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1. Show that f(x) =
x2 + 1

x− 1
+

x4

x− 2
has at least one root in the open interval (1,2) (Hint:

Check continuity and the behaviour at the end points).

Solution:

lim
x→+∞

f(x) = +∞.

lim
x→−∞

f(x) = −∞.

Therefore there exists an element c in (1, 2) such that f(c) = 0.

2. Compute f ′(0) by using the definition of derivative if

f(x) =

{
1
x2

∫ x

0
sin(t2)dt if x 6= 0

0 if x = 0

Solution:

f ′(0) = lim
x→0

1

x3

∫ x

0

sin(t2)dt =
0

0

by l’Hôpital’s rule

lim
x→0

1

x3

∫ x

0

sin(t2)dt = lim
x→0

sin(x2)

x2
= 1.

3. Evaluate the following limits :

(a) lim
x→∞

x(
π

2
− arctan x)

Solution:

lim
x→∞

x(
π

2
− arctan x) = ∞.0

By l’Hôpital’s rule lim
x→∞

x(
π

2
− arctan x) = lim

x→∞

(π
2
− arctan x)

1
x

= lim
x→∞

x2

1 + x2
= 1.

(b) lim
x→0+

[sin(x2)]
1

ln x

Solution:

If y = [sin(x2)]
1

ln x then ln y =
ln sin(x2)

ln x

lim
x→0+

ln y = lim
x→0+

ln sin(x2)

ln x
=
∞
∞

. By l’Hôpital’s rule



lim
x→0+

ln y = lim
x→0+

2
cos(x2)x2

sin(x2)
= 2.

lim
x→0+

y = e2

4. Evaluate
∫ 3π

2
3π
2

f(x)dx if f ′(x) =
cos x

x
and f(

π

2
) = f(

3π

2
) = 1. (Hint : Use integration by parts.)

Solution:

If u = f(x) then du = f ′(x)dx.

If dv = dx then v = x.

By integration by parts∫
f(x)dx = xf(x)−

∫
xf ′(x)dx =

3π

2
− π

2
−

∫ 3π
2

3π
2

cos(x)dx = π − 2.

5. Evaluate

∫ ∞

0

dx√
x(1 + x)

.

Solution:

This is an improper integral.∫ ∞

0

dx√
x(1 + x)

= lim
c→0+

∫ 1

c

dx√
x(1 + x)

+ lim
t→+∞

∫ t

1

dx√
x(1 + x)

= lim
c→0+

2 arctan(
√

x) + lim
t→+∞

2 arctan(
√

x) = 0 +
π

2
=

π

2

6. Determine whether the following series are convergent or divergent.

(a)
∞∑

k=0

(−1)k k√
k2 + k + 1

Solution:

lim
n→∞

an 6= 0.Therefore this series is divergent.

(b)
∞∑

k=0

2−k sin2(e2k)

Solution:

|2−k sin2(e2k)| ≤ 1

2k
and we know

∞∑
k=0

1

2k
is a convergent geometric series,by compar-

ison test our series converges absolutely. Hence convergent.



(c)
∞∑

k=0

(1 + (−1)k)
3k

(k − 1)!

Solution:

∞∑
k=0

(1 + (−1)k)
3k

(k − 1)!
and

∞∑
i=0

2.9i

(2i− 1)!
have the same character.

By the ratio test lim
i→∞

9

(2i + 1)(2i)
= 0. Hence the series converges.

7. (a)Given the power series
∞∑

k=0

(−1)k (x− 2)k

2k(k + 1)
3
4

find the radius and interval of convergence.

Solution:

r = lim
k→+∞

| (x− 2)k+1

2k+1(k + 2)
3
4

.
2k(k + 1)

3
4

(x− 2)k
| = |x− 2|

2

thus the series converges absolutely if |x− 2| < 2.

To determine the convergence behavior at the end points x = 0, x = 4

If x = 0 then the series becomes

∞∑
k=0

1

(k + 1)
3
4

which is a convergent series.

If x = 4 then the series becomes

∞∑
k=0

(−1)k 1

(k + 1)
3
4

which is a convergent alternating series.

so the interval of convergence is [0,4].

(b) Write down the sixth Taylor polynomials about x=0 for the function f(x) = sin2 x.

Solution:

Since for cos x p6 =
3∑

k=0

(−1)k x2k

(2k)!
we have cos 2x =

3∑
k=0

(−1)k (2x)2k

(2k)!

so for sin2(x) the sixth Taylor polynomial about x=0 is equal to
1

2
(1−

3∑
k=0

(−1)k (2x)2k

(2k)!
)
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Calculus archive is a property of Boğaziçi University Mathematics Department. The purpose of this archive is to organise and centralise the distribution of the exam questions and their solutions.
This archive is a non-profit service and it must remain so. Do not let anyone sell and do not buy this archive, or any portion of it. Reproduction or distribution of this archive, or any portion of
it, without non-profit purpose may result in severe civil and criminal penalties.

1.) Let

f(x) =





√−x if x < 0
3− x if 0 ≤ x < 3
(x− 3)2 if x > 3

Determine the point(s) at which f(x) is discontinuous. Explain in detail.

