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2?2 ifz<1

1. Let f : R — R be defined by f(a:):{ 97 ifz > 1

(a) Is f continuous at z = 17

Solution:

lim f(z) =2-1=2%# lim f(z) =1>=1. So lirq f(z) does not exist.
T—r

1+ z—1-
.. f is not continuous at x = 1.

(b) Is f differentiable at x = 17

Solution:

Since differentiability implies continuity and f is not continuous at x = 1, f is not
differentiable at z = 1.

d d

2. Find —(f(2)) if - (f(32)) = 6.
Solution:
d d d
Let u = 3z. Then 62 = —(f(u)) = - (f(u))- % = f'(u) -3

=2u=f'(u)-3= f'(u) = gu

2
or simply f'(z) = 3%

3. Determine whether the function f(z) = 5z° 4 42® has an inverse or not. If so, find (f~')'(9).

Solution:

f'(z) =252* + 1222 >0 V2 #0
= f is increasing. Hence f is invertible.
flx)=9if bzt +42® =9 or z = 1.

So (£ 1Y(9) = =+ : :

TP 250 +12(1)2 37

2
4. Find the arc length of the curve y = % —Inz, for4 <z <8.

Solution:



2 1 2 _y 24 4\?2
y=F--=— $1+@V:(x )'
4x

x2+4 8(3: 1)
= —+—|dzx
4 =z

864—16 + (In8 —In4) =6+ 1n2.

5. Evaluate the following integrals:

(a) / cosz dx

sin®z — sinz
Solution:
Put v = sinz so that du = cos zdz.

1= [ 55 [amve

1 A B C
= — 1=A(u—1)(u+1)+Bu(u+1 —1
wu—-Du+l) wu-1Tur1 = (u—1)(u+1)+Bu(u+1)+Cu(u—1)

u=0=>A=-—
u=1=B=1/2
u=-1=C=1/2

I—/—L1+1/ du +1/ du
T Ty w12 ) ura

1 1 Vsin’z — 1
:—ln\u|+—ln|u—1|+—ln\u+1|+c:ln&+c.
2 2 | sin x|
r?dz
b
( )/\/9—302
Solution:
. T s
Let x = 3sinf (—5 <f< 5) . Then dx = 3 cos 8d6.
9 — 22 =9(1 —sin?6) = 9cos?
V9 — 22 = 3cosb.
9 6 9 9 1
ThenI:/33(:1;103cos€d9—§/(1—c0520)d0 2 H—ESin%)—i—c
9 9 9 V9 — a2
:—(9—sin9(:050)—|—c=—arcsin(f)——><(£>>< T e
2 2 3 2 3 3
9
:§arcsm(3> g\/ —x2+c

(c) /ln(x + Va2 + 1)dx

Solution:



Let u = In(z + V2?2 + 1), dv = dx.
1+ = 1
Then du = ——Y2 L dr = dy = ———dz
r+vVr2+1 2 +1

and v = x.

Then by the method of integration by parts,

I=x-ln(x+\/ﬂm)—/

2z
———— __dr=z-In(z+Va2+1)—Va2+1+c
2vr? +1 ( )
6. Determine whether the series below converge or diverge.
- 1
a R
(a) ;n(l—i-ann)

Solution:

1
dx

Let F'(n) :/1 w0t D)

d
Let w = Inz. Then du = _x‘
T

du
1+ u?

. It is decreasing as x > 1.

= arctanu/"" = arctan(Inn) — arctan 0 = arctan(Inn).

Inn
Then F(n) = /
0

= lim F(n) = g = The series converges by Integral Test.

n—oo

o0

1
(b)zl+2+...+n

n=1

Solution:

1 2
Recall: 1+2+...+n:”(”2+ )_™ ;”

o0

oo

1 N 1
1+2+...4n Zn2+n'

1 n=1
1
nz+n

n

o
IA

1 =1
< — and being p-series with p = 2 > 1, the series Z — is convergent.
n n

n=1

o
1
So Z i converges by Comparison Test.
n=1
oo

1
= Z is convergent.

1+24+...+n
n=1

7. Find the radius and interval of convergence of the power series

2 (Inn)(z — 1)"
Z( )(6n )

n=2

Solution:



(Inn)(x — 1)”.

Let a, =
en
Uny1 In(n +1)(z — 1)~ er _ lln(n—l-l)‘x_l' —>1|m—1|
an | entl Inn(z —1*| e Inn e
as n — oo.

So the series converges absolutely when |z — 1| < e and diverges when |z — 1| > e
by Ratio Test.

End-Points:

zt—1l<e& —e<z—-1l<esl—-e<z<l+e

Zlnn(e)" &
r=1+4+e: ZT :Zlnn.
n=2 n=2
Since Inn — oo as n — oo, the series diverges by n-th term test.
o
r=1—e: Z(—l)”lnn.
n=2

Again the series diverges by n-th term test.
So the radius of convergence R = e and the interval of convergence is (1 —e, 1+ e).
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2 1 4
1. Show that f(z) = ’ +1 + 2 5 has at least one root in the open interval (1,2) (Hint:
x — x —
Check continuity and the behaviour at the end points).

Solution:

lim f(x) = +o0.

T——+00

lim f(x) = —o0.

r——00

Therefore there exists an element ¢ in (1,2) such that f(c) = 0.

2. Compute f'(0) by using the definition of derivative if

L [Fsin(t?)dt if x#0
— z2 Jo
/(@) { 0 it =0
Solution:
1 [* 0
£/(0) = lim /0 sin(#?)dt =
by 'Hopital’s rule
1 [* in(x?
lim —3/ sin(t?)dt = lim w = 1.
z—0 2° J, z—=0 T

3. Evaluate the following limits :

(a) lim x(g — arctan x)
Solution:

lim x(g —arctanz) = 00.0

Tr— 00
m Z —arctanz z?
By I'Hopital’s rule lim z(— — arctanz) = lim G : ) _ lim =

(b) lim [sin(z?)]m=

z—0+
Solution:
In sin(x?
If Yy = [Sln(;pQ)]ﬁ then ]ny — M
Inx

(2
lim Iny = lim M

00
= —. By I'Hopital’s rule
z—0T z—0+ Inzx 00



cos(z?)x?

L R
: 2
e
3x 3
4. Evaluate f£ f(aj)daj if f/(m) = cos T and f(g) — f(;) = 1. (Hmt : Use integration by parts.)
2

Solution:

If w = f(z) then du = f'(x)dx.
If dv = dx then v = =.

By integration by parts

3
3T

/f(l’)dl’ =xzf(x) - /xf’(x)dx =5 - g — ﬁ: cos(z)dr = m — 2.

2

5. Evaluate / d—x
0

Va(l+z)

Solution:

This is an improper integral.

/Oo—dx = lim /1 —dm + lim /t—da:
o Vr(l+z) ot ). Va(l+a) it )i Va(l+x)

= Clir(r)l+ 2 arctan(\/E) + tginoo 2 arctan(\/i) =0+ g _ g

6. Determine whether the following series are convergent or divergent.

> k
a S Y
();( )\/k;2+k:+1
Solution:

lim a, # 0.Therefore this series is divergent.

n—oo

(b) Z 27" gin?(e?*)
k=0
Solution:

1 (o)
—k - 2/ 2k . . .
|27" sin*(e™")| < o and we know E o 88 convergent geometric series,by compar-

k=0
ison test our series converges absolutely. Hence convergent.



© X0+ -0y

Solution:
EOO (1+ (=D 3 and ;O ﬂ have the same character.
— (k—1)! — (2i - 1)!

9
By the ratio test lim

lim m = 0. Hence the series converges.

[eS) _9 k
7. (a)Given the power series g (—1)’“% find the radius and interval of convergence.
+ 1)1
k=0

Solution:

— )b+l ok(k 4 1)d
r= lim | (@ ) 5. (b + )4|:
k=00 Qk+1(f 4 2)1 (x —2)

thus the series converges absolutely if |z — 2| < 2.

|z — 2]
2

To determine the convergence behavior at the end points z = 0,x = 4

If x = 0 then the series becomes

[e 9]

1 A .
E W which is a convergent series.
+ 1)1
k=0

If = 4 then the series becomes

P L : .
Z (—1)"——— which is a convergent alternating series.
o (k+1)1

so the interval of convergence is [0,4].

b) Write down the sixth Taylor polynomials about x=0 for the function f(z) = sin®z.
y poly

Solution:

3 22k 3 (293)21@
Since for cosx pg = Z(—l)k k) we have cos 2z = Z(_l)k

k=0 k=0

2k

)

3
1 2
so for sin?(z) the sixth Taylor polynomial about x=0 is equal to 5( 1—2(—1)k ((2:2)
k=0

)
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(1) Find the derivative of #*") with respect to x (z > 0).

Solution:
Put y = z(¢"). Then

Iny =e"Inzx,

! 1 1
y—:em——l—emlnx:e”” <—+1na:>,
Y x x

« 1
y =z )e? (— +1n:v) .
T

(2) Find the coordinates of all points on the graph of y = 1 — x® at which the
tangent line passes through the point (2,0).

Solution:

Let (a,b) be a point on the graph of the function. The tangent line
to the graph at (a,b) has slope y'(a) = —2a. Since the tangent line is

b—0
required to pass through the point (2, 0), it follows that —2a = 5 =
a —_—
1— 2
a so that
a—

—2a% +4a=1-d?,
a2—4a—|—1=(),
a=2++V3ora=2-3.

Therefore the points are (2 — /3, —6 4+ 4v/3) and (2 + V3, —6 — 4V/3).



(3) (a) Find the smallest and largest values of the function f(xz) = x — sin 2z on
the interval [0, ].

Solution:

The extrema occur at the critical points on [0, 7] or at the end points 0
and m. The critical points, by definition, satisfy f'(z) =1 —2cos2z =
0. Hence cos2x = 1/2 so that x = 7/6 or x = ® — 7/6 = 57 /6.
Comparing the values:

F(0) =0,
fwje) =T <o,
fomfe) =T - n
f(m) =,

we get f(7/6) < f(0) < f(m) < f(57/6). Therefore f(7/6) is absolute
minimum and f(57/6) is absolute maximum on [0, 7].

