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MATH 101 Second Midterm Examination

December 8, 2003
17:00-18:00
Student number:
Name:
Signature:

1 /40 points
2 /15 points
3 /15 points
4 /30 points

Total /100 points

In order to get full credit, you have to show your work and explain what you
are doing. Calculators are not allowed, nor needed. Good luck.

(1) a) Evaluate lim
x→0

F ′(x) if F =

∫ x

1

sin2 t

t
dt. (15 points)

By the fundamental theorem of calculus, we have

d

dx
F (x) =

d

dx

∫ x

1

sin2 t

t
dt =

sin2 x

x

and

lim
x→0

F ′(x) = lim
x→0

sin2 x

x
= lim
x→0

sinx

x
· sinx = 1 · 0 = 0.

b) Find f ′(x) if f(x) = xlnx (x > 0). (15 points)
We have

ln f(x) = (lnx)(lnx) = (lnx)2.

Differentiating we get
1

f(x)
f ′(x) = 2(lnx)1 · 1

x

and so

f ′(x) = f(x)2
ln x

x
= 2xlnx lnx

x
.

c) Evaluate lim
x→0

(1 + 2x)
1
3x . (10 points)

Let y = (1 + 2x)
1
3x . Then

ln y =
1

3x
ln(1 + 2x)

and

lim
x→0

ln y = lim
x→0

ln(1 + 2x)

3x
= lim
x→0

1
1+2x

· 2
3

=
2

3
and

ln lim
x→0

y = lim
x→0

ln y =
2

3
,

therefore
lim
x→0

(1 + 2x)
1
3x = lim

x→0
y = e2/3.



(2) Find the arc length of the curve y =
ex + e−x

2
from x = 0 to x = 1.

(15 points)

We have

y =
1

2
(ex + e−x)

y′ =
1

2
(ex + e−x(−1)) =

1

2
(ex − e−x)

1 + (y′)2 = 1 +
1

4
(ex − e−x)2 =

4

4
+

1

4
(e2x − 2 + e−2x) =

1

4
(ex + e−x)2

√
1 + (y′)2 =

∣∣∣∣
1

2
(ex + e−x)

∣∣∣∣ =
1

2
(ex + e−x)

and therefore the required arclength is

∫ 1

0

√
1 + (y′)2 dx =

∫ 1

0

1

2
(ex + e−x) dx

=
1

2

[
ex − e−x

]1
0

=
1

2
(e− e−1)− 1

2
(1 − 1)

=
1

2
(e − e−1).



(3) Find the volume of the solid generated when the region enclosed by the curves
y = 1 + x3/2 and y = 1 + x2 is revolved about the x-axis. (15 points)

y = 1 + x3/2
y = 1 + x2

∫ 1

0

π[(1 + x3/2)2 − (1 + x2)2] dx = π

∫ 1

0

[(1 + 2x3/2 + x3)− (1 + 2x2 + x4)] dx

= π

[
2
x5/2

5/2
+
x4

4
− 2

x3

3
− x5

5

]1

0

= π[
4

5
+

1

4
− 2

3
− 1

5
]

=
11

60
π.



(4) Evaluate the following integrals:

a)

∫
sinx dx√
2 + cosx

(15 points)

Put u = 2 + cosx; then du = − sinx dx and

∫
sinx dx√
2 + cosx

=

∫ −du√
u

= −
∫
u−1/2du

= −u
1/2

1/2
+ c

= −2
√
u + c

= −2
√

2 + cosx + c.

b)

∫ 1/4

0

dx√
1− 4x2

(15 points)

∫ 1/4

0

dx√
1− 4x2

=
1

2

∫ 1/4

0

2 dx√
1 − (2x)2

=
1

2

∫ 1/2

0

du√
1 − u2

=
1

2

[
sin−1 u

]1/2

0

=
1

2
[sin−1 1

2
− sin−1 0]

=
1

2
[
π

6
− 0] =

1

12
π.
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1.) Find the point(s) on the ellipse x2 +4y2 = 4 nearest the point (1, 0). (Hint: Minimize the square
of the distance.)

Solution:

d =
√

(x− 1)2 + (y − 0)2 . Let L be the square of the distance d.