Solution:

Check the points x = 0 and x = 3 because these are candidate points of discontinuity.

x = 0:

lim
x→0−

f(x) = lim
x→0−

√−x = 0

lim
x→0+

f(x) = lim
x→0+

(3− x) = 3

⇒ lim
x→0

f(x) doesn’t exist and therefore f is discontinuous at x = 0.

x = 3:

lim
x→3−

f(x) = lim
x→3−

(3− x) = 0

lim
x→3+

f(x) = lim
x→3+

(x− 3)2 = 0

⇒ lim
x→3

f(x) = 0 but f(3) is undefined and therefore f is discontinuous at x = 3, too

because for continuity we must have lim
x→a

f(x) = f(a).

2.) For what values of r does the function y = erx satisfy the equation y′′ + 5y′ − 6y = 0?

Solution:

y = erx ⇒ y′ = rerx and y′′ = r2erx

Now substitute in the equation above

r2erx + 5rerx − 6erx = 0

⇒ erx(r2 + 5r − 6) = 0

erx cannot be zero and hence r2 + 5r − 6 = 0 ⇒ (r − 1)(r + 6) = 0

r = 1 or r = −6



3.) Find a function f and a number a such that 6 +

∫ x

a

f(t)

t2
dt = 2

√
x.

Solution:

Differentiate both sides with respect to x:

d

dx

(
6 +

∫ x

a

f(t)

t2
dt

)
=

d

dx

(
2
√

x
)

f(x)

x2
=

1√
x
⇒ f(x) = x3/2

Then, 6 +

∫ x

a

t3/2

t2
dt = 2

√
x

2
√

t ]xa = 2
√

x− 6

⇒ 2
√

x− 2
√

a = 2
√

x− 6

√
a = 3 ⇒ a = 9.

4)Evaluate a)

∫
5x3 − 3x2 + 7x− 3

(x2 + 1)2
dx

Solution:

By partial fractions

5x3 − 3x2 + 7x− 3

(x2 + 1)2
=

Ax + B

x2 + 1
+

Cx + D

(x2 + 1)2

5x3 − 3x2 + 7x− 3 = (Ax + B)(x2 + 1) + Cx + D = Ax3 + Bx2 + (A + C)x + B + D

Comparing the coefficients, we get:

A = 5 B = −3 C + A = 7 B + D = −3

C = 2, D = 0.

⇒ I =

∫
5x

x2 + 1
dx−

∫
3

x2 + 1
dx +

∫
2x

(x2 + 1)2
dx

∫
5x

x2 + 1
dx u = x2 + 1 du = 2xdx

⇒
∫

5x

x2 + 1
dx =

∫
5

2u
=

5

2
ln|u| = 5

2
ln|x2 + 1|

∫
3

x2 + 1
dx = 3tan−1x



∫
2x

(x2 + 1)2
dx u = x2 + 1 du = 2xdx

⇒
∫

2x

(x2 + 1)2
dx =

∫
du

u2
= −1

u
= − 1

x2 + 1

Therefore, I =
5

2
ln|x2 + 1| − 3tan−1x− 1

x2 + 1
+ C

b)

∫
(1− x2)3/2

x6
dx

Solution:

Let x = sin θ ⇒ dx = cos θdθ

1− x2 = cos2 θ

∫
(1− x2)3/2

x6
dx =

∫
(cos2 θ)3/2

sin6 θ
cos θdθ =

∫
cos4 θ

sin4 θ

1

sin2 θ
dθ =

∫
cot4 θ csc2 θdθ

Now let u = cot θ ⇒ du = − csc2 θdθ, Then,

∫
cot4 θ csc2 θdθ = −

∫
u4du = −u5

5
+ C = −cot5 θ

5
+ C = −1

5

(√
1− x2

x

)5

+ C

5) Evaluate a)

∫
e−x sin πxdx

Solution:

By parts: let u = sin πx du = π cos πxdx

dv = e−xdx v = −e−x

∫
udv = uv −

∫
vdu

I =

∫
e−x sin πxdx = − sin πxe−x +

∫
e−xπ cos πxdx

by parts again: u = π cos πx du = −π2 sin πxdx

dv = e−xdx v = −e−x

Then, I = − sin πxe−x +

[
−π cos πxe−x −

∫
(−e−x)(−π2 sin πx)dx

]

⇒ I = − sin πxe−x − π cos πxe−x −
∫

e−xπ2 sin πxdx

⇒ I = − sin πxe−x − π cos πxe−x − π2I

(π2 + 1)I = −e−x(sin πx + π cos πx) + C



⇒ I = − e−x

1 + π2
(sin πx + π cos πx) + C

Alternatively, one can start by letting u = e−x and dv = sin πx

b) Show that

∫ ∞

0

x2e−x2

dx =
1

2

∫ ∞

0

e−x2

dx.

Solution:
∫ ∞

0

x2e−x2

dx = lim
l→∞

∫ l

0

x2e−x2

dx

u = x ⇒ du = dx.

dv = xe−x2

dx ⇒ v =
e−x2

−2
since

∫
xe−x2

dx =
e−x2

−2
+ C

∫ ∞

0

x2e−x2

dx = lim
l→∞

xe−x2

−2
]l0 +

∫ ∞

0

e−x2

2
dx

∫ ∞

0

x2e−x2

dx = lim
l→∞

(
le−l2

−2
− 0) +

∫ ∞

0

e−x2

2
dx = lim

l→∞
l

−2el2

(∞
∞

)
+

∫ ∞

0

e−x2

2
dx

lim
l→∞

l

−2el2

(∞
∞

)
= lim

l→∞
1

−2el22l
= 0

⇒
∫ ∞

0

x2e−x2

dx =
1

2

∫ ∞

0

e−x2

dx

6) Evaluate lim
x→+∞

(2ex + x2)3/x.