(b) Show that f(z) = x — sin2x has at least two roots on [0, ].
Solution:

Since f(n/6) < 0 < f(5bn/6) and f(z) is continuous, by Intermediate
Value Theorem there is at least one point on [7/6, 57/6] at which f is
zero. Furthermore f(0) = 0. Hence there are at least two roots of f
on [0, ].

400
(4) Is the improper integral / ze~® dr convergent? Justify your answer.
0

Solution:

1 1
Setting u = 22, we find /:ve_$2da: = E/e_“du = —53_“ +e =

1
—56_3;2 + ¢ and

l
1
— lim - [—e—$2]
l>+oc0 2 £=0

1
=—— lim [e_l2 - 602]

2 l—>+oo

1 1
——[0-1] ==

2[ ] 27

so the given improper integral converges to 1/2.



(5) Find the indefinite integral / tan~ 'z dr = / arctan z dx.

Solution:
Writing v = tan™ 'z and v = z, and using integration by parts, we
find du =

1 dr and v = z, say, and so

xz? 4+
1
tan™' zdr = (tan™ ' x)z —
/an rdr = (tan™" x)x /m1+x2dac
1 1/23:da:
=ztan "r— - | ——
2/ 1422
1 [d
:mtan_lx—i & (on setting y = z* + 1)
Y

1
=gztan 'z — §In|y|+c
1
=gztan lz — 5111(3:24—1)-1—0

sincey:w2+1>0.

1
(6) Let R be the region enclosed by the curve y = o) and the z-axis from 0
x
to 1. Find the volume of the solid generated when the region R is revolved about
the x-axis.

Solution:

1 1 )

1
= 71'/ (x? + 1) 2dx (put T = tanu, dr = sec’u du; —7r/2<u<7r/2)
0
w/4
= 7r/ (tan® u + 1)~ 2 sec?u du
0
/4
= 7r/ (secu) * sec?u du
0

w/4
= 7r/ cosZu du
0

w/4
= / (cos2u+ 1) du
0




dz.

x_
Fi he i 1
(7) Find the integra /x3—1

Solution:

Express the integrand in partial fractions:

r—3 A Bx+C

3 —1 _:l:—l—l_m2—|—:v—|—17
t—3=(A+B)z*+(A-B+C)z+(A-0),

A=-2/3,B=2/3,C =1/3.

It follows that

r—3 —2/3 2¢/3+7/3
/$3—1dx_/(m—1+/m2+x+1>dx

2 1 [22+1+6
=—-1 -1+ | ———d
3n|ﬂC | 3/ﬁ2+x+1x
2 d
=——Injz-1|+= ln|a: +x+1|+2/7x
3 2+x+1

= +2/ dx
B ?4+z+5+3

dx 2 1 2
=---+2/— wu=—=(@+ <), du = —=dz
ey (s Glet ghdu= i)

:...+2/ﬁjidg

3424 3

- f/u2+1

= +%tan
:_§1n|m_1|+%In(m2+az+1)+%tan_l(%(x—ké)).

(8) Investigate the convergence behavior of the following series.
+oo n
1
D" (14 = —1].
@ S |(1+) 1]

Solution:
n

1
Since (1 + —) — 1 has the limit e — 1 # 0 as n — 400, the nth term
n

does not tend to 0, therefore the given series diverges.

—+o0

n3/2 1 p
(b) Z -

/4 L nn’



Solution:

We have
n3/2 +n
. on' 4 in .. n?4m a4
ngr—lr-loo n3/2 o nEI—{I—loo n3/2 pll/4 L lnn =1 ?é 0, 400
nll/4

and by the limit comparison test, the given series behaves in the same

too  3/2 too  3/2 too
77 oes. Thel i el L
way as Z 1174 oes. e latter series Z eTyZi Z I1/A-6/2 —
n=1 n=1 n=1
+0o0
1
Z Y7 is a p-seris with p = 5/4 > 1, so it is convergent. We conclude
n
n=1
R n¥?24n

that the given series
n=1

—————— is convergent, too.
nll/4 £ 1nn ’

(9) Find all real numbers x for which the power series

f AP L ST
Zeom—1 3 5 7T 2n — 1

is convergent. [Don’t forget the endpoints of the interval of convergence.]

Solution:

By the Ratio Test for absolute convergence, the series is convergent
Gn41

whenever 1 > lim ‘ Since
n—-+o00 an
wn+1
. Oy 1 . 2(n+1)—1 ) z(2n —1
lim |t ‘ = lim % = lim ‘Q‘:Lﬂ,
n—-+oo (479 n——+oo 1 n—-+oo 2n + 1

the series is convergent if |z| < 1 or equivalently —1 < z < 1.
+oo
As for the end points, for z = 1, we get Z
n=1

which is divergent
2n —

400
1
because E — is divergent (Limit Comparison Test). For z = —1, we
n
n=1

+oo n
get Z ﬂ This series is absolutely divergent but is convergent
— 2n —1
1
2n —1
=0 and

(therefore conditionally convergent). To see this, observe: (1)

is always positive; (2) 5 . is decreasing; (3) 111;1_1 5 .
n — n——+o0 42N —

apply Alternating Series Test.



.,Bn

. is convergent on [—1,1) and divergent

“+o0
Wi lude that
€ concluae a ;2?1_

otherwise.
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1.) Let

V—x itz <0
flz)=¢ 3—=x ifo<zx<3
(x—3)% ifz >3

Determine the point(s) at which f(z) is discontinuous. Explain in detail.
Solution:

Check the points = 0 and = 3 because these are candidate points of discontinuity.

z=0:

lim f(z) = lim v—2 =0
r—0~ r—0~

lim f(@)= lim (3—2) =3

= lirr(l) f(z) doesn’t exist and therefore f is discontinuous at z = 0.
T—

=3

hr?, f(z) = 11%17(3 —z)=0
. T _a\2

g 1) = g =37 =0

= lin}3 f(z) = 0 but f(3) is undefined and therefore f is discontinuous at x = 3, too

because for continuity we must have lim f(z) = f(a).

2.) For what values of r does the function y = €™ satisfy the equation y” 4+ 5y’ — 6y = 07

Solution:

Yy = er:v = y/ — Tem: and y// — ,r,2€m:

Now substitute in the equation above

r2e™ 4 bre™ — 6e™ = 0

= e (r?+5r—-6)=0

e cannot be zero and hence > +5r —6=0= (r —1)(r +6) =0

r=lorr=-—6



Tt
3.) Find a function f and a number a such that 6 + / %dt =2/

Solution:

Differentiate both sides with respect to z:

d‘i (6+/; %dt) = % (2v/7)

f(z) 1 3/2
2 :ﬁif(x):l‘/
x 3/2
Then, 6 + —dt—2\/_
2Vt =2z —6
= 21— 2y/a =2z — 6
Va=3=a=09.
4)Evaluate a) /5x — 3 +7$_3dx
(x2 4+ 1)2

Solution:
By partial fractions

50— 32 +T7x—3 Az+B Cx+D
(22 +1)2 2241 (224 1)2
573 =32 +Tr —3=(Av + B)(2* + 1)+ Co + D = Az* + Ba* + (A+C)z+ B+ D

Comparing the coefficients, we get:
A=5 B=-3 (C+A=7 B+D=-3

C=2 D=0.
5% 3 2x
=] = dr — d —d
/x2+1x /a:2+1x+/(x2+1)2x

/ o dx uw=1x>+1 du=2zdx

241

2 _Z e 1
:>/a:2+1 / ln|u] ln|x + 1]

3
/ o ldx = 3tan "'z
T




2
/(—xdx u=1x>+1 du=2xdx

$2 + 1)2
N / 2x d du 1 1
—_— QT = —_—=—— = —
(2 +1)2 u? u 2+ 1

5
Therefore, I = §ln|:v2 + 1| — 3tan'z —

b) /<1_+2>3/2dx

Solution:

C
1’2—|—1+

Let x = sinf = dx = cos6df

1 — 22 =cos?0

_2\3/2 2 9)3/2 4
/(1 ) dx:/<cos g‘)g Cesedgz/w 1 d&:/cot4ecsc29d9

6 sin sin* 0 sin” 6

Now let u = cot § = du = — csc? 0df, Then,

5 5 1 1= 2 5
/cot4ecsc29dl9:—/u4du:—%+C’:—Cog 9_1_0:_5 (—x) +C

5) Evaluate a) /e‘x sin rxdx

Solution:

By parts: let v =sinmx du = 7 cos mrdr

dv=e%dx v=—e"*

/udv:uv—/vdu

I = /e“ sinTxdr = —sinwxe * + /exﬂ cos Txdx

2

by parts again: u = mcosmr du = —7°sin rxdx

—x

dv=e%*dx v=—e¢

Then, [ = —sinmxe ¥ + |:—7T cosmre * — /(—e_:c)(—w2 sin rz)dx

T

= [ = —sinmxe * — wcosmre ¥ — /e_gcﬂ2 sin rxdx

xT

= | = —sinwze ® — wcosmxe * — w2l

(7 + 1) = —e “(sinmx + wcosmx) + C



—X

= 1= —e—(sinwx+7rcos7rx) +C
1+ w2

Alternatively, one can start by letting u = ¢™ and dv = sinmx
& 2 —$2 ]. o —LBQ
b) Show that xie "V dr = - e " dx.
0 2 Jo
Solution:

o0 2 ! 2
r2e " dr = lim x2e " dx
0 =00 Jo

U=z = du=dzx.