D = d2 = (x− 1)2 + y2 where −2 ≤ x ≤ 2

Now, x2 + 4y2 = 4 ⇒ y2 = 1− x2

4

D = (x− 1)2 + 1− x2

4
and

dD

dx
= 2(x− 1)− 2x

4
= 0

x− 1− x

4
= 0 ⇒ x =

4

3

We must show that x =
4

3
is a min. point.

x = 2 ⇒ D = 9, x =
4

3
⇒ D =

2

3
, x = 2 ⇒ D = 1

Hence x =
4

3
minimizes D and minimum occurs at

(
4

3
,±
√

5

3

)

2.) Find the volume of the solid that results when the area of the region enclosed by y = 4− x2 and
y = x + 2 is revolved about the x-axis

Solution:

Intersection points :
4− x2 = x + 2
x2 + x− 2 = 0 ⇒ (x + 2)(x− 1) = 0 ⇒ x = −2, x = 1



V =

∫ 1

−2

π
[
(4− x2)2 − (x + 2)2

]
dx

V =

∫ 1

−2

π
[
16− 8x2 + x4 − x2 − 4x− 4

]
dx

V =

∫ 1

−2

π
[
12− 4x− 9x2 + x4

]
dx = π

[
12x− 2x2 − 3x3 +

x5

5

]1

−2

=
108π

5

3.) a) Given f ′(x) = x
√

x2 + 1, find f(x) if f(2) = 12.

Solution:

f ′(x) = x
√

x2 + 5

f(x) =

∫
x
√

x2 + 5 dx

u = x2 + 5 du = 2xdx

du

2
= xdx

f(x) =
1

2

∫
u1/2du =

u3/2

3
+ C =

(x2 + 5)3/2

3
+ C

f(2) = 12 ⇒ 12 =
(22 + 5)3/2

3

12 = 9 + C

C = 3

f(x) =
(x2 + 5)3/2

3
+ 3



b) Evaluate

∫
dx

x(1− ln x)

Solution:

u = 1− lnx

du = −dx

x∫
dx

x(1− lnx)
= −

∫
du

u
= −ln|u|+ C = −ln|1− lnx|+ C

4.) Sketch the curve f(x) =
x2

x2 − 9
by examining, a) the domain,b) the x and y-intercepts, c) all

asymptotes, d) symmetry, e) maximum,minimum and inflection points, f) intervals of increase and
decrease, g) concavity and by making a table of your data.

Solution:

Domain: R− {−3, +3}
x = 0 ⇒ y = 0 (0, 0) is the x and y intercept.
Vertical asymptotes: x = −3, x = +3

lim
x→3+

x2

x2 − 9
= +∞ lim

x→3−

x2

x2 − 9
= −∞

lim
x→−3+

x2

x2 − 9
= −∞ lim

x→−3−

x2

x2 − 9
= +∞

Horizontal asymptote: y = 1

lim
x→±∞

x2

x2 − 9
= lim

x→±∞
x2

x2(1− 9

x2
)

= 1.

f(−x) = f(x). The graph is symmetric with respect to y-axis.

f ′(x) = − 18x

(x− 9)2
f ′′(x) =

54(x2 + 3)

(x2 − 9)3
6= 0

f ′(x) = 0 ⇒ x = 0.
f ′(x) is undefined at x = ±3 (but not in the domain of f(x)
Critical number: x=0.

f ′′(0) < 0, so there is a rel.max at (0,0).

The graph of the function is shown below.
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1. (a) If f is continuous on [2, 5] and

1 ≤ f ′(x) ≤ 4, ∀x ∈ (2, 5)

then show that
3 ≤ f(5) − f(2) ≤ 12

Solution:

By mean value theorem there is some c ∈ (2, 5)such that f ′(c) =
f(5) − f(2)

5 − 2

but 1 ≤ f ′(c) ≤ 4 so 1 ≤ f(5) − f(2)

5 − 2
≤ 4 hence we have 3 ≤ f(5) − f(2) ≤ 12

(b) Evaluate the integral
∫

x sin x2 cos x2dx

Solution:

Let u = sin(x2) then du = 2x cos(x2)

I =
∫

x sin(x2) cos(x2) =
∫ u du

2
=

u2

4
+ c =

sin2(x2)

4
+ c



2. Consider the function

f (x) = 2 − 3

x
− 3

x2

(a) Determine the domain of f.