Solution:

ln y =
3

x
ln(2ex + x2)

lim
x→∞

ln y = lim
x→∞

3 ln(2ex + x2)

x

(∞
∞

)
= lim

x→∞

3(2ex + 2x)

2ex + x2

1
= lim

x→∞
3(2ex + 2x)

2ex + x2

(∞
∞

)

lim
x→∞

3(2ex + 2x)

2ex + x2
= lim

x→∞
6ex + 6

2ex + 2x

(∞
∞

)
= lim

x→∞
6ex

2ex + 2

(∞
∞

)
= lim

x→∞
6ex

2ex

(∞
∞

)
= 3

⇒ lim
x→∞

y = e3

7) Determine the convergence or divergence of the following series:

a)
∞∑

n=1

3n2 + 5n

2n(n2 + 1)



Solution:

Limit comparison test: compare with
∑ 1

2n
which converges (a geometric series with

r=1/2).

ρ = lim
n→∞

3n2 + 5n

2n(n2 + 1)
1

2n

= lim
n→∞

3n2 + 5n

n2 + 1
= 3 > 0 ⇒ series converges.

b)
∞∑

n=1

(n + 3)!

3!n!3n

Solution:

Ratio test:

ρ = lim
n→∞

an+1

an

= lim
n→∞

(n + 4)!

3!(n + 1)!3n+1

(n + 3)!

3!n!3n

= lim
n→∞

n + 4

3(n + 1)
= 1/3 < 1 ⇒ the series converges.

c)
∞∑

k=1

ek

k2

Solution:

Ratio test:

ρ = lim
k→∞

ak+1

ak

= lim
k→∞

ek+1

(k + 1)2

k2

ek
= lim

k→∞
e

(
k

k + 1

)2

= e > 1 ⇒diverges

or root test: lim
k→∞

k
√

ak = lim
k→∞

e
k
√

k
= e > 1 ⇒ diverges

or divergence test: lim
k→∞

ek

k2

(∞
∞

)
= lim

k→∞
ek

2k

(∞
∞

)
= lim

k→∞
ek

2
= ∞⇒ diverges.

8) Find the interval of convergence of the series
∞∑

k=1

(−1)k (x + 2)k

k23k
.

Solution:

ρ = lim
k→∞

∣∣∣∣
uk+1

uk

∣∣∣∣ = lim
k→∞

∣∣∣∣
(−1)k+1(x + 2)k+1

(k + 1)23k+1

k23k

(−1)k(x + 2)k

∣∣∣∣

⇒ ρ = lim
k→∞

∣∣∣∣
x + 2

3

∣∣∣∣
(

k

k + 1

)2

=
|x + 2|

3



So the series converges absolutely if
|x + 2|

3
< 1 and diverges if

|x + 2|
3

> 1

Now focus on the interval of convergence:
|x + 2|

3
< 1 ⇔ −3 < x + 2 < 3 ⇔ −5 < x < 1

for convergence.

Check the endpoints:

x = −5 ⇒
∞∑

k=1

(−1)k(−3)k

k23k
=

∞∑

k=1

1

k2
p series with p = 2 ⇒ convergent.

x = 1 ⇒
∞∑

k=1

(−1)k

k2
converges absolutely since ⇒

∞∑

k=1

1

k2
is convergent.

⇒
∞∑

k=1

(−1)k

k2
converges.

Conclusion: interval of convergence is [−5, 1].
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1. Assume that f(x) is defined for all x such that |x| ≤ 1 and satisfies

x ≤ f(x) ≤ x + x2 for all x with |x| ≤ 1.

Prove that f ′(0) exists and has the value 1.

Solution:

0 ≤ f(0) ≤ 0 implies f(0) = 0. f ′(0) = lim
x→0

f(x) − f(0)

x
= lim

x→0

f(x)

x

x → 0+, x > 0 1 ≤ f(x)

x
≤ 1 + x lim

x→0+

f(x)

x
= 1

x → 0−, x < 0 1 ≥ f(x)

x
≥ 1 + x lim

x→0−

f(x)

x
= 1 so f ′(0) = 0

2. An isosceles triangle is drawn with a vertex at the origin, its base parallel to and above the
x-axis and the vertices of its base on the curve 12y = 36− x2. Find the largest possible area of
such a triangle.

Solution:

2
√

6−2
√

6

3

A =

(

36 − x2

12

)(

2x

2

)

= 3x − x3

12
.

dA

dx
= 3 − 3x2

12
1 − x2

12
= 0, x2 = 12, x =

∓2
√

3. So the function A(x) decreases on (−∞,−2
√

3) and (2
√

3, +∞) increases
on (−2

√
3, 2

√
3). Hence A(2

√
3) = 4

√
3

3. Evaluate the following limits

(a) limx→0 (cos x)
1

x2

Solution:



y = (cos x)
1

x2 ln y =
1

x2
ln cos x

lim
x→0

ln y = lim
x→0

ln cos x

x2
then

= lim
x→0

− sin x

cos x

2x
= lim

x→0

− sin x

2x cos x
= lim

x→0

sin x

x
lim
x→0

−1

2 cos x
=

−1

2

ln y → −1

2
lim
x→0

y = exp
−1

2

(b) limn→∞

n
∑

k=1

π

4n
tan kπ

4n

Solution:

∫ π

4

0
tan x dx = − ln | cos x||

π

4

0 = − ln cos π

4
= − ln

√
2

2
= ln

√
2

4. Evaluate

(a)

∫

3

1

1

(x − 2)4
dx

Solution:

I =

∫

3

1

1

(x − 2)4
dx This is an improper integral

I = lim
c→2−

∫

c

1

1

(x − 2)4
dx+ lim

b→2+

∫

3

b

1

(x − 2)4
dx = lim

c→2−

(x − 2)−5

−5
|c1 + lim

b→2+

(x − 2)−5

−5
|3
b

evaluating at the given points would give us +∞ hence the integral diverges.