2

dv=ze P dr = v =1 5 since /:L‘e_‘”de = ¢ 5 +C

oo —x? oo ,—x
/ 2le " dy = lim 25 1 +/ S
0 l—oco —2 0 2
/OO 22e " dr = lim(leilQ —0) —I—/Oo . dr = lim l <OO> + /00 . dz
0 oo —2 o 2 7 B —2eP \oo 0 2

) l 00 ) 1
115?0 —2el? <§) N 113?0 —2el*9] 0

o 1 o0
:>/ 22 dy = —/ e dx
0 2 Jo

6) Evaluate lirf (2e% + x?)3/7,

2

Solution:

3
Iny = ~In(2e” + 2?)
x

3(2e” 4 2x)
31n(2e” + 22 ot a2 3(2¢% 4 2
lim Iny = lim S22e+27) () = tim 22— g 3(2¢” + 22) (%)
T—00 T—00 €T o0 T—00 1 x—oo 2e% 4+ 2 o0
. 3(2¢" + 27) . 6e"+6 o0 . 6e® /00 . 6e” o0
lim —~ =1 —(_>: im <—): —(—>:3
z—oo  2e% + 32 z—o0 2% + 22 \ 00 z—o0 2% + 2 \ 0o z—00 2% \ 00

= lim y = é*

7) Determine the convergence or divergence of the following series:

3n? 4 bn
a) ; 2n(n? 1 1)



Solution:

1
Limit comparison test: compare with Z on which converges (a geometric series with

r=1/2).
3n% +5n
n(n? 3n%+5
p= nh_)n;@ % nl_)oo :’Lﬂ—iln = 3 > (0 = series converges.
2n
(n+ 3)!
Solution:
Ratio test:
(n+4)!
! [3n+l1 4
p = lim Intl _ i 3in+1)13 = lim nrt o 1/3 < 1 = the series converges.
3In!3n
ok
e
)13
k=1
Solution:
Ratio test'

k+1 2 L 2
= = — =1 — ) = 1 i
p=fim = i sz,z@(m) o 1 diverges

or root test: lim a; = hrn — =e¢e > 1= diverges

k—o0 k—oo 4

, ek /oo A ek
or divergence test: hm — (—) = lim — (—) = lim — = oo = diverges.
00

k—o00 ]{32 0.] k—o0 Qk k—oo
o0 2 k
8) Find the interval of convergence of the series Z(— k—(xk—;?)k)
k=1
Solution:
y Upei1 . (_1)k+1($ + 2)k+1 k‘23k
= = lim
P= % uy, k—oo | (k4 1)23k1  (=1)F(z +2)F
L +2 E\? | +2|
= lim — | =
A== IR R 3




|z + 2| |z + 2|

> 1

So the series converges absolutely if < 1 and diverges if

|z + 2|
3

Now focus on the interval of convergence: <l& 3<z+2<3& -5<r<l1

for convergence.

Check the endpoints:

— (D3 - N
T =—5= Z mE Z 2 p series with p = 2 = convergent.
k=1 k=1

r=1= Z ( k2) converges absolutely since = Z = is convergent.
k=1 k=1

(D"
= Z 12 converges.
k=1

Conclusion: interval of convergence is [—5, 1].
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1. Assume that f(z) is defined for all z such that |z| < 1 and satisfies
r < f(z) <z +2* for all v with |z| < 1.

Prove that f’(0) exists and has the value 1.

Solution:
0< F(0) < 0 implies £(0) = 0. f/(0) = i "D _ pyp, [0
x— 0", >0 ISMSI—I—x limm—l
T z—0t X
x—07,2<0 12M21+x lim M:180]”’(()):0
x 20— T

2. An isosceles triangle is drawn with a vertex at the origin, its base parallel to and above the
x-axis and the vertices of its base on the curve 12y = 36 — 2. Find the largest possible area of
such a triangle.

Solution:

36 — 22\ [ 22 x> dA 32 x?
( 12 ) ( 2 > TR Ak AT -0 o

T2v/3. So the function A(x) decreases on (—o0o, —2v/3) and (2v/3,400) increases
on (—2v/3,2v/3). Hence A(2V/3) = 4/3

3. Evaluate the following limits

Ry

(a) lim, . (cosz)

Solution:



1 1
y = (cosz)=* Iny= ;lncosx

Incosz
limIny = lim then
x—0 ) x—0 ;EQ
— SIinxT : :
e . —sinx . sinx .. —1 —1
= lim 2% = lim ——— = lim lim = —
z—0 27 z—02x cosx 2—0 x =z—02cC0ST 2

Iy — - limy=exp?

(b) lim, oo Y. = tan 22

4an
k=1
Solution:
fO% tanz dr = —1n|cosx||§ = —Incos § = —ln? =1In/2
4. Evaluate
3
1
—d
W | T
Solution:

3
1= / —— —dx This is an improper integral
1 (@ —2)

c 1 3 1 —92)-5 —_92)-5
I = lim ————dz+ lim —————dxr = lim =27 |7 + lim =27
c—2- J; (x—2)* b2t J, (x—2)* e—2=  —5H b—2+ =5

evaluating at the given points would give us +o0o hence the integral diverges.

(b) /14 eVedx

I

Solution:

1
Let /x =t then ——=dx = dt the the integral becomes
x

2/t
2 2
/ 2teldt = 2 [Ztet 2 - / etdt] where e'dt =dv ' =v t =u dt =du
1 1
2 [te! —ef] |2 = 2¢2

5. Evaluate

At
—dt
(2) / et + 3et +2
Solution:
3

Let ¢ = u and e'dt = du then the integral becomes / du and by

u? 4+ 3u+2

Tu+6
polynomial division we have / u—3+ _urb and by partial fractions
u?+ 3u+ 2

2 -1 8
method we will have the following Y 3u + / + du | which
2 u+1 u+2
2 2t (et +2)°

is equal to {(%—?m —ln|u+1|+8ln|u+2|—|—c] :%—3et+ln—et+1 +c




=

Solution:

Let sinf = 2 then dz = 4 cos 6df then we have the following integral after factoring

1 0
out —/COS4 df letting v = cotd and du = —csc?6 we get —/ widu =
16 J sin™ 6
—COt39+ —(16 — 22)? N
c=——"—F—7"—+c¢
48 4823

6. Study the convergence (absolute and conditional) of

i "lnn

n=1
Solution:
_ | (=1)"Ilnn Inn "Inn
Consid = —— Apply integral test —d = li —dn =
onsi er; - ; - pply integral tes fl n = lim Ch n=
(Inz)? , In &?
1 = lim — =
b—oo 2 ! b—oo 2 o0
1 1
The improper integral diverges so Z L divergent. Hence Z 7nn is not
n=1 n
absolutely convergent.
Inx Inn 1-— lnw
Let f(z) = — lim — = 0 then f'(z) = forx >3 1—-Inzx <0
n—oo M

so f’ ( ) < 0 forall x > 3 hence f is decreasing on [3, o0) so by alternating series

"Inn
test Z is convergent so the series is conditionally convergent.

7. Determine whether the following series converge and find the sum of the convergent ones.
oo
a) Y tanz
n=1

b) > cosnm

n=1

oo 67]‘:
c) > oFFT
k=2

Solution:
.. . 1 1
a) Limit form of comparison a,, = tan— b, = —
n n
a tan — 1 1
lim — = lim I — 1 so since > — is divergent >_ tan — is also divergent.
n n

n— oo b n—oo

S|



b) > cosnm = > (—1)" is divergent by n’th term test lim (—1)" # 0

n—oo

X ek le* 1 /1\" 1
c) ; ek_+1 = Z 562_’“ b ; (2—6) convergent geometric series since % <1
i 1\" 1 %
— | = = SO
2e I 2e—1
k=0 1——
i 2e
Ien (1 1[ 2 1 1
- — ) == S 1
2 Z (26) 2 {26 -1 2 1 de(2e — 1)
k=2
8. Find the interval of convergence of the power series
oo 3" .
n=1
Solution:
3n+1 2 _1n+1 In(2r — 1
lim (2z—1) T |= UG ) RN
n—oo |1 + 1 3n (2x — 1)"| n—oo n+1
13(2z — 1)] <1 givesus 1/3 <z < 2/3 looking at the end points
2 3" 1
e For z = 3 Z 5(4/3 - 1)t = Z 50 divergent!
1 3" (=1)" 1"
e For z = 3 Z ?% = Z % converges by alternating series test.

1 2
Hence the interval of convergence is [g, g)
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1. Find the volume of the solid obtained by revolving the region inside the circle 22+ (y —b)? =
(0 < a < b) about the z—axis.

Solution:

b+a

V= 2/ 2nxydy where x = \/a? — (y — b)2.
b—a

Let u=9y —b,s0du=dy, and b—a <y < b+ a implies that —a <u =y —b < a.

Then,

—47r/ Va2 —u2(u+b)d [/ u\/Hdu—i—b/ mdu}.

Looking at the summands separately:

—1 (a2 — u2)3/27°
/ U,\/G,Q—UQd’U,——/ Va2 —u?(— 2u)du—7[%] =0 and
/ va —uzdu—a/ \/ du lettlngCOSO—Ul——weget
sinf) = — = cosfdf = —, and consequently:
a’
20+ 1 2 [sin 20
/\/a2 — u?du = CL2/C082 0do = a2/%d0 = % [st + 0]
infcosd 0 si-% in ¢
Y il +-| =a*|2 o A0, after back substitution. There-
2 2 2 2
fore:
a L /1—%  arcsin® ba?
b/ Va2 —u2du = ba? 5 + 5 & = 7[&rcsin1 — arcsin(—1)]
ba®

= A 5-T1="

Hence the volume of the solid is V = 4x [b

2. Evaluate the following integrals.

(a) / In zdz



(b) / e

Solution:

(a) u=Inz implies du = du

dv = dx implies V=2

So by integration by parts: /udv = uv — /vdu we get,

/lnxda:z:cln:c—/xi—xlenx—/dxlenx—x—i—c.

