y—axis to form

a lens. Calculate the volume of the lens.

Solution:

We first make a picture to see this area and find the intersection points that we need:

372—1—332:>.’132_1:>1L‘—:|:1
2 4 B

We now apply the shell method:

1
1 1 1
vV = 2%/2x(——x2—x2)da:=27r/
0 2 0

ol
|
I
[\
8
w
N——
IS
&
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1. Evaluate the following limits, if they exist (justify your answer).

2
. —1/4
a)zlggoxtan (x)

Solution:
. 1,2
lim ztan™" (=) = [o0 - 0]
T—00 €T

_ tan71(2) {O]
= lim —% = |-
T—00 l 0
! 1 2 1 2
By L’Hospital’s = lim ———- (=) - —— = lim T =2
x? x? x?
b) lim (z + €%) =
T—00

Solution:

lim (z + €)= = [0

T—00

21 ’
Fory = (z+¢%): = lny= 2nfe + €7) — [ﬁ} (x — o0)
x 00

1+e”
2 + e 00
By I’H  lim (Iny) = lim _\TTe/ [_}

T—00 T—00 1 o0
e.',C
By L’'H lim 2- =2
T—00 1+ e”
So lim (z + ez)% = ¢

T—00

2. Find the volume of the solid generated by revolving the region bounded by the parabola y = 22

and the line y = 1 about the line z = 1.

Solution:



r=1,
____________________ ) y=1
LXK Ay
1 |
! 2 8T
By Shell Method: V =27 | (1—-2)(1—2%)dz = 3
-1
1
By Disc Method: V = 7r/ [+ )2 — (1= y)?] dy = 8%
0
3. Find the length of the curve y =In(cosz) 0 <z < g
Solution:
dy —sinx
—-— = = —tanx
dz cos T
(£ -1t
1+{-—=] =1+tan*x =sec*x
dz

l= /3 Vsec? zdr = In |secz + tan z| : =In(2 +V3).
0 0

4. Evaluate the integrals;

a) [ cos( o

Solution:

Put ¢t = \/z. We get t? = z, 2tdt = dz and
Iz/cos(ﬁ)da:zQ/t-cost-dt.

Now let t = u and cost - dt = dv so that du = dt and v = sint. Then,
1=2 [tsint—/sintdt

=2(tsint + cost) + C

= 2(Vasin(y/z ) +cos(vz ) + C.

2 dx
b)/o =

Solution:



/2 dzx _/1 dzx _/2 dz

1 1/2 1/2
_12 Yy

f(x)zl—xQ_l—ac 14+ 2
dx 1 1 1 1+z

and /1_x2=—§ln\1—x|+§ln|1+x\+C:iln |
/ Cdr lim " de (improper integral)

0 1_.’132_0.—)17 0 1_$2 p p g

1 1+a
= lim —In = —00.

a—1— l1—a

2 2

dz —dx 1 1+5b 1

— = li = i —1 — —In3| = —o0.
/1 1— 22 b51n+ p 1 — a2 bfanr[2n 1—b‘ QH] >0

So the improper integrals both diverge. Hence the given improper integral diverges.
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1. Evaluate the integrals below:

4
¢ dx
@ho [
e xVInzx
Solution:
64
LetI:/ d—x
e xVInz
dz

Inz=u,— =du
x

r=e=>u=1lzr=c'=u=1

1 du
:>I:/ — =2yu =2
1 Vu h

(b)[10] / _sm2 g

sin?6 + 1

Solution:

sin?0 + 1 = u = 2sinf cos #dh = sin 20d0 = du

in?2
;»/S;n—e 0= [yl +C =n|sin0+ 1|+ C = In(sin0 + 1) + C
sin“ 0+ 1 U

since sin?0 +1 >0



2.[25] A page has an area of 90 cm?. A text is to be printed onto this page with 1cm margins at

the bottom and both sides and a %cm margin at the top. Find the dimensions of the page that will
allow the largest printed area.