(b)

∫

4

1

e
√

xdx

Solution:

Let
√

x = t then
1

2
√

x
dx = dt the the integral becomes

∫

2

1

2tetdt = 2

[

2tet|21 −
∫

2

1

etdt

]

where etdt = dv et = v t = u dt = du

2 [tet − et] |21 = 2e2

5. Evaluate

(a)

∫

e4t

e2t + 3et + 2
dt

Solution:

Let et = u and etdt = du then the integral becomes

∫

u3

u2 + 3u + 2
du and by

polynomial division we have

∫
(

u − 3 +
7u + 6

u2 + 3u + 2

)

and by partial fractions

method we will have the following

[(

u2

2
− 3u

)

+

∫
( −1

u + 1
+

8

u + 2

)

du

]

which

is equal to

[(

u2

2
− 3u

)

− ln |u + 1| + 8 ln |u + 2| + c

]

=
e2t

2
−3et+ln

(et + 2)8

et + 1
+c



(b)

∫

√
16 − x2

x4
dx

Solution:

Let sinθ =
x

4
then dx = 4 cos θdθ then we have the following integral after factoring

out
1

16

∫

cos2 θ

sin4 θ
dθ letting u = cot θ and du = − csc2 θ we get

−1

16

∫

u2du =

− cot3 θ

48
+ c =

−(16 − x2)
3

2

48x3
+ c

6. Study the convergence (absolute and conditional) of

∞
∑

n=1

(−1)n ln n

n

Solution:

Consider
∞
∑

n=1

∣

∣

∣

∣

(−1)n ln n

n

∣

∣

∣

∣

=
∞
∑

n=1

ln n

n
Apply integral test

∫∞
1

ln n

n
dn = lim

b→∞

∫

b

1

ln n

n
dn =

lim
b→∞

(ln x)2

2
|b1 = lim

b→∞

ln b2

2
= ∞

The improper integral diverges so
∞
∑

n=1

ln n

n
is divergent. Hence

∞
∑

n=1

(−1)n ln n

n
is not

absolutely convergent.

Let f(x) =
ln x

x
, lim

n→∞

ln n

n
= 0 then f ′(x) =

1 − ln x

x2
for x ≥ 3 1 − ln x < 0

so f ′(x) < 0 forall x ≥ 3 hence f is decreasing on [3,∞) so by alternating series

test
∞
∑

n=1

(−1)n ln n

n
is convergent so the series is conditionally convergent.

7. Determine whether the following series converge and find the sum of the convergent ones.

a)
∞
∑

n=1

tan 1

n

b)
∞
∑

n=1

cos nπ

c)
∞
∑

k=2

e
−k

2k+1

Solution:

a) Limit form of comparison an = tan
1

n
bn =

1

n

lim
n→∞

an

bn

= lim
n→∞

tan
1

n
1

n

= 1 so since
∑ 1

n
is divergent

∑

tan
1

n
is also divergent.



b)
∑

cos nπ =
∑

(−1)n is divergent by n’th term test lim
n→∞

(−1)n 6= 0

c)
∞
∑

k=2

e−k

2k+1
=
∑ 1

2

e−k

2k
=

1

2

∞
∑

k=2

(

1

2e

)k

convergent geometric series since
1

2e
< 1

∞
∑

k=0

(

1

2e

)k

=
1

1 − 1

2e

=
2e

2e − 1
so

1

2

∞
∑

k=2

(

1

2e

)k

=
1

2

[

2e

2e − 1
− 1

2e
− 1

]

=
1

4e(2e − 1)

8. Find the interval of convergence of the power series

∞
∑

n=1

3n

n
(2x − 1)n

Solution:

lim
n→∞

∣

∣

∣

∣

3n+1

n + 1

(2x − 1)n+1

3n

n

(2x − 1)n

∣

∣

∣

∣

= lim
n→∞

∣

∣

∣

∣

3n(2x − 1)

n + 1

∣

∣

∣

∣

= |3(2x − 1)|

|3(2x − 1)| < 1 gives us 1/3 < x < 2/3 looking at the end points

• For x =
2

3

∑ 3n

n
(4/3 − 1)n =

∑ 1

n
so divergent!

• For x =
1

3

∑ 3n

n

(−1)n

3n
=
∑ (−1)n

n
converges by alternating series test.

Hence the interval of convergence is [
1

3
,
2

3
).
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Math 101 Calculus I

Spring 2005 Final Exam
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it, without non-profit purpose may result in severe civil and criminal penalties.

Question 1 Find the volume of the solid obtained by revolving the region enclosed by the graphs

of f(x) = tan x, g(x) = sin x and x =
π

4
about the x−axis.

Solution.

tan x = sin x holds for x = 0, kπ, k = ±1,±2, . . . but only for x = 0 both graphs enclose a region

with x =
π

4
. Then V = π

π/4∫

0

(tan2 x− sin2 x)dx. Use tan2 x = sec2 x− 1 and sin2 x =
1− cos 2x

2
.