(b) u = y/z implies du = ——2du And 0 < z < 1 implies 0 < u =

o E " vE
Tz <

] 1 2 19]
Then,/ L - / nyve d:c:/ T
0 VT o VT 0o VT

1 1 1
:2/ 1nu2du:4/ Inudu = 4lim [ Inudu=4lim[ulnu — u], by part (a).
0 0 t—0 t t—0

=4lim[1 In1—1]— [t Int — ] =4lim(—1+t — ¢ Int) = —4 + 0 — 4lim¢ In¢
t—0 t—0 t—0

—Int In¢? Ini
= nt_ 4 +41im nl = —4 +4lim —*t. By L’hospital rule:
t—0 ? t—0 i t—0 7
_1
= —4+4+41lim i =—4+4limt = —4.
t—0 -7 t—0

3. Test the following for convergence.

2 — 1
(a) / \/335 + 2z —
(b) Z e"(sin?27")

(c) ; nvn? —3
Solution:

(a) For 1 <z < oo, we have 2° + 2z — 2 = 25 4+ 2(z — 1) > 2°. This entails:



2z —1 2r—1 _ 2z 2
\/ﬁ 5/2 = .
x° + 2z 2 > = \/m < I5/2 < $5/2 3;'3/2

2
flz) == 7 is a decreasing and continuous function in [1, c0). Furthermore we have:
T

t

—211m—+2_4<oo

®© 9 t —1/2
/—d:v:2lim 3/2dac—2hmx
t—oo \/_

1 ,’E?’/Q t—00 1 t—o00 —1/2
* 2rx—-1

1 VIS +2x—2

So by integral test dz converges.

en—l—l Sin2 2—(n—|—1)

a
(b) Let a, = e"sin?2™", then lim — = lim —
n—oo n—»00 ensin” 2"
] sin2 2—n—1 2—271 2—2n—2 ) sin2 2—n—1 (2—n)2 2—2n—2
= lim e—— =e lim > - | == .
n—oo  gin® 27" 272n-2 2-2n n—oo \ (2-n-1) sin29-n 9—2n
2 2n=2 sinn
=e lim (since lim —— = 1; note that 27! — 0 as n — o0)
n—oo 2~ 2n n—0 n
2—2n9—2 e
=e li =e2?=- < L
L s
o
So by ratio test, Ze sin? 2~ ") converges.
n=0
(c) Consider th (2) such that !
c¢) Consider the sequence (x,,) suc at r, = ———.
nvn? —3
x, = ———= > 0 for each n > 2. Also, z,, is a decreasing sequence. Furthermore,

nvn? —3

1
lim z, = lim —— = 0.

n—0o0 n—>00 74 /n2 3

Since x,, is a decreasing sequence of strictly positive numbers with limit 0, then by
alternating series test,

i "x :i ( 1)" converges
— " — nvn?—3
n=2 n=2

, n(n+2)
4. Find Zln (n n 1)2
n=2

Solution:

Let S,, denote the nth partial sum of the series. Then:

"L i+ 2) 2.4 3.5 4.6 n(n +2)
S, 1 In In== 4+ In— 1
;n(i+1)2 My T T ey T T M G D
ﬁi(z’—i—?) _ 243546 n(n +2) | 2(n + 2)
~ 1331455 (n+1(n+1)  3n+1)

=2



M lim S, = lim 1HM ?))

Therefore, Z In (n+1)2 a5 n—oo  3(n+1)

5. (a) Find Maclaurin series expansion for f(z) = about the origin. What is the interval

T
20 + 1
of convergence?
o0

_1 n _ 1 2n
(b) Find radius and interval of convergence of power series Z (=) )

(n + 2)4»
Solution:
o
(a) We know that Z z™ is the Maclaurin series expansion for : about the origin
—x
n=0
and the interval of convergence is |z| < 1.
1 - 1
n=0

Therefore,

oo Y (2wt = (2" =) (—2)" " = : D (=2)ram

n=0 n=0 n=1 n=1
1
fi <.
or |z| 5
(b) Consider:
‘ (_1)n+1($ _ 1)2n+2
4ntl —1)? 2 —1)?
lim || = lim (n+3) 5 = lim (z—1)*(n+2) = (z-1)
n—oo | G n—00 (—1)"(x — 1) n n—00 4(n -+ 3) 4
(n + 2)4n

By ratio test, series converges if Y < 1, ie. (x —1)® < 4 which is equivalent

to saying |r — 1| < 2. We now easily find that in the interval -2 < x — 1 < 2 or
—1 < x < 3 the series converges. Therefore, radius of convergence is R = 2.

For end points (Which should be considered separately):

o
(=" , ,
=-1= =) —~— by alternat test.
Z (n + 2 4" 2:; n+2 converges by alternating series tes
D"2)" _ 5~ (D" -
r=3= Z oA = Z converges similarly.
p—t n—|—2)4" s n-+2

Therefore, interval of convergence is [—1, 3].

) d sin(z?) dt
6. (a) Flnd@(/o 1+t5>'

2
(b) If exists, evaluate /
0

a 1dx.

Solution:



b(z)
(a) By the fundamental theorem of calculus, we have . f@)dt =b'(z) f(b(x))—

a(x)
d'(z) f(a(z)).

Therefore:
d sin(2%) gy . oy 1 2z cos(z?)
— = | =(@ns’)————-0=—"%7.
dz \ J, 1+t 1+sin’x 1+sin’x

X

(b) For x = +1 the integrand

integration. So,

2 1 2 t 2
/ T s :/ a d:r+/ Y _de = lim z dz+ lim T _de.

o T2 —1 o T2 —1 1 12 —1 t»1- Jo 2 —1 to1+ J, 12 —1
For u = 2% — 1, we get du = 2zdz, and 0 < z < 2 implies that —1 < u = 2> — 1 < 3.
Therefore:

71 is undefined. Only 1 is in the interval of
‘Z‘ p—

¢ 2 t2—1 3
d d
lim [ "—de+ lim | —"—do=lim g
t=1- Jo 22 —1 to1t J, x2—1 t=1-J_1  2u  to1t Jp2q 2u
. [In|ul vt In |ul]? . [In|t2=1] 1] .. [In3 In[t>-1|
= lim +lim |[—— =lm|—/—— — — |+lim | — — ————
t—1- 2 |, et 2 [ il 2 2 t—1 | 2 2
. Injt2—1] I3 Inj2-1] 1 [t?—1] In3 In3 1In3
= lim 4+ — - = mln 4+ —=Inl4+ —=—-.

2 ) 2 2in T E—1] " 2 2~ 2
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1. Sketch the region bounded by the curves y = cosz and y = 422 — 72 and find its area.

Solution:

y=4z? -7

I
e
oIy

X

N

Y =COST

Intersection points:
cosz =0 when z = +% and 42% — 72 = 0 when z = +3.

us

3
A= / (cosz — (42 — 7%))dz or by symmetry,
—3

3 4z? s 27
A:2/ (cosx—4x2+7r2)dx:2(sinx—%+7r2x) =2+%.
0 0

2. Find the integrals below:

()/ z? 4 51 + 2

z+1)(22+1) v

(b) / ;3 dx

Solution:

(a) 7?2 + 51 + 2 dr — A +Ba§+C
(x+1D)(22+1) " z4+1 2241
2> +5r+2=A@*+1)+ (Br+C)(z + 1)

r=—1=>A=-1l,z=0=C=3andzr=1=B=2

22 + 5z + 2 —dx 2zdx 3dx
=1= dxr = ——
/(x-i—l)(x?—i-l)x /m+1+/x2+1+/x2+1
By substitution let u=a+1= du=dzr and let w = 2> + 1 = dw = 2xdxz.
So,I:/ /—+3tan '24+C=—Inlu|+Injw|+3tan~"z + C.




Rewriting in the original variable:
I=—Inlz+1]+In(2*+1)+3tan"" 2 + C.

d
(b) Letu:e‘”+3:>£:e$:u—3.

e u—3 3
= — ]___
/e$+3dx / " du /( u)du
= u—3nfu/+C=¢"+3-3Inle" +3|+C.

tan kx )
3. Find a nonzero value for the constant k¥ that makes f(z) = x 2 <0 continuous.
3r+2k* ifx>0
Solution:
We should have, lim f(z) = lim f(z)= f(0).
z—0~ z—0t+
2
k
lim f(z)= lim tan bz = 0 = lim ksec” kz = k, after applying L’Hopital’s rule.
z—0~ z—0~ X 0 z—0~ 1

lim f(z) = lim (32 + 2k?) = 2k>.
z—0t z—07+
Now equating these two limits: k = 2k? = k—2k*=0=k =0,k =1/2.
Since k # 0, k should be 1/2. Hence, lim f(z) =2k* = £(0).
T—

d 2x
4. Evaluate . V13 + 1dt.
T J1

Solution:

h(z)
By the fundamental theorem of calculus % / f(t)dt = f(h(z))h ().

d 2z
= d_/ Vi3 + 1dt = 2(V/823 + 1).
T J1
5. Determine whether the following series converges or diverges:
= 1
@ 255
k=1
(b) > (Vk—Vk— 1)
k=1

Solution:

(a) By the k—th term test:

1

o r =370

Hence the series diverges.

(b) Apply the root test: p = klim Va = klim (Vk — vk — 1) which is of the form
—00 —00

(00 — 00).



Hence we multiply and divide by the conjugate:

o VE-VESDWEEVESTD) k= (k=)
N N e

= lim ——=0<1.

lc—>oo\/E+‘/k_1

Thus, the series converges.

x + 2k
2k

- k
6. Find the interval of convergence of the power series Z < ? 1)
k=2

Solution:
Apply ratio test:

k+1(l‘+2)k+1k—1 ok
k—o00 k 2k+1 k (Z‘ + Q)k

— i kK2—1x4+2 _
T e Tk 2 | T

T+ 2
2

<1

So we have obtained the open interval of convergence to be:
T+2|<2=-2<2+2<2=>-4<z<0.

Check the endpoints-

=—-4= Z - 1 * which is an alternating series of the form Z ag
k
where ap = ﬁ — 1. Hence the series diverges by alternating series test.
k
z=0= Z e dlverges by k—th term test since hm Do = 1#0.

So the 1nterval of convergence is (—4,0) and the radius of convergence is 2.

7. Sketch the curve f(z) = by examining (if any) (a) the z— and y— intercepts, (b)

x
(x + 3)?
the domain, (c¢) all asymptotes, (d) all necessary limits, (¢) maximum, minimum and inflection
points, (f) increasing and decreasing intervals, (g) concavity and (h) tabulating your data.

Solution:
Domain contains all real numbers except x = —3.
(0,0) is both an z— and y—intercept.
f(z) = TS 0 = z = 3 is a critical point.
(z+3)3
" 2x — 12 ) . . C " . .
f(z) = W = 0 = z = 6 is an inflection point since f” changes sign at this
x
point.

lim f(x) = 0¥ = there is a horizontal asymptote at y = 0.