(b) Find all horizontal, vertical and oblique asymptotes of f.

(c) Find the intervals on which f is increasing or decreasing.

(d) Find all local extrema of f, if any.

(e) Find the intervals on which the graph of f is concave up or down.

(f) Find the points of inflection, if any.

(g) Sketch the graph of f.

Solution:

(a) Domain of f is the real line except the point zero i.e. R\{0}.

(b) f(x) =
2x2 − 3x − 3

x2
then we have limx→±∞ 2 − 3

x
− 3

x2
and also

limx→0+ f(x) = −∞ = limx→0− so y=2 is a horizontal asymptote and x=0 is a
vertical asymptote and no oblique asymptotes.

(c)

x −∞ -3 -2 0 +∞
f ′ + + - + +
f ′′ + - - - -
f inc. inc. dec. inc. inc.
f ^ _ _ _ _

Where f ′(x) =
3

x2
+

6

x3
, f ′(x) = 0 ⇒ x = −2 and f ′′(x) = − 6

x3
+ −18

x4
,

f ′′(x) = 0 ⇒ x = −3

(d) f(−3) =
8

3
and f(−2) =

11

4
(e) Done in the above table!

(f) Done in the above table!

(g)



3. Evaluate the following limits

a) lim
x→0

1

sin x

∫ sin 2x

0

cos 5tdt

Solution:

∫ sin(2x)

0

sin(x)
=

0

0
By applying L’Hospital’s rule we get;

limx→0
cos(5(sin(2x)))2 cos(2x)

cos(x)
= 2

b) lim
n→∞

(

1

1 + n
+

1

2 + n
+

1

3 + n
+ · · · + 1

n + n

)

Solution:

1

1 + n
+

1

2 + n
+

1

3 + n
+ · · · + 1

n + n
=

1
n

1
n

+ 1
+

1
n

2
n

+ 1
+ · · · +

1
n

n

n
+ 1

=
n
∑

k=1

1

n

1
k

n
+ 1

this is a Riemann sum corresponding to the function
1

1 + x
in [0,1]

limn → ∞∑

n

k=1

1

n

1
k

n
+ 1

=

∫ 1

0

dx

1 + x
= ln |1 + x| |10= ln 2 − ln 1 = ln 2

4. Let R be the region bounded by the curves y = −x and y2 = 2 − x and the x-axis.

(a) Sketch the region R and find its area.

(b) Let S1 be the solid generated by rotating the region R about the line x = −2. Set up an
intergral to calculate the volume of S1. (Do not evaluate the integral).

(c) Let S2 be the solid generated by rotating the region R about the x-axis. Set up an intergral
to calculate the volume of S2. (Do not evaluate the integral).

Solution:

(a)
2 − x = x2

0 = (x − 1)(x + 2)
x = −2 x = 1

A=
∫ 0

−2

√
2 − x − (−x)dx +

∫ 2

0

√
2 − xdx or

A=
∫ 2

0
2 − y2 − (−y)dy = 2y − y3

3
+

y2

2
|20=

10

3
x = 2 − y2 x = −y

(b) V1 = π
∫ 2

0
[((2 − y2) + 2)2 − (−y + 2)2] dy

(c) V2 = π
[

∫ 0

−2
(2 − x) − (x2)dx +

∫ 2

0
(2 − x)dx

]
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1. Evaluate the integrals below:

(a)[10]

∫ e4

e

dx

x
√

ln x

Solution:

Let I =

∫ e4

e

dx

x
√

ln x

ln x = u,
dx

x
= du

x = e ⇒ u = 1, x = e4 ⇒ u = 4

⇒ I =

∫ 4

1

du√
u

= 2
√

u ]41 = 2.

(b)[10]

∫
sin 2θ

sin2 θ + 1
dθ

Solution:

sin2θ + 1 = u ⇒ 2 sin θ cos θdθ = sin 2θdθ = du

⇒
∫

sin 2θ

sin2 θ + 1
dθ =

∫
du

u
= ln |u|+ C = ln |sin2θ + 1|+ C = ln(sin2θ + 1) + C

since sin2θ + 1 > 0



2.[25] A page has an area of 90 cm2. A text is to be printed onto this page with 1 cm margins at
the bottom and both sides and a 1

2
cm margin at the top. Find the dimensions of the page that will

allow the largest printed area.