Solution:

172

1

X
90 = zy fixed. Area to be fixed maximized is

A= (x—2)(y—3/2), writing y = 90/x, = #0

90 3
S A=(z-2) (2 -2
(o= 2)(> ~ )
3 180 3 180
A=90—--—2——+4+3=93— -0 — —
2 2
3
y2§7$227

2
Ify:3/2:>x:90-§.Hence,2§x§60

3 180
A/:—§+?:0:>SC2:120.

x =120 = 2+4/30 since = > 0
There are three values to check:

Critical point:

4
r=2/30=y= % >

230 V30
Boundary points:

r=2=y=45and A=0 [lim A=0]

r—21

r=060=y=3/2and A=0 [ lim A =0
z—60~

45
Therefore, dimensions z = 230,y = —— give maximum printed area.

V30

3 180
A=93—---2vV30 — —= =93 -6Vv30
2 2v/30



3. Evaluate the following limits:
(a)[13] lim+(sin z)”
z—0

Solution:
Let y = (sinx)®
lim+ y gives [0°]. Take log of y:
z—0

Iny = zlnsin(z) — 0- oo [zlnsin(xz) > 0 because cosz — 0]

CcoS T
Insinz o0 ; x2cosx
im [—] = lim Smlx = — lim — = — lim —
z—0t ]_/CC 0 r—0t rz—0t SInx z—01T SINn T
22
= lim lny = — lim — < lim - lim cosz=1-0-1=0.
z—01 rz—0t SIN T x—0t r—0t

= lim y = lim (sinz)* =€’ = 1.
z—07t xz—07F

, x3 — 27
(b)[12] lim ————
cos Ttdt

9
Solution:

If we put z = 3, we get [g]

F.T.C must be used.

) x3 — 27 . 32 9
lim ———=1i

23 /35@ "33 cos(m9z2)  cos(m - 81)
9

cos Ttdt




4. Sketch the region enclosed by the graphs of x = y?> — 5 and x = 3 — y2.
(a)[10] Express the area of this region by setting up an integral with respect to z. (Do not evaluate.)

Solution:

/ x=y2—5

2

--\

Intersection points: 4> —5=3 -y’ =2y =8 = y=42=12=—1.

3

A= [ (vars (vaes))aes [ (VBT (-vE) da

-1

= /_: (2\/x—+5> dx+/j (2\/3+—x) dx

(b)[10] Express the area of this region by setting up an integral with respect to y. (Do not evaluate.)

Solution:
2

A:/_Z(3—y2)—(y2—5)dy:/ (8 22) dy

-2

(c)[10] Find the area of this region by evaluating one of the definite integrals found above. (Which
one would you prefer? Of course, the simpler.)

Solution:

2
2
AZ/ (8 —y*)dy =8y — 2’2,
-2
9 2 64
— (16— 28) — (—16 + 28) = —
(16— 28) (164 28 = 2
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1. Evaluate

(a) lim [sin(xQ)]l/lnx

z—0t
Solution:
Y= (sin x2)1/hm
2 cos 12
1 00 i 2
Iny = —Insinz? = lim Iny = [—] = lim SWI
Inx z—0+ ool -0t 1)z
242 cos 12 2
Iny = lim ———— = lim —— - lim 2cosz? =2
z—0t SInx z—0t SInxr* z—0t+
lim Iny=2=1In lim y =2 = lim y = ¢*
x—0t x—0t x—0t
= lim (sin xQ)I/hW = ¢?
z—0t
(b) lim Zn:# forc>1
n—o00 £ n -+ jc
J=1
Solution:
1 1/n =11 b dax
- = 'C = llm — 7 = T
nj+c 1+J_ noeofn g JC 0 xc
n n

1 1

d 1 d 1 1

/i:—/ i:—ln\l—irasc\(l):—1n(1+c)
o L+zc ¢ ) c c



2. (a) Find the area of the region R bounded by the curves of y = 2? and x = y?. Solution:

(L1

y=2"=y'=>y—y'=0=>y1-¢y*)=0, y=0,y=1

1 92 3
A:/ (\/E—xQ)dx:§x3/2—%3=2/3—1/3=1/3
0

(b) Find the value of a > 0 such that when the region bounded by the curve y =1+ \/Eewz,
the line y = 1 and the line x = a is rotated about the line y = 1, a volume of 27 is
generated.