T—+00



Moreover, x = —3 is a vertical asymptote since:
lim —— I °
—— = O = m -——m70.
rz——3% (33 + 3)2 r——3~ (iU + 3)2

Since f"(3) < 0 there is a relative maximum at the point (3,12).

T -3 3 6
=1+ -1-
fll _ _ _ +
SN AN NN\

-3

|
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1. Let f(z) = = + 281% Find the values of x (if any) at which f is not continuous, and
A

determine whether each such value is a removable discontinuity.

Solution:

We perform a couple of algebraic manipulations:

sin x
= ; 2,1,3
f) = vty o4
(x —1)sinz (x —1)sinx
_ = -2, 3.
a6 T am-n@r2 °7 %

At x = 1, we have removable discontinuity, since we can redefine f by:

(x —1)sinz
2(x —3)(z+2)’

f=z+ x#—2,3

which gives a regular value at x = 1. The singularities at x = —2 and x = 3 cannot
be removed.

z2
2. If/ f(t)dt = x cos mz, for x > 0, calculate f(4).
0

Solution:

.1:2
/ f(t)dt = x cos(mzx) is given. To extract f from this integral, we use the funda-
0

mental theorem of calculus. Differentiating both sides with respect to z:
d [~ d
— / ft)dt = —(z cosx) <= 22 f(2*?) = cos Tz — TTSin L.
dz J, dx
To compute f(4) we need to substitute z = 2:
. 1
A4f(4) = cos2m — 2sin2r = f(4) = 7

dx
Va2 + 2z

1
3. Evaluate the improper integral /
0

Solution:



We first remove the singular boundary point and take limit:

= lim

/1 dx /1 dx
o VIZ+2zr a0t J, Sz +1)2-1

Now performing the change of variable: sec § = z+1 which implies sec f tan 8df = dz
we rewrite the indefinite integral and evaluate:

_ /secﬁtanﬁde
tan @

= In|secf +tan@| =In|(z+ 1)+ +/(z +1)2 - 1|.

Putting the boundaries:

= In|(z+1)++(z+1)2-1]}
= In]2+V3|—In|(a+1) + Va2 + 2al.

/ ! dz
a ViE+1)2-1
Evaluating the limit:

In(2 +v3) —In1=In(2+V3).

lim

/1 dx .
a0t J, (x+1)2-1

4. Evaluate lim (1 — 277)".

T—00

Solution:

First check if there is an indeterminacy: lim (1—27%)" = [1°°] which is indeterminate.
T—00
Set y = (1 —27%)" and consider Iny = zIn(1 — 27%) instead of y itself. Then:

, . In(1-27%) . In(Z3) 0
apley) = Jp ==t = g
. 23?1 (271‘ In 2) . .7)2 In2 o0
= lim ~—————— = lim — = [—}

. —2xIn2 00 . -2
= lim — = [ } 1m

z—oo 2%1n2 g

Hence lim y =¢° = 1.

T—> 00

5. Decide whether the following series converge or diverge stating the reasons.
o
(a) Y (1—27")"
n=1

Solution:

o
Z(l — 27™)" diverges by nth term test, since lima, =1 # 0 for a,, = (1 — 27™)".

n=1



() Z4n+3'

Solution:

5" 5" 1 /5\"
Let a, = . Then a, > - (%) >o.
O ln = s TN O 2 2(4) 20

2 \4
Z a, diverges by Comparison Test.

(C) Z COS 77,71"

Solution:

1/5\"
Since Z — (—) diverges (Geometric Series for z = % > 1), the original series

cos N i
— 0. Now we make easy comparisons:

First remark is a, =

cosnm

0<‘ ‘
< <o

1
On the other hand Z — is a convergent geometric series. Being smaller than a

convergent series, the given series is absolutely convergent, hence convergent.

(d) ZStan ln.

1+ n?
Solution:
8tan~ln
The general term tends to 0: a,, = T — 0 as n — oo. We furthermore have
n
the following comparison:
8(2) I
V== =)

LY.
But Z — is convergent as it is a p—series with p = 2 > 1. Then Z47r (nz) 18

convergent too. Thus Z a, converges by Comparison Test.

o0
4
6. Given the infinite series E S
2 _
= 4n 12n+ 5

(a) Find the partial sum of the series.

Solution:

Use partial fractions

4 B 4 A N B
4n2 —12n+5 (An—-1)(2n—-5) 2n—1 2n—5’




we need to solve 4 = A(2n — 5) + B(2n — 1). It is easily found that A = —1 and
B =1, so that the general term becomes:

1 1
T 9m—5 2n—1’

an

The partial sum of the series is: S, = ag+as+---+a,. Writing terms of this partial
sum explicitly:

P AU E RS A U NN A A N D S SN0 S
" \1 5 3 7 5 9 7 11 n—5 2n—1

B 1+1 1 1
N 3 2m—3 2n—-1’

Note that this is a telescoping series.

(b) Using part (a) find the sum of the series.

Solution:

Sum of the series is nothing but the limit of the partial sum as n — oo, namely:

1 4
lim S, =14 - =—.

(=-1"

o
7. (a) Find the radius and interval of convergence of the power series E 3"
n

n=1

Solution:

(z —1)"

Let a, = 3"——— and apply the ratio test:
n

On41 :3<L)|m—1|
an n+1
and take limit:
lim |24 | = 3] — 1],
n—oo Qp,

2 4
Series converges if 3|z — 1| < 1 i.e. if 3<7<j3 and diverges if 3|z — 1| > 1. So the

radius of convergence is found to be R = 3"

We now analyze the endpoints:

2
x = §: the general term becomes:

1
and Z(—l)”— is an alternating harmonic series and hence convergent.
n



8. (a) Using the Maclaurin series for

r = §: the general term becomes:

1
and E — is a harmonic series and hence diverges.
n

. 2 4
So interval of convergence 373 )"

1
(b) Calculate the value of — within an error of 0.01 by using the first few terms of an appropriate
s e
series.

Solution:

The Maclaurin Series for e* is

For z = —1 we have,

The terms are strictly alternating in sign and decrease in absolute value from n = 1:
1 1 1
> 5 > 5 >

Also,

1

— =0

n!
Therefore, The Alternating Series Estimation theorem guarantees that, the error 0.01
for the nth partial sum is less than a,;.

Hence, 0.01 < —— and (n + 1)! < 100
(n+1)!
So, we should take (n + 1) to be at least 4 or n to be at least 3:
1 =), (=D)° 1
S =14(-1 =
e =D+ 2! * 3! 3

1
find the Maclaurin series for f(z) = stating
11—z 20 — 3

the radius of convergence.

Solution:

1 [e.e]
First recall that = Zx", valid for |z| < 1.
11—z 5

Manipulate the given function to make use of this fact:

e (DS 5 e

3 0 0

3
<1, 1ie. < .
e fof <3

2
=T
3

Now this series converges if



1
(b) Using part (a) find the Maclaurin series for

(2 — 3)?
Solution:
() = e
2c — 3" (22 — 3)2
So termwise differentiation gives
1 I n 2n 21 1 3
(256_3)_520:37&1 Z 3n+1 ) |J;|<§

. A plan is drawn for the piping that will connect a drilling rig 12 km. offshore to a refinery
on shore 20 km. down the cost (see the figure). What values of z and y will give the least
expensive connection if underwater pipe costs $5000 per km. and land-based pipe costs $3000

per km?

12 z

Solution:

= 144 + y? from the figure. Writing the cost function and using the relation
between x and y we get:

C(y) = 5.10%z + (20 — 1)3.10* = 10%[51/144 + y + 3(20 — y)].
We look for critical points of this cost function:

dC oY
— =10 | —=——= - 3| =0 = 5y = 3144 + 2.
dy [1/144+y2 ] Y Y

Solving this equation:
25y% = 9(144 + y*) = 16y* = 9.144 = 16y* = 9.9.16 = y = 9.

To decide whether this is indeed a minimum we look at derivative’s sign:

dC
e 0if y? > 81 ie. if (y —9)(y +9) > 0. This C(y) decreases to and increases
Y

from y = 9. Hence it is a minimum. So cost is minimum when y = 9. Computing
this cost we receive:

C(9) = 5.10*V/144 + 81 + 11.3.10* = 10*(5v/225 + 33) = 10*(75 + 33) = 10*(108).



B U Department of Mathematics
Math 101 Calculus I

Spring 2003 Final Exam

Calculus archive is a property of Bogazici University Mathematics Department. The purpose of this archive is to organise and centralise the distribution of the exam questions and their solutions.
This archive is a non-profit service and it must remain so. Do not let anyone sell and do not buy this archive, or any portion of it. Reproduction or distribution of this archive, or any portion of
it, without non-profit purpose may result in severe civil and criminal penalties.

1. Given the function f(z) = (1 +z)e ®

a) Determine the interval(s) on which f is increasing or decreasing
Solution:

............ 0..
Z

—x —+ -
e’ |+ +
fila) | + | -
Fl) [ /1N

So f is increasing on (—o0,0), and decreasing on (0, c0)

b) Find and classify the local extrema of f, if any.
Solution:

fllz)=—2e =0 & =0
f is defined everywhere, so x = 0 is the only critical pt.
By the help of table we see that it is local maximum

c) Determine the interval(s) on which f is concave up or concave down.
Solution:

fll(x) _

flz) | N0
f is concave down on (—o0, 1)
f is concave up on (1, 00)

®
|
8
+
Cl+|+]+

d) Find the inflection points of f, if any.
Solution:



By part ¢, 1 is an inflection point of f.

e) Find the horizontal, vertical or slant asymptotes of f, if any.

Solution:
1 1
lim f(z) = lim (1 +z)e™® = lim T lim — =0
T—00 T—00 r—o0 el z—oo T

lim f(z)= lim (14+2x)e™® =—oc0

T——0Q T——00

y = 0 is horizontal asymptote, no vertical asymptote.

f) Sketch the graph of f
Solution:

z=0 = y=1 y
y=0 = z=-1

2
r=1 = y=-<1
e

2. A rectangle is to have an area of 64m?. Find its dimensions so that the distance from one
corner to the midpoint of a non-adjacent side is a minimum.
(You do not need to verify that this is a minimum.)