Solution:

90 = xy fixed. Area to be fixed maximized is

A = (x− 2)(y − 3/2), writing y = 90/x, x 6= 0

⇒ A = (x− 2)(
90

x
− 3

2
)

A = 90− 3

2
x− 180

x
+ 3 = 93− 3

2
x− 180

x

y ≥ 3

2
, x ≥ 2,

If y = 3/2 ⇒ x = 90 · 2

3
. Hence, 2 ≤ x ≤ 60

A′ = −3

2
+

180

x2
= 0 ⇒ x2 = 120.

x =
√

120 = 2
√

30 since x > 0

There are three values to check:

Critical point:

x = 2
√

30 ⇒ y =
90

2
√

30
=

45√
30

.

Boundary points:

x = 2 ⇒ y = 45 and A = 0 [ lim
x→2+

A = 0]

x = 60 ⇒ y = 3/2 and A = 0 [ lim
x→60−

A = 0]

Therefore, dimensions x = 2
√

30, y =
45√
30

give maximum printed area.

A = 93− 3

2
· 2
√

30− 180

2
√

30
= 93− 6

√
30



3. Evaluate the following limits:
(a)[13] lim

x→0+
(sin x)x

Solution:

Let y = (sinx)x

lim
x→0+

y gives [00]. Take log of y:

ln y = x ln sin(x) → 0 · ∞ [x ln sin(x) ≥ 0 because cos x → 0+]

lim
x→0+

ln sin x

1/x
[
∞
∞ ] = lim

x→0+

cos x

sin x
−1

x2

= − lim
x→0+

x2 cos x

sin x
= − lim

x→0+

x

sin x
· x · cos x

⇒ lim
x→0+

lny = − lim
x→0+

x

sin x
· lim

x→0+
x · lim

x→0+
cos x = 1 · 0 · 1 = 0.

⇒ lim
x→0+

y = lim
x→0+

(sin x)x = e0 = 1.

(b)[12] lim
x→3

x3 − 27∫ 3x

9

cos πt2dt

Solution:

If we put x = 3, we get

[
0

0

]

F.T.C must be used.

lim
x→3

x3 − 27∫ 3x

9

cos πt2dt

= lim
x→3

3x2

3 cos(π9x2)
=

9

cos(π · 81)
= −9.



4. Sketch the region enclosed by the graphs of x = y2 − 5 and x = 3− y2.
(a)[10] Express the area of this region by setting up an integral with respect to x. (Do not evaluate.)

Solution:

Intersection points: y2 − 5 = 3− y2 ⇒ 2y2 = 8 ⇒ y = ±2 ⇒ x = −1.

A =

∫ −1

−5

(√
x + 5−

(
−√x + 5

))
dx +

∫ 3

−1

(√
3− x− (−√3− x

))
dx

=

∫ −1

−5

(
2
√

x + 5
)

dx +

∫ 3

−1

(
2
√

3 + x
)

dx

(b)[10] Express the area of this region by setting up an integral with respect to y. (Do not evaluate.)

Solution:

A =

∫ 2

−2

(
3− y2

)− (
y2 − 5

)
dy =

∫ 2

−2

(
8− 2y2

)
dy

(c)[10] Find the area of this region by evaluating one of the definite integrals found above. (Which
one would you prefer? Of course, the simpler.)

Solution:

A =

∫ 2

−2

(
8− y2

)
dy = 8y − 2

3
y3]2−2

= (16− 2

3
8)− (−16 +

2

3
8) =

64

3
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1. Evaluate

(a) lim
x→0+

[
sin(x2)

]1/ ln x

Solution:

y =
(
sin x2

)1/ ln x

ln y =
1

ln x
ln sin x2 ⇒ lim

x→0+
ln y =

[∞
∞

]
= lim

x→0+

2x cos x2

sin x2

1/x

ln y = lim
x→0+

2x2 cos x2

sin x2
= lim

x→0+

x2

sin x2
· lim

x→0+
2 cos x2 = 2

lim
x→0+

ln y = 2 ⇒ ln lim
x→0+

y = 2 ⇒ lim
x→0+

y = e2

⇒ lim
x→0+

(
sin x2

)1/ lnx
= e2

(b) lim
n→∞

n∑
j=1

1

n + jc
for c > 1

Solution:

1

nj + c
=

1/n

1 +
jc

n

⇒ lim
n→∞

n∑
j=1

1

n
· 1

1 +
jc

n

=

∫ 1

0

dx

1 + xc

∫ 1

0

dx

1 + xc
=

1

c

∫ 1

0

cdx

1 + xc
=

1

c
ln |1 + xc|10 =

1

c
ln(1 + c)



2. (a) Find the area of the region R bounded by the curves of y = x2 and x = y2. Solution:

y = x2 = y4 ⇒ y − y4 = 0 ⇒ y(1 − y3) = 0, y = 0, y = 1

A =

∫ 1

0

(
√

x − x2)dx =
2

3
x3/2 − x3

3
|10 = 2/3 − 1/3 = 1/3

(b) Find the value of a > 0 such that when the region bounded by the curve y = 1 +
√

xex2
,

the line y = 1 and the line x = a is rotated about the line y = 1, a volume of 2π is
generated.

Solution:

V = π

∫ a

0

(
√

xex2

)2dx = 2π

π

∫ a

0

xe2x2

dx = 2π

2x2 = u ⇒ 4xdx = du

π

∫ 2a2

0

eudu

4
= 2π

π

4
(e2a2 − 1) = 2π

e2a2 − 1 = 8

e2a2

= 9 ⇒ 2a2 = ln 9 = ln 32 = 2 ln 3

a =
√

ln 3



3. Integrate

(a)

∫
5x

(x + 2)(x2 + 1)
dx

Solution:

I =

∫
5x

(x + 2)(x2 + 1)
dx

5x

(x + 2)(x2 + 1)
=

A

x + 2
+

Bx + c

x2 + 1

A(x2 + 1) + (Bx + C)(x + 2) = 5x

x = −2 ⇒ 5A = −10, A = −2

A + B = 0, B = 2

x = 0 ⇒ A + 2C = 0, C = 1

I =

∫ ( −2

x + 2
+

2x

x2 + 1
+

1

x2 + 1

)
dx = −2 ln |x + 2|+ ln(x2 + 1) + arctan x + C

I = ln
x2 + 1

(x + 2)2
+ arctan x + C

(b)

∫
x ln

√
xdx

Solution:

I =

∫
x ln

√
xdx

√
x = u ⇒ 1

2
√

x
dx = du

x = u2

I =

∫
u2 lnu 2udu = 2

∫
u3 ln udu =

[
ln u · u4

u
−

∫
u4du

4u

]

ln u = U,
1

u
du = dU

u3 du = dV,
u4

4
= V

⇒ I =
u4 lnu

2
− u4

8
+ C =

x2 ln
√

x

2
− x2

8
+ C



4. (a) If f and g are continuous functions on [a, b] satisfying
∫ b

a
f(x)dx =

∫ b

a
g(x)dx, then show

that there exists c ∈ (a, b) such that f(c) = g(c).

Solution:

Let h(x) = f(x) − g(x), h is continuous so by Mean Value Theorem

∃c ∈ (a, b) h(c) =
1

b − a

∫ b

a

(f(t) − g(t))dt =
1

b − a

[∫ b

a

f(t)dt −
∫ b

a

g(t)dt

]

h(c) =
1

b − a
· 0 = 0

So, ∃c ∈ (a, b) h(c) = f(c) − g(c) = 0 ⇒ ∃c ∈ (a, b) f(c) = g(c)

(b) Evaluate

∫ π/2

−π/2

cos x

sin2 x
dx

Solution:

I =

∫ π/2

−π/2

cos x

sin2 x
dx

This is an improper integral.

I =

∫ π/2

−π/2

cos x

sin2 x
dx = lim

c→0−

∫ c

−π/2

cos x

sin2 x
dx + lim

b→0+

∫ π/2

b

cos x

sin2 x
dx

u = sin x ⇒ du = cos xdx,

∫
cos x

sin2 x
dx =

∫
du

u2
= −1

u
+ C

I = lim
c→0−

(
− 1

sin x
| c
−π

2

)
+ lim

b→0+

(
− 1

sin x
|

π
2
b

)

⇒ I = lim
c→0−

− 1

sin c
+ (−1) + lim

b→0+
−1 +

1

sin b
= ∞, divergent.
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