V = π

∫ π/4

0

(sec2 x− 1− 1− cos 2x

2
)dx

= π

∫ π/4

0

(sec2 x− 3

2
+

cos 2x

2
)dx

= π

[
tan x− 3

2
x +

sin 2x

4

]π/4

0

= π

[
tan

π

4
− 3

2

π

4
+

sin 2 · π/4

4
− (tan 0− 0 +

sin 0

4
)

]

= π

[
1− 3π

8
+

1

4

]

= π

[
5

4
− 3π

8

]



Question 2
Show that the function f(x) = x4 + 2x3 − 2 has exactly one zero in [0, 1].

Solution. First note that f(x) is everywhere continuous and differentiable being a polynomial.
f(0) = −2
f(1) = 1

}
f(0) = 0 and f(1) > 0 hence f , being continuous, has at least one zero in (0, 1).

To have at least two zeros, f ′ = 0 must hold at some point in (0, 1) as f is differentiable, and further
f ′ must change sign.
Now check f ′ = 4x3 + 6x2 = 0 ⇒ x = 0 or x = −3/2.
Hence f ′, which is also continuous, never changes sign in (0, 1). Namely f is either always increasing
or decreasing. Now using the fact that f(0) < 0, f(1) > 0 we understand f is increasing on [0, 1].
Thus f has exactly one zero in [0, 1].

Question 3 If x sin πx =

x2∫

√
x

f(t)dt, where f is a continuous function and x > 0, find f(1).

Solution. We differentiate both sides by using the Fundamental Theorem of Calculus:
sin πx + πx cos πx = f(x2)2x− f(

√
x) 1

2
√

x
. Substituting x = 1: π cos π = 2f(1)− 1

2
f(1)

⇒ −π = 3
2
f(1)

⇒ f(1) = −2π
3

.

Question 4 Evaluate the following integrals:

(a)

∫
x + 4

x3 + 4x
dx

Solution. Let I =

∫
x + 4

x3 + 4x
dx.

x + 4

x3 + 4x
=

x + 4

x(x2 + 4)
=

A

x
+

Bx + C

x2 + 4
by partial fractions

⇒ A(x2 + 4) + (Bx + C)x = Ax2 + 4A + Bx2 + Cx = x + 4 for each x
⇒
A + B = 0

C = 1
4A = 4 ⇒ A = 1 ⇒ B = −1

If u = x2 + 4, then 2xdx = du and if x = 2 tan θ, then dx = 2 sec2 θ and hence

I =

∫
(
1

x
− x

x2 + 4
+

1

x2 + 4
)dx =

∫
dx

x
− 1

2

∫
du

u
+

∫
2 sec2 θdθ

4 sec2 θdθ

= ln |x| − 1

2
ln |u|+ 1

2
θ + c

= ln |x| − 1

2
ln(x2 + 4) +

1

2
arctan

x

2
+ c

= ln
|x|√

x2 + 4
+

1

2
arctan

x

2
+ c.



(b)

∫
dx

x
√

1 + x2

Solution. Let I =

∫
dx

x
√

1 + x2
.

Let x = tan θ. Then dx = sec2 θ.

I =

∫
sec2 θdθ

tan θ sec θ
=

∫
1

cos θ
· cos θ

sin θ
dθ =

∫
csc θdθ = − ln | csc θ + cot θ|+ c.

csc θ =
1

sin θ
=

√
x2 + 1

x

cot θ =
1

x




⇒ I = − ln

∣∣∣∣∣

√
x2 + 1

x
+

1

x

∣∣∣∣∣ + c.

Question 5 Evaluate the following definite integrals:

(a)

1/2∫

0

arcsin x√
1 + x

dx

Solution.
Call the integral expression I and integrate by parts. Let u = arcsin x and dv = dx√

1+x
. Then

du =
1√

1− x2
dx (valid since 0 ≤ x ≤ 1/2; v = 2

√
1 + x. So we get:

I = uv|1/2
0 −

1/2∫

0

v du

= 2
√

1 + x arcsin x
∣∣1/2

0
−

1/2∫

0

2
√

1 + x√
1− x2

dx

= 2

√
3

2

π

6
−

1/2∫

0

2√
1− x

dx

=
√

6
π

6
+ 4

√
1− x

∣∣1/2

0

=
π√
6

+ 4

√
1

2
− 4

√
1

=
π√
6

+
4√
2
− 4.



(b)

∫ ∞

1

ln x

x2
dx This is an improper integral equal to = lim

A→∞

A∫

1

ln x

x2
. Let ln x = u, dv = dx

x2 , then

du = 1
x
dx, v = −1

x
. So by the method of integration by parts:

= lim
A→∞


−1

x
ln x

∣∣∣∣
A

1

+

A∫

1

1

x

1

x
dx


 = lim

A→∞

[
−1

A
ln A− 1

x

∣∣∣∣
A

1

]
= lim

A→∞

[
− ln A

A
− 1

A
+ 1

]
= 1

since
ln A

A
→ 0 and

1

A
→ 0 as A →∞.

Question 6 Determine whether the following series are convergent or divergent:

(a)
∞∑

n=1

1

n n
√

n

Take
∞∑

n=1

1

n
. Now lim

n→∞

1
n

1
n

n
√

n
= 1 where 1 6= 0 and 6= ∞. Hence both series converge and diverge

together. Since
∞∑

n=1

1

n
is divergent, so is

∞∑
n=1

1

n n
√

n
.

(b)
∞∑

n=0

(n + 1)!

3n(n!)2

This is typical ratio test: an =
(n + 1)!