Solution:

32
20 - y=64 = y=—
T

322 1
Z($)= $2+?:va4+322
Minimize 2(z): 2/(z) = —&aT+322 + LA =

= 2@'+322)+42°=0 = 21+322-223=0
3. Find a function f(z) such that

2 = 1+/\/1+ (FO) dt

Solution:



By using Fundamental Theorem of Calculus:
2z = 14+ (f(x))?
4x? = 1+ (f(z))?
422 +1 = f(z)?

So f(z) = v4a2? —1

4. Find the area of the region bounded between the curves y = €?* and y = e,

for —1/2 < x < 1/2. Sketch the region.

Solution:
Yy
: 1 |
| |
| |
| |
! l z
1 1
2 2
0 1/2
/ e 2 — e®dy + / ¥ — e dy
—1/2 0
1/2 1/2 1/2
= 2/62”3 —e 2 dy = Z/ezxdx— Q/e_Qde
0 0 0 1
_‘62w+ —Qw(1)/2:el+e—1_(60+60):€+__2
e

5. Evaluate the following integrals:

a) /tan5 6 sec df

Solution:

/tan5 6 sec 8 db

= /tan40 tan @ sec 6 df = /(se029 —1)* tan @ sec 0 d

Use u=secl = du=tanf secOdb
w2l

:/(UZ—1)2du=/(u4—2u2+1)du:3_74_“_’_0
_sec®f  2sec®d

5T 3 +secl+C




e’ +1)dz

b A& TR

) /621—e$+2
Solution:

/(ez-l—l)dx _/ e* dx +/ dx
621_6z+2_\ 62z_ez+2J J 62z_ez+2J

-~ -~

A B

For the part Ause u =€ = du=¢e"dx

A:/qﬂ—difm:/(u—umji (V3/2)?

Then use v =u—1/2 = du=dv

du dv
4= / (u—1/2)+ (V3/2)2 /m

= %arctan(%) ~; C
U —
A= —arcta C
5
et —
A = — arcta +C
7 rctan 7 )

For the part B use u =e¢* = du=¢€"dx

B—/ dx _/ du
e —er 42 ) u(u2—u+?2)

First we find the rational parts
1 _ Mu+ N P
u(u2 —u+2) u2—u+2
Mu? + Nu+ Pu? — Pu+2P =1
So we have P=1/2, N—-P=0,M—P =0
So we have M = —1/2, N=1/2, P=1/2
1 _l2u+1/2 1)2
w(u? —u+2) u2—u+2 u

So

-t [ [
=1y [ 2 [

B=(—1/4)/lﬂzﬁimdu—k(l/@/m_dih—k/lfdu
, 2 2" — 1
B=(-1/4)In|u —u+2\+(1/4)732&rctan( 2\/5_)1+(1/2)1nw+0
B:(—1/4)ln\62$—e$+2\+(1/4)%arctan( 7 )+ (1/2)In|e*| + C
S0
A-i—B:(—1/4)1n|62$—e””-i-2\—i—(5/4)ia1rctan(26 _1)+(1/2)ln\ez\+0

V3 V3

6. Determine whether the series given below is convergent or divergent



annn

n=2

Solution:

(Inn)*>n wheren > 2

So 0 < ! < !
0 =—
- n(ln n)* " n-n n?

Since E — converges, we have E

—_

ln n)*

7. Find the MacLaurin series of the function y = 3 cos 2x; give the answer in sigma notation.
(You do not have to check the convergence of the series)

Solution:
(cosz)' = —sinz
(cosz)" = —cosx
(cosz)" =sinzx
(cosz)™ = cosx

So we get a repetition with period 4

To find MacLaurin series of cos z we use the terms above
4 6

N ) 2t oz
2 M) Syt

(a)? | (20)' (20

2! 4! 6!
)k g2k

So for cos 2z we have 1 —

3 cos 2z = E z°

8. Find the interval of convergence of the power series

= ()" )"

- n3"
Solution:

() @ =3
lim (n+1)3n+t — lim lz—3ln _ |z —3
nwoo| (=1)"*(z —3)" | nme3(n+1) 3

n3n"

-3

So = |<1 = |z—3]<3

3

So radius = 3



r=3 = Eoo n+1 )n = E"O 1 diverges
oo n—|—1

x—6=>Z i
0

So the 1nterva1 of convergence is

1 n+1

converges

0, 6].
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1. Evaluate the following limits, if they exist (justify your answer).

1 n—
a) lim —(e/™ + 2™ + ... v 4 e"/™), (Hint: Think of Riemann sums)

n—oo 1,

Solution:

For f(z) =¢", 0<z<1

P, =(0,1/n,2/n,...,n/n) regular n-partition of [0,1]

n

1 1 )
Lletn ey . + /) = 21: f(xi)ﬁ, zi=_ Riemann sum.
1=
n 1
So, lim Zf(.ri)— = / efdr=e—1
n—0o0
i=1 0
In(z —1)

Solution:

0
We have 0 indeterminacy. By L’Hopital:
y In(z — 1) . ﬁ I 1
im ——— = lim ——— = lim = .
o2t (£ —2)2 252+ 2(r—2) a2t 2(x—1)(z—2) >

2. Evaluate the integrals

a) / Vi—eds b) / /26 = 2)ds

Solution:

—2ud
a) Put u = /1 —e®. So, u? =1 — ¢® and 2udu = —e®dz give 1 “ 1; = dz.

Hence we get:

2 1 2
V1 —efde = —2 Y du =2 1+ du = 2u + du.
1—u2 u2 —1 u?2 —1

2 1 1
w?—1 wu—1 wu+1

1 1
/\/1—6 dz —2u+/<u_1—u+1>du

—1
4 ‘+c

vi—er -1
v1—e®*+1

Since , we have:

=2u—+In

u+1

=2vV1—e*+1n

R



b) /z(6 — z)dx =/\/—(x2—6x+9)+9da:
:/\/mdx
/3c0s9 (3cos)df 3sinfd =z —3 = 3cosfdf = dz
=9 2(1—|—c0520)d0 9— (z—3)>=9cos’0
_? <9+Sm229) +C

(0 +sinfcosf) + C

O N |

2
9 -3 -3
=35 (arcsin (m 3 ) +$3 \/6x—x2) +C.
3. Find radius and interval of convergence of the power series Z "(x +5)".
n=0
Solution:
3 n
For z,, = (Z) (x +5),
n 3 3
Tnill _ (2 |z + 5| = = |z + 5| when  n — oo.
Tn 4 4

4

So by Ratio Test series converges if |z + 5| < 3
4
and series diverges if |z + 5| > 3

4
= R= 3 (radius of convergence).

End-pts. checking:
19 - = 3\" [ 4\" <«
F = - n — — —_— == —]_ n
o= Yo 2(4) ( 3) S (-1)
and z, = (-=1)" » 0 when  n — oo.

So series diverges by general term test.

11 - 3\ 4\
Forr=—1  Ya=) (1) (g) -3 0).
n=0 n=0 n=0
Again this series diverges by general term test.

19 11
Hence ( 5 —3) is the interval of convergence.
%4

4. Using Geometric series find power series expansion of f(z) about 0 for f(x) = YRt
2 —x—

Solution:

. 5x _ 5% A n B
S w2-2-3 (2v-3)(z+1) 22-3 z+1




bz = A(x + 1)+ B2z — 3)

r=0=0=A-3B
r=1=5=2A-B

= A=3B=1
3 1 -1 1
/(@) 20 -3 x+1 1—(3)* 1-—(-=)
1 o0
For T Z(x”), lz] <1 (geometric series)
n=0
1 o0
= = —1)"z" <1
R e D L
1 2 3
2 _ £ 2
T &> 3T - —;(3)"1"" lz| < 5

s (-1 - (2)] ”
R cor=r),,

= 1
a) Y (1--)"
- n
Solution:
. (_1) " 1 . . th
Since z, = |1+ o — - # 0 as n — oo, the series diverges by the n'* term
test.
= 1
b in(—
) 21: sm(n)
Solution:
1
sin(—) 1
Observe that —* = 1” — 1 asn — oo. Since the harmonic series Z — diverges,
Yn n

n
given series diverges by Limit Comparison Test.

o0

) D i

- n2+n

Solution:



This is an alternating series because

4
RES S 0foralln
n?+n
4
e lim 25 ¢
n—oo N° +n
4 —(2* + 8z + 4
e For f(x) = %, we have f'(z) = (sz;:_ 2; ) <0, Vx>1.
4
Hence ( 712—:_ ) is decreasing. Thus series converges by Alternating Series Test.
n?+n

6. Use Mean Value Theorem to show that:

) T
a) r —sinz >0, for0§x§§;

(m—1) for0 <z <

[NR

1
b) f(z) = zsinx — 3 sin®z satisfies that 0 < f(z) <

o3

Solution:
a) For g(z) =z —sinz and 0 < z < g, g'(x) =1 —cosxz > 0. Hence g increases on
[0, g] by M.V.T. As ¢(0) = 0, it follows that g(z) > 0 for 0 < z < g
1
b) f'(z) =sinx + xcosz — 5 2sinz cosz = sinx + cos z(z — sin ).
By part (a), (z —sinz) > 0.
Therefore f'(x) > 0 for 0 < z < g, that is, f increases on [0, g] It follows that

£(0) < f(x) < £(3) for € [0, ).

1
Since f(0) = 0 and f(g) = 5(7r — 1), the result follows.

1
4

d
,ﬁnd—yatleandy:g.

7. Given sin®(zy) = -

Solution:

2sin(zy) cos(zy) (y + x@) =0

- dz
For x=1 andy:g,
. T T, dy
2sin(2) cos(Z) (= + =2) = 0.
Sln(6)608(6)(6+d3;) 0
.omo 1 T V3 dy s
sin—=—-andcos— =— = — = ——
6 2 6 2 dx 6

du then find F"(2).