Solution:

V= 7T/ (Vze® Vdr = 2
0

a
2
7T/ xe® dr =27
0

222 = u = 4dxdx = du

2a2
vd
7T/ ¢ u:27r
0 4

(62(12 o

T
4
e’ —1=28

2 =9 =922 =1n9=1n3%=2In3

a=vIn3



3. Integrate

5T
) / Gr@+ )™

Solution:

S
I = d
/(x+2)(x2+1) v
%5 A Bx +c

G122+ 212 241

A(@*+1)+ (Bx+C)(z+2) =5z
r=-2=5A=-10,A= -2
A+B=0, B=2

r=0=>A+20=0,C=1

r+2 224+1 x22+1

2
1

[=In2 T i +arctanz + C
(z +2)

-2 2 1
]:/< L )dl-:_21n|x-|—2|—|—1n(x2—|—1)—|—arctanx+(]

(b) /xlnﬁdx

Solution:

I:/xlnﬁdx

1
= ——dr =d
\/:; U:Q\/Ex u

T =1U

4 4d
]:/u21nu2udu:2/u31nudu:[hlu.u__/u u}
U 4u

Inu="U, lalu =dU
u

wdu=dV, — =V
utlnu  u? ?Inyr 2
[ = - — _ -
~ 2 g t¢ 2 g ¢



4. (a) If f and ¢ are continuous functions on [a, b] satisfying fab f(z)dx = fab g(x)dx, then show
that there exists ¢ € (a,b) such that f(c) = g(c).

Solution:

Let h(z) = f(x) — g(x), h is continuous so by Mean Value Theorem

e (@) he) = - [0 - onae= - | [ oar— [ ey
1
" b—a

So, Jc € (a,b) h(c) = f(c) —g(c) =0= Fc € (a,b) f(c) = g(c)

h(c) -0=0

w/2
(b) Evaluate / T g

/2 sin? z

Solution:
[:/”/2 cosxdx

- sin® x

This is an improper integral.

™2 cosx . ¢ cosz . ™2 cosx
I = ——dr = lim ——dx + lim ———dz
—m/2 8107 X =0~ J_p/2 SINT X b—0t Jy sin” x
. cos T du 1
u = sinx = du = cos xdx, ——dr = —2:——+C
sin” x U U

ISLE]

1 1
I = lim (—_ |'3r)+lim (—. | )
c—0~ simx 2 b—0+ Sin x

1 1
= 1= lim ——+(—1)+ lim —1 + —— = oo, divergent.
c—0— sinc b—0+ sin b
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1 2+h
1. Evaluate lim <E/ Viz2 +2 dt).
2

h—0t
Solution:
2+h
lim | — V242 dt ) = lim M
=0+ \ h J, h—0t g(h)
1 2+h
where f(h):ﬁ/ V12 +2 dt and g(h) = h.
2
) . . e o
lim ——= has — indeterminacy. So L’Hopital’s rule can be applied:
h—o+ g(h) 0
1 [*h 2+h)2+21-+/22420
lim (—/ \/t2+2) g = lim YR F T _ .
h—0+t \ h 2 h—0t 1
2. Evaluate

o .om . 2m 3w . nm
a) lim — [sin — +sin — +sin — + ... +sin —
n—00 7 n n n n

CCQ

b) lim

Z—>00 (]n 3:)3
Solution:

.o, m . 2T . 3T . nmw i
a) lim — [sin — +sin — +sin — + ... +sin —| = lim R,
n

n—oo M n n n n—00
T, w . 2m . om . onm| . )

where R, = — [sm — +sin — +sin — + ... +sin —] is a Riemann sum for f(z) =
n n n n n

sinz z € [0,7] with Az = 7. So
n

lim R, = / sinz dx = — cosz|y; = cos0 — cosm = 2.
n—0o0 0
2
b) lim has [@} indeterminacy. Hence we can apply L’Hopital’s rule:
£—00 (]n x)?’ b
) x ) 2z . 222 . ) .
lim ——— = lim ———=~ = lim ———— which has [%} indeterminacy. Reap-

z=o0 (Inz)3 2500 3(Inz)?) 2500 3(Inx)?

x
plying L’Hopital’s rule gives:

2 2 i 2 s (=] indetermi in. We appl
wl)rgom = lim &7 = lim oo— has |7] indeterminacy again. We apply

x
I’Hépital’s rule for the last time to get:

222 . Ax o Ax?
lim — = lim - = lim — = oo.



3. Find the volume of the solid generated if the region bounded by the graphs of y = e, =
0, x=1, y=0 isrevolved about y-axis.