3n(n!)2
> 0

⇒ an+1

an

=
(n + 2)!

3n+1(n + 1)!(n + 1)!
· 3nn!n!

(n + 1)!
=

n + 2

3(n + 1)(n + 1)
→ 0 as n →∞.

Since 0 < 1 the series is convergent.

(c)
∞∑

n=1

2 + (−1)n

2n
. If this series is convergent, find its sum.

This is sum of two geometric series one with r = 1
2
, the other with r = −1

2
hence for both r: |r| < 1

2

is satisfied; therefore the series is convergent.

∞∑
n=1

2 + (−1)n

2n
=

∞∑
n=1

2

2n
+

∞∑
n=1

(−1)n

2n
=

∞∑
n=1

2

2n
+

∞∑
n=1

(−1

2

)n

= 2

[ ∞∑
n=0

1

2n
− 1

]
+

[ ∞∑
n=0

(−1

2

)n

− 1

]
= 2

[
1

1− 1
2

− 1

]
+

[
1

1 + 1
2

− 1

]

= 2(2− 1) +

(
2

3
− 1

)
= 2− 1

3
=

5

3
.

Question 7
(a) Find the Taylor series of f(x) = ln(x + 1) around the point x = 0.



Taylor series of ln(1 + x) =
∞∑

n=0

f (n)(0)
xn

n!
about x = 0.

f(0) = 0

f ′(0) =
1

x + 1

∣∣∣∣
x=0

= 1

f ′′(0) =
−1

(x + 1)2

∣∣∣∣
x=0

= −1

f ′′′(0) =
2

(x + 1)3

∣∣∣∣
x=0

= 2

...

f (n)(0) =
(−1)n−1 · (n− 1)!

(x + 1)n

∣∣∣∣
x=0

=
(−1)n−1 · (n− 1)!

1





⇒

∞∑
n=1

(−1)n−1(n− 1)!
xn

n!
=

∞∑
n=1

(−1)n−1xn

n

is the required Taylor series near x = 0.

(b) For which values of x is the Taylor series found above convergent?

First we apply absolute convergence test (ratio test):

∣∣∣∣
an+1

an

∣∣∣∣ =

∣∣∣∣
xn+1

n + 1
· n

xn

∣∣∣∣ = |x| n

n + 1
→ |x| as n →∞.

⇒ The series is convergent when |x| < 1 and divergent when |x| > 1 by ratio test.
For |x| = 1, i.e. x = ±1 this test is inconclusive.

x = −1:
∞∑

n=1

(−1)n−1 (−1)n

n
=

∞∑
n=1

(−1)2n−1

n
= −

∞∑
n=1

1

n
︸ ︷︷ ︸

divergent harmonic series
Hence at x = −1 the series is divergent.

x = +1:
∞∑

n=1

(−1)n−1 (1)n

n
=

∞∑
n=1

(−1)n−1

n
is an alternating series with

1

n
> 0 and

1

n
→ 0 as n →∞.

Hence at x = 1 the series is convergent.

⇒ Interval of convergence is (−1, 1].
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1. (a) State the Mean Value Theorem.

(b) Consider the function g : R → R defined by g(t) =

{
2 if t ≤ −2
t if t > −2

Is the Mean Value Theorem satisfied in [−2, 2]? Explain.

Solution:

(a) For a function f , which is continuous on [a, b] and differentiable on (a, b),
there exits c ∈ (a, b) such that

f ′(c) =
f(b)− f(a)

b− a
.

(b) Clearly

g′(t) =

{
0 if t < −2
1 if t > −2.

So, for all t ∈ (−2, 2), g′(t) = 1. On the other hand,
g(2)− g(−2)

2− (−2)
= 0, but there

is no c ∈ (−2, 2) for which g′(c) = 0. So the Mean Value Theorem is not satisfied
for g.
The reason for this fact is that g is not continuous at −2.



2. Let f be a function differentiable at x = 0 satisfying the relation f(x + y) = f(x)f(y) and
f(0) = 1. Find f ′(x) and f ′′(x) in terms of f ′(0) and f(x).

Solution:

f ′(x) = lim
h→0

f(x + h)− f(x)

h
= lim

h→0

f(x)f(h)− f(x)

h
= lim

h→0

f(x)(f(h)− 1)

h

= f(x) lim
h→0

f(h)− 1

h
= f(x) lim

h→0

f(h)− f(0)

h
= f(x)f ′(0).

f ′′(x) = lim
h→0

f ′(x + h)− f ′(x)

h
= lim

h→0

f(x + h)f ′(0)− f(x)f ′(0)

h

= f ′(0) lim
h→0

f(x + h)− f(x))

h
= f ′(0)f ′(x) = f ′(0)f(x)f ′(0)

= f(x)(f ′(0))2.



3. Let

F (x) =

∫ x

0

1

1 + t2
dt +

∫ 1/x

0

1

1 + t2
dt, x > 0.

Show that F (x) is constant on (0,∞) and evaluate this constant value.

Solution:

Consider F ′. Using the fundamental theorem of calculus

F ′(x) =
1

1 + x2
− 1

x2

1

1 + 1
x2

=
1

1 + x2
− 1

x2 + 1
= 0.

Hence, F ′(x) = 0 implies that F (x) is constant, say C.

Integrating F we get that

F (x) = arctan x + arctan
1

x
= C = F (1).

But we have, F (1) = arctan 1 + arctan 1 =
π

4
+

π

4
=

π

2
. Therefore

F (x) =
π

2
for all x ∈ (0,∞).