8 IfF(x)z/lzf(t)dt where f(t):/l Vl;”ﬂ

Solution:
w2 4 ]
F'(z) = f(z) = / 1:—u du and = F"(z) = f'(z) = “ 1;2_“T -9,
1
V1t 28
So F"(2) = : -4 =/257.
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Question 1 Find the volume of the solid obtained by revolving the region enclosed by the graphs
of f(z) =tanx, g(x) =sinz and x = % about the xr—axis.

Solution.

tanz = sinz holds for x = 0,km, k = +£1,£2,... but only for x = 0 both graphs enclose a region

/4
1- 2
Withx:g Theanﬂ/(tanzx—siHQx)dx. Use tan?z = sec? r — 1 and sin%:z%
0
w/4 1 — )
vV = 7r/ (seczx—1—$)dx
0
w/4 3 )
= 7T/ (sec’ r — = s w)dx
; 22
-t 3 sin2z]™*
= n _ —
7r_a T =g el
7 37  sin2-7/4 sin 0
— 7ltans 2T ~ (tan0 — 0
7T-an4 51 1 (tan + 1 )
31
— 1— 224 =
TR 4}
5 3w
= i _— —
4 8




Question 2
Show that the function f(z) = * 4+ 22® — 2 has ezactly one zero in [0, 1].

Solution. First note that f(x) is everywhere continuous and differentiable being a polynomial.

;E(l); i 1_2 } f(0) =0 and f(1) > 0 hence f, being continuous, has at least one zero in (0, 1).

To have at least two zeros, f* = 0 must hold at some point in (0, 1) as f is differentiable, and further
f' must change sign.

Now check [/ =42%+62° =0=2=0o0r z = —3/2.

Hence f’, which is also continuous, never changes sign in (0,1). Namely f is either always increasing
or decreasing. Now using the fact that f(0) < 0, f(1) > 0 we understand f is increasing on [0, 1].
Thus f has exactly one zero in [0, 1].

:1,‘2
Question 3 If zsin7mz = / f(t)dt, where f is a continuous function and x > 0, find f(1).

N
Solution. We differentiate both sides by using the Fundamental Theorem of Calculus:
sinmz + 7 costr = f(2?)2x — f(\/i)ﬁ5 Substituting z = 1: wcosm = 2f(1) — 1 f(1)
~ —r =35

= f(1) = ==

Question 4 Evaluate the following integrals:
(a) / x+4
3+ 43:

Solution. Let [ :/ dzx.
3 + 4o

x+4 x+4 A+BI+C’b tial fracti
= =— artial fractions
v+ z(@?+4) 0 2?+4 yp

= A(z? +4) + (Bx + C)z = Az? + 4A + Ba®? + Cz = x + 4 for each x

=
A+B =0

C =1
4A = 4=A=1=B=—

If u =22+ 4, then 2zdr = du and if x = 2tan 0, then dz = 2sec? § and hence
I—/(l— x . 1 o = ___/du /2se09d9
) 2244 2244 B 4 sec? 0df

1
:1n|x|—§1n|u|+§9—|—c

1 1
=In|z| — §1n(m2+4) + iarctang +c

|| 1 x
+ —arctan — + c.

Vrzz+4 2 2

=In



® [

Solution. Let [ :/ du

21+ 22

Let x = tand. Then dx = sec?f.

2046 1 0
1:/ >ee :/ L8 d@:/cscedez—1n|csc9+cotey+c.

tan @ sec 6 cosf) sinf
1 241
51?9 z =]/=—In|—+—|+ec
cotd = — v v
T

Question 5 Evaluate the following definite integrals:

1/2
arcsm:c
(a) /
Solution.
Call the integral expression I and integrate by parts. Let u = arcsinx and dv = \/‘%. Then
1
du = ———=dz (valid since 0 < z < 1/2; v = 2¢/1 + . So we get:

V1— a2

1/2

I = uv|1/2 /vdu
’ 1/2

241
— 2\/1+xarcsinx|(1)/2 \/_ +:§
1—=x

1/2
- \[ /m
— f +4ﬂ|”2

m

= —+4 ——4\/1
V6 2
m

NG



A

o0 lnx Inx de
(b) —— dx This is an improper integral equal to = jlm —5 Let Inz = u, dv = %3, then
—00 €T

1
du = ldzr: v = 1. So by the method of integration by parts:

A A
— lim | —1Inz —i—/lld:c = lim _—11nA— 1 = lim [_1n__l+1] =1
A—o0 €T 1 A—oco | A |y A—o0 A A
InA
81ncen7H()andZ—>0asA—>oo

Question 6 Determine whether the following series are convergent or divergent:
o0
1
a
@i

> 1
Take g —. Now lim
n n—oo — \/_

o0 o0

1 1
together. Since E — is divergent, so is g T

n nyn
n=1

1
n

= 1 where 1 # 0 and # oo. Hence both series converge and diverge

n=1

n=1

(b) ZW

. . . (n+1)!
This is typical ratio test: a, = ~—— 2"
is is typical ratio test: a 3l
Unt1 (n+ 2)! 3"n!n! n+2

4 3t D)D) 3mtDmrl T

Since 0 < 1 the series is convergent.

24 (=1)"
(c) Z % If this series is convergent, find its sum.

This is sum of two geometric series one with 7 = 1, the other with r = —3 hence for both r: |r| < 3
is satisfied; therefore the series is convergent.

S ey S i (T)
R

Question 7
(a) Find the Taylor series of f(z) = In(x 4 1) around the point z = 0.



Taylor series of In(1 + x) = Z ™ (0 ) about z=0.
n!

n=0
f0) =0
1
"0) = =1
'(0) Tl
—1
R e - -
(z+1)?|,_ e " o1 "
: S - i = Sy
2 = n=1 ) n=1
f///(o) _ —9
(z+1)*], - is the required Taylor series near x = 0.
—1)n—-1. — 1! —1)1. — 1!
fogy — CDT =D () 1)
(.fC + 1)n =0 1 J
(b) For which values of z is the Taylor series found above convergent?
First we apply absolute convergence test (ratio test):
Upi1 ) n
= c—| = || — |z| as n — 0.
an, n+1 z» n+1
= The series is convergent when |z| < 1 and divergent when |z| > 1 by ratio test.
For |z| =1, i.e. z = £1 this test is inconclusive.
e
n=1
dlvergent harmonic series
Hence at x = —1 the series is divergent.
+1 Z(l)" i i - lternati ios with ~ > 0 and ~ — 0
r = +1: - is an alternating series with — and — — 0 as n — o0,
r="rl g n n

n=1

Hence at x = 1 the series is convergent.

= Interval of convergence is (—1, 1].
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1. (a) State the Mean Value Theorem.
. - _
(b) Consider the function g : R — R defined by ¢(t) = { ? i i N _;

Is the Mean Value Theorem satisfied in [—2,2]? Explain.

Solution:

(a) For a function f, which is continuous on [a,b] and differentiable on (a,b),
there exits ¢ € (a,b) such that

(b) Clearly
i) 0 it <=2
g(t)_{ 1if > -2,
2) —g(—2
So, for all t € (—2,2), ¢'(t) = 1. On the other hand, 9(2)_—<g_(2)) =0, but there
is no ¢ € (—2,2) for which ¢’(¢) = 0. So the Mean Value Theorem is not satisfied

for g.
The reason for this fact is that g is not continuous at —2.



2. Let f be a function differentiable at x = 0 satisfying the relation f(x +y) = f(z)f(y) and
f(0) = 1. Find f'(x) and f”(z) in terms of f'(0) and f(x).

Solution:
o) = i JEEW =) JEI0) = 1G0) _y, S0 =)
= 7 i T =Ly i T IO ),
() = tim LEEN ZF@) g, Pt PO = f@)0)

h—0 h—0 h

= 70t PEEIZTE) o) ) = p0) 1) (0)

h—0

= f(2)(f'(0))*.




3. Let

> 0.

Show that F'(x) is constant on (0, 00) and evaluate this constant value.

Solution:

Consider F’. Using the fundamental theorem of calculus

1 1 1 1 1

p— —_— — p— — :O‘
14 22 x21+xi2 14+22 2241

F'(x)

Hence, F'(x) = 0 implies that F(x) is constant, say C.
Integrating [’ we get that

1
F(z) = arctanz + arctan — = C' = F(1).
T

But we have, F'(1) = arctan 1 4 arctan 1 = % + % = g Therefore

F(z) = g for all z € (0, 00).



4.

1
(a) Evaluate lim — —

1

z—=1lnx x—1

Solution:

Solution:

1 1 . (z—=1)—=Inz . 1-1* . 11
lim ————=lim-——>——— = lim 5 = =lim ——"— =
r—llnr =z —1 z—1 (hll’)([)?—l) z—1 E(Qj—l)—klnx I—>11—;+IH£L‘
1 1

. s = r 1 . : : :
915112 x% - % = alﬂl_)H% 1;_5 EL% 52 2 by applying L’Hospital Rule twice.