Solution:

\,;‘ﬂl e )

L

By Shell Method:

1
V = 27r/ re ® dr. Put u = —z%s0 that du = —2zdz.
0

V= —w/ et du = ("), = m(1 — ).
0

€

4. Evaluate

dx !

Solution:

d
a) /ﬁizﬂ u=e"? 2lnu=z

/ 2du / 2du
wu?+u) ) u(u+1)
2 _A B C

u?(u+1) u+u2+u—|—1
2=Au(u+1)+ B(u+1)+ Cu?

u=0=>B=2

u=-1=0=2

and A+ C=0=A4=-2



2du 2 2 2
B Zd d
/u(u2+u) /u u+/u2 u+/u—i—1 Y

2
= —2Inlu/——+2Inju+1/+C=2In +C
u

2 41 2
ez/2 - ex/2

1
b) / x Inzdzx is an improper integral.
0

1 1
Hence, / zlnzdz = lim zlnzdz, (1 >a>0).
0

a—0t [,

X
Using integration by parts: u =Inz, zdx =dv=du=—, v= 5
x

1 (2] 1 1
/ zlnzdr = lim T —/—xdx}
0 a—>0+ L 2 2 a

1 a’lna az]

= lim |—-—
o727 T2 T

_ 1

= T
Note that

l
lim ¢’lna = [0.00] = lim [H—Z] = [f]
a—0t a—0t+ | a™ o0
1 1
= lim /a — a,2 = 0
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1. Find the volume of solid generated by revolving the region in the first quadrant bounded above
by the line y = /2, below by the curve y = sec z tan z, and on the left by the y-axis, about the

line y = /2.
Solution:

f(z) =secxtanz, £(0)=0, f(%)=+V2.

y=v2

y =secxtanzx

INE)

V = 7'('/ r2dx—7r/ (V2 — sec z tan z)% dz

0

2—2\/_secxtanx+sec rtan®z) dx

Il
3
N

tan® 2]
= W[Qx—Q\/isecxtanx—i- 1 x:|
0

= 7r<g—2\/§.\/§+%—(0—2\/§+0)>

’ﬂ' T
= —+ —(6v2-11
2+3(\f )

2. Evaluate:
4 8 Y s 3
a ze Tdx b —d c cotz dx d dz
@ [ O [ i @ @ [ =
Solution:

(a) Take u=x and e~® dzx = dv. Then:

/xe‘z dz = —xe_z—/—e_z dx

4 4
ze ¥dry = —zxze ¥ — e_x]
0 0

= (—4et—e?)—(0-1)
= 1—5e*



So,

A N B
y?—2y—3 y+1 y-—3
A N B
vy = y+1 y—3
3 = 4B :>B:Z
-1 = —4A :A:%
/8<1 1 +3 1 )d
L \dy+1 ay—3)Y

(d) Take z = 3sinf. Then,

3
dz
Voo

(IIE}

cotxdr =

8

4

3
9+Z ln5—1 ln5—Z Inl

9 Inb

T

1 3
= [Z ln|y+1\+— In|y — 3\}
1
4
In

lim
a—0t

= lim 1n|s1nx| ]
a—07t

= lim(l
g (no)

= 400, diverges.

27sin® 6
vV9I—9 sin® 6
27 sin® 6
/ 3cos 0 3cosfdb
/ 27 sin® 0 db

27/sin (1 — cos® ) df

27 (/sin0d0+/cos20(— sin f) dH)

3
27 (— cos 0 + CO; 9)

(9 — 2?)3
27 | —

3cosfdb




3. Determine whether the following series converge.

00 1 o'} fe's) " 0o 27L2 13
a — 3\ b o3 c d _ e re
Solution:
(a) Integral test :
1 .
f(z) = s(1+1’z) z > 0. clearly decreasing
Take v = Inx. Then:

0 1 0 du IRES T '

m dr = ke tan” " u 0 =3 = series converges
1 X 0

(b) Ratio test:
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= lim = - <1 = series converges
n—oQ a,n [

(c) Root test:

( A R — 400 = series diverges
= — = — Vi
(27)? 22 4

(d) Limit comparison test:
(2n? + 3) 2

=1
Compare to Z o Observe that 5+ An+6 n — 5

n=1

2 1
0 < - <1 = series diverges since Z — diverges.
3 n
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