4. (a) Evaluate lim
x→1

1

ln x
− 1

x− 1

Solution:

lim
x→1

1

ln x
− 1

x− 1
= lim

x→1

(x− 1)− ln x

(ln x)(x− 1)
= lim

x→1

1− 1
x

1
x
(x− 1) + ln x

= lim
x→1

1− 1
x

1− 1
x

+ ln x
=

lim
x→1

1
x2

1
x2 + 1

x

= lim
x→1

1
x2

1+x
x2

= lim
x→1

1

1 + x
=

1

2
by applying L’Hospital Rule twice.

(b) Test the convergence (absolute and conditional) of
∞∑

n=1

(−1)n−1
√

n

n + 1

Solution:

Clearly,
∞∑

n=1

∣∣∣∣(−1)n−1
√

n

n + 1

∣∣∣∣ =
∞∑

n=1

√
n

n + 1
. Now, we will apply limit comparison test

with
∑

1√
n
. Since

lim
n→∞

1√
n

√
n

n+1

= lim
n→∞

n

n + 1
= 1,

and since
∞∑

n=1

1√
n

is divergent,
∞∑

n=1

√
n

n + 1
is divergent. Thus the series is not

absolutely convergent.

Next, consider f(x) =

√
x

x + 1
. Then f ′(x) =

1
2
√

x
(x + 1)−

√
x

(x + 1)2
=

x + 1− 2x

2
√

x(x + 1)2
=

1− x

2
√

x(x + 1)2
6 0 if x > 0. Hence f(n) =

√
n

n + 1
is decreasing. Also limn→∞

√
n

n+1
=

0 and

√
n

n + 1
> 0, so by the alternating series test, the given series is convergent.



5. Evaluate

(a)

∫
x−2 ln xdx

Solution:

Let I =

∫
x−2 ln xdx. Taking u = ln x, dv =

dx

x2
, we have du =

1

x
dx and v = −1

x
.

Hence, using integration by parts formula we get

I = − ln x

x
+

∫
1

x

1

x
dx = − ln x

x
− 1

x
+ C.

(b)

∫
x2

√
9− x2

dx

Solution:

As above, let I =

∫
x2

√
9− x2

dx. Using the trigonometric substitution sin θ =
x

3
,

with 3 cos θdθ = dx, we get

I =

∫
9 sin2 θ√

9− 9 sin2 θ
3 cos θdθ =

∫
9 sin2 θdθ

=

∫
9

(
1− cos 2θ

2
dθ

)
=

9

2
θ − 9

2

sin 2θ

2
+ C.

Since sin 2θ = 2 sin θ cos θ, substituting back, we get

I =
9

2
arcsin

x

3
− 9

2

x

3

√
9− x2

3
+ C =

9

2
arcsin

x

3
− x

2

√
9− x2 + C



6. Find the sum of the following series

(a)
∞∑

n=0

(−1)nπ2n+1

42n+1(2n + 1)!

Solution:
∞∑

n=0

(−1)nπ2n+1

42n+1(2n + 1)!
=

∞∑
n=0

(−1)n
(π

4

)2n+1 1

(2n + 1)!
= sin

π

4
=

√
2

2
. Since the

MacLaurin series of sin x is given by
∞∑

n=0

(−1)n x2n+1

(2n + 1)!
.

(b)
∞∑

k=2

2

4k2 − 8k + 3

Solution:

Consider
2

4k2 − 8k + 3
=

2

(2k − 1)(2k − 3)
=

A

2k − 1
+

B

2k − 3

A(2k − 3) + B(2k − 1) = 2.

Now, the coefficient of k is 2(A + B) = 0 and the constant term is −3A − B = 2.
Solving these two equations for A and B we get A = −1, B = 1. Hence

2

4k2 − 8k + 3
= − 1

2k − 1
+

1

2k − 3

See that sn =

(
−1

3
+ 1

)
+

(
−1

5
+

1

3

)
+

(
−1

7
+

1

5

)
+ · · ·+

(
− 1

2n− 1
+

1

2k − 3

)
,

hence cancelling same terms, we get

sn = 1− 1

2n− 1
.

Therefore,
∞∑

k=2

2

4k2 − 8k + 3
= lim

n→∞
sn = 1.



7. Test the convergence (absolute and conditional) of the following series. In each case give a
reason for your decision.

(a)
∞∑

k=0

(−1)k k√
1 + k + k2

Solution:

Since lim
k→∞

(−1)k k√
1 + k + k2

6= 0 the series diverges by the n’th term test.

(b)
∞∑

k=0

2−k sin2(e2k)

Solution:

Note that
1

2k
sin2 (e2k) 6

1

2k
and

∑
k

1

2k
is convergent since it is a geometric series

as
1

2
< 1. Thus by the comparison test, the given series converges.

(c)
∞∑

k=0

(
1 + (−1)k

) 3k

(k − 1)!

Solution:

Since lim
k→∞

3k+1

k!

(k − 1)!

3k
= lim

k→∞

3

k
= 0 < 1,

∑
k

3k

(k − 1)!
is convergent. Thus

∑
k

(−1)k 3k

(k − 1)!

is absolutely convergent, and so
∑

k

(
1 + (−1)k

) 3k

(k − 1)!
is convergent.