(D)"Y

(b) Test the convergence (absolute and conditional) of Z

~ n+ 1
Clearly, ; ( - + 1 Z T Now, we will apply limit comparison test
with > \/Lﬁ Since 1

Jim =t =t
n+1

is divergent. Thus the series is not

and since Z —— is divergent, Z
n=1 \/ﬁ n=1 n
absolutely convergent.
L\f($+1) \/_ r+1-2x
(x+1)2 o 2y/z(x 4 1)2

is d ing. Also lim,, o, Y2 =
n _'_ 1 1S ecreasmg SO 111 el

Next, consider f(z) = \{f-_l Then f'(z) =

1—
2\/_(xi1)2\01fx 0. Hence f(n) = vn




5. Evaluate

(a) / ?1In xdx

Solution:

1 1

Let I = [ 27 ?Inazde. Takingu =Inz, dv = —;U, we have du = —dr and v = ——.
x x x

Hence, using integration by parts formula we get

[:_hl_x+/11dx:_m_x_l+c_

x xT x x
2
x

b —dx

(b) /\/9—x2

Solution:

32'2

x
————dx. Using the trigonometric substitution sinf = —,
5= 2 g g 3

with 3 cos 0df = dx, we get

As above, let I =

. 2 0
I = Jsin 3 cosfdl = / 9sin® Ado

V9 —9sin? 6

1 — cos 20 9 9 sin 260
= —df ) =-60—— .
/9( 2 ) 2 2 2 +C

Since sin 26 = 2sin 6 cos 6, substituting back, we get

9 z 9zvV9 — 22 9 T T

I:Earcsing—égT%—C:§arcsin§—§\/9—x2+0




6. Find the sum of the following series

nﬂ.2n+1

— (=1
() 2 4271 (25 1 1))

n=0

Solution:
o0 (_1)71 2n+1

T > N 2n+1 1 T
S () e - -
2 204120 1+ 1)1 ;( "3 2nt+ !l ~ My

n=0

Since the

o5

$2n+1

MacLaurin series of sinx is given by Z(—l)”m.
n !

n=0

[e.9]

2
b -
03

Solution:

Consider
2 B 2 A N B
4k2 —8k+3  (2k—1)(2k—3) 2k—-1 2k—3
A2k —3) + B(2k — 1) = 2.

Now, the coefficient of k is 2(A 4+ B) = 0 and the constant term is —34 — B = 2.
Solving these two equations for A and B we get A = —1, B = 1. Hence

2 B 1 N 1
4k2 — 8k +3  2k—1 2k—3

See that s, = (—2+1)+ (24 2y (=L Xy g LR
cethat s =173 573 775 m—1"2k—3)

hence cancelling same terms, we get

1
on—1

Sp —

Therefore,

S 2
4k2 — 8k +3  nooo

k=2



7. Test the convergence (absolute and conditional) of the following series. In each case give a
reason for your decision.

> k
a —1 b~
R
Solution:

Since lim (—1)* b

k—00 V1+k+ k2
(b) Z 27k sin?(e?*)

# 0 the series diverges by the n’th term test.

k=0
Solution:
b Loaom o 1 I L o
Note that ok sin” () < ok and Z ok 1s convergent since it 1s a geometric series
1
as 3 < 1. Thus by the comparison test, the given series converges.
1+ (-1)F)
© > (1+0) =
k=0
Solution:
3L (k —1)! 3 3k 3k
Since kll—>r207( T ) = kh—{goE =0<1, Sy is convergent. Thus zk:(—l)k(k Y

k

(k- 1)!

is absolutely convergent, and so Z (1 + (—1)’“) is convergent.
k




8. Find the interval of convergence of the power series

S
k 3/4
— 2 k+1 /

Solution:
(z — 2)F+1 2k (k 4 1)3/4 (x—2) (k+1)%* |z -2
2k+1(f 4 2)3/4 (z —2)k 2 (k+2)34] 2

Thus the series converges absolutely for |z — 2| < 2, that means for -2 < x — 2 < 2,
hence for 0 < z < 4.

We have lim < 1.

k—oo

k—oo

Now we will check the boundaries x = 0 and = = 4.

For z = 0, Z W(l)g/‘l = Z m, which is divergent by the limit comparison
k

test with Z 3 / 1 To see this, consider hm k3/4 =1. As <1, Z 5 / 7 1s divergent,
* G

1
hence so is Z m.

For z = 4, (D" COD° S Then f'(z) =
or x Zm—;m et f(x>—m enf(.ﬁC)_

3 1
_Z(x+1)—1/4 < 0, so f is decreasing. Also 1}13;0 m
(=1)*

(k + ]_)3/4

Therefore the interval of convergence is (0, 4].

= (0. Hence by the alternating

series test converges.
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1. Find the length of the curve y = (g)%, 0<z <2
Solution:
2 2 (z\"51
L:/ V 1+ (y)?dz, where y = 3 (5) 3 So,
0

L = \/adu

2. Find f(z) if/wf(t)dt=$2—2$+1
1

Solution:

Taking the derivative of both sides, we get
d € d
— Hdt] = — (22 —-2z+1
dx</1 1®) > d.T(x x—l—)
flz) = 2z-2
3. Derive a reduction formula for f z" cos z dx.

Solution:



Let u = 2™ and dv = cosz dz , hence du = nz" ' dz and v = sinz. Then:
/x" coszdr = z"sinz — /sinacmc”1 dz
= z"sinz — n/sinacac"_1 dzx

Now take v = 2" ! and dv = sinz dx , hence du = (n — 1)2" ?dz and v = — cos z.
Then we obtain,

/x”cos:rdx = x"sinx—n/sinxm”ldx
= z"sinz —n (—ac"l cosx + /COS z(n—1)z™ ? da:)

= 2"sinz +n2" ' cosxz —n(n —1) /x"‘2 cos x dx

. 4npln)
(2n)!

4. Is the series

n=1

convergent, or divergent? Justify your answer.

Solution:

Gnp1 A" n+D)(n+1)(2n)! 4" x4 x (n+1) xnl(n+ 1) x n!(2n)!
an (2n + 2)!47n!n) o4An xnn!(2n+2) x (2n + 1) x (2n)!
4(n + 1)
= — 1
(2n+2)(2n+1)

as n — 00. So ratio test does not apply.
Observe that:

nt1  4n+1)? 4n*4+8n+4  4An*+6n+2+2n+2 2n + 2

= = = =l4—>1
an, (2n+2)(2n+1) 4n?+6n+2 4n? 4+ 6n + 2 4n? + 6n + 2

for n > 1. Therefore a,y1 > a, and a; = 2.
So lim,_,« a, # 0 and series diverges by nth term test.

5. (a) Suppose 22 — 2z +4=ap+ a1(x —2) +az(z —2)? + -+ ap(z —2)" +......
Find ag,ay,... . Where does the series converge?

Solution:

f@)y=2%-2z+4=ay+a(z—2)+a(z—2)?+......

Then a,, :f(n) (2)
n!
a=f(2)=8, a=/f(2)=10, a= fz(!Q) =6, az= f3(!2) =1

a, =0if n > 4.
The series converges everywhere since f(x) is a polynomial.



72
(b) Suppose m
Solution:

We know that,

=l4+z+2°+23+...

11—z
By differentiating, we get

(1 —ap

Multiplying with z? gives,
2

(1-ap

SO, ag = 0, a; = 0, o = 1, as = 2, a4 = 3,

Power series converges for |z| < 1.

5 = bo+biz+bya’+... . Find by, by, ...

=142z +322+42° + ...

2=x2+2x3+3x4+4x5+5x6+...

. Where does the series converge?

lz| <1
lz| < 1.
lz| < 1.
a,=n—1, for n>1.
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1. Using the definition of the derivative evaluate f’(0) if

Solution:

F(0) =

foze VT if 240
f(x)_{ 0  if x=0

f(0+h) — f(0)

h
. he=1/h* 0
hli% h

lim
h—0

lim ——
h—0 el/h?

0

2. Let f: R — R be a function such that, for all x,y € R

flx+y) = flz)+ f(y).

a) Show that f(0) = 0.

b) Show that if f is continuous at 0, then f must be continuous at every z in R.

Solution:

a) f(0) =

f(0+0) = f(0) + f(0) = f(0) = f(0) = f(0) = 0.

b) It is enough to show that for any =y € R, f(z¢) = lim f(x). Put y = 2 — 2 then
T—T0

lim f(x)

T—XT0

= ill% [y + o)
= lim [f(y) + f(zo)]

— [t 700 + i)

Since f is continuous at x = 0, lil’I(l) f(y) = f(0) =0. So lim f(x) = f(zo) for all 5. Hence f
y—)

T—T0

is continuous everywhere.

3. Prove that if 0 < x <1 then In(1 + ) < arctan(x). Hint : You can express each function as a
definite integral over the interval [0, z].

Solution:



x 1 x
arctan x = / dr and In(1+ z) = / dx. Then,
o 1+2a? 0 14z

v 1 1
t —In(1 = — d
arctanz — In(1 4 x) /0 [1+x2 12—1—3:} x

B /m T —x e
 Jo (I4+a)(1+a)
(L’—.TQ

1+22)(1+a)

JZ—ZE2

Since AT 11 >0 on [0,1],/0 (

So arctanz > In(1+ x) on [0,1].

dr > 0 when z € [0, 1].

. Determine the convergence of the following series :

Solution:

1
a) Since lim sin(l/n) _

diver gent

b)Z——l——l) (1—1) Z%

n=2

n=1

The series is alternating. We use the alternating series test:

1
i) — is decreasing and
n

1
i) lim —=0.
n—+oo N,

So the series converges.

1 1 .
c) Since — < on when n > 2 and Z — is convergent, Z n~ " is convergent.

nn"
n=1

oo
. Find the interval of convergence of the power series Z kl k: .
n
k=2

Solution:

1
=1 and Z is divergent, then by limit comparison test Z sin(

's



By ratio test :

(71)k+lxk+1

.| G OmeED . kn(k)
lim |——————| =1 ||
—00 (71)kxk —00
k s k—oo (k+ 1) In(k + 1)
kIn(k In(k) +1 kE+1
lim n(k) = lim & = lim WL 1 by I'Hopital’s rule. So series

k—o0 (k + 1) ln(k‘ + 1) k—o0 ln(k + 1) +1 k—oo Kk
converges when |z| < 1.

Now look at the end points: At x = —1 , by integral test, the series diverges and at x = 1 it
converges absolutely so converges, by alternating series test.

Then Series converges on (-1,1].

. Find the MacLaurin series for f(z) = In(4 + z) and determine its radius and interval of
convergence.

Solution:

f@) = @+
o) = —(r+4)
f(z) = 2(x+4)73

fOE) = (n— D=1+ 4)

©  r(n) 0 O (—1)rtl(4)n
SO0,

n! n v
n=0 n=0
o (=
n=0
The equation
(71)n+2xn+1
1 (n+1)4n+t li | | |I|
= lim = lim = —
P n—oo | (=1)"tlam n—oo 4(n + 1) 4
n4n
and p < 1 gives that |z| < 4. Moreover, at x = 4 the series diverges and at x = —4 it converges.

Hence the interval of convergence is (—4,4].
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