8. Find the interval of convergence of the power series

∞∑
k=0

(−1)k (x− 2)k

2k(k + 1)3/4

Solution:

We have lim
k→∞

∣∣∣∣ (x− 2)k+1

2k+1(k + 2)3/4

2k(k + 1)3/4

(x− 2)k

∣∣∣∣ = lim
k→∞

∣∣∣∣(x− 2)

2

(k + 1)3/4

(k + 2)3/4

∣∣∣∣ =
|x− 2|

2
< 1.

Thus the series converges absolutely for |x − 2| < 2, that means for −2 < x − 2 < 2,
hence for 0 < x < 4.

Now we will check the boundaries x = 0 and x = 4.

For x = 0,
∑

k

(−1)k(−2)k

2k(k + 1)3/4
=

∑
k

1

(k + 1)3/4
, which is divergent by the limit comparison

test with
∑

k

1

k3/4
. To see this, consider lim

k→∞

1
k3/4

1
(k+1)3/4

= 1. As 3
4

< 1,
∑

k

1

k3/4
is divergent,

hence so is
∑

k

1

(k + 1)3/4
.

For x = 4,
∑

k

(−1)k2k

2k(k + 1)3/4
=

∑
k

(−1)k

(k + 1)3/4
. Let f(x) =

1

(x + 1)3/4
. Then f ′(x) =

−3

4
(x+1)−1/4 < 0, so f is decreasing. Also lim

k→∞

1

(k + 1)3/4
= 0. Hence by the alternating

series test
(−1)k

(k + 1)3/4
converges.

Therefore the interval of convergence is (0, 4].
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1. Using the definition of the derivative evaluate f ′(0) if

f(x) =

{
xe−1/x2

if x 6= 0
0 if x = 0

Solution:

f ′(0) = lim
h→0

f(0 + h)− f(0)

h

= lim
h→0

he−1/h2 − 0

h

= lim
h→0

1

e1/h2

= 0

2. Let f : R → R be a function such that, for all x, y ∈ R

f(x + y) = f(x) + f(y).

a) Show that f(0) = 0.

b) Show that if f is continuous at 0, then f must be continuous at every x in R.

Solution:

a) f(0) = f(0 + 0) = f(0) + f(0) ⇒ f(0) = f(0)− f(0) = 0.

b) It is enough to show that for any x0 ∈ R, f(x0) = lim
x→x0

f(x). Put y = x− x0 then

lim
x→x0

f(x) = lim
y→0

f(y + x0)

= lim
y→0

[f(y) + f(x0)]

=

[
lim
y→0

f(y)

]
+ f(x0)

Since f is continuous at x = 0, lim
y→0

f(y) = f(0) = 0. So lim
x→x0

f(x) = f(x0) for all x0. Hence f

is continuous everywhere.

3. Prove that if 0 ≤ x ≤ 1 then ln(1 + x) ≤ arctan(x). Hint : You can express each function as a
definite integral over the interval [0, x].

Solution:



arctan x =

∫ x

0

1

1 + x2
dx and ln(1 + x) =

∫ x

0

1

1 + x
dx. Then,

arctan x− ln(1 + x) =

∫ x

0

[
1

1 + x2
− 1

1 + x

]
dx

=

∫ x

0

x− x2

(1 + x2)(1 + x)
dx

Since
x− x2

(1 + x2)(1 + x)
≥ 0 on [0, 1],

∫ x

0

x− x2

(1 + x2)(1 + x)
dx ≥ 0 when x ∈ [0, 1].

So arctan x ≥ ln(1 + x) on [0,1].

4. Determine the convergence of the following series :

a)
∞∑

n=1

sin(
1

n
)

b)
∞∑

n=1

(
1

2
− 1)(

1

3
− 1) . . . (

1

n
− 1)

c)
∞∑

n=1

n−n

Solution:

a) Since lim
n→∞

sin(1/n)

1/n
= 1 and

∞∑
n=1

1

n
is divergent, then by limit comparison test

∞∑
n=1

sin(
1

n
) is

divergent.

b)
∞∑

n=1

(
1

2
− 1)(

1

3
− 1) . . . (

1

n
− 1) =

∞∑
n=2

(−1)n+1

n
.

The series is alternating. We use the alternating series test:

i)
1

n
is decreasing and

ii) lim
n→+∞

1

n
= 0.

So the series converges.

c) Since
1

nn
≤ 1

2n
when n ≥ 2 and

∞∑
n=1

1

2n
is convergent,

∞∑
n=1

n−n is convergent.

5. Find the interval of convergence of the power series
∞∑

k=2

(−1)kxk

k ln k
.

Solution:



By ratio test :

lim
k→∞

∣∣∣∣∣∣
(−1)k+1xk+1

(k+1) ln(k+1)

(−1)kxk

(k) ln(k)

∣∣∣∣∣∣ = lim
k→∞

k ln(k)

(k + 1) ln(k + 1)
|x|

lim
k→∞

k ln(k)

(k + 1) ln(k + 1)
= lim

k→∞

ln(k) + 1

ln(k + 1) + 1
= lim

k→∞

k + 1

k
= 1 by l’Hôpital’s rule. So series

converges when |x| < 1.

Now look at the end points: At x = −1 , by integral test, the series diverges and at x = 1 it
converges absolutely so converges, by alternating series test.

Then Series converges on (-1,1].

6. Find the MacLaurin series for f(x) = ln(4 + x) and determine its radius and interval of
convergence.

Solution:

f ′(x) = (x + 4)−1

f ′′(x) = −(x + 4)−2

f ′′′(x) = 2(x + 4)−3

...
f (n)(x) = (n− 1)!(−1)n+1(x + 4)−n

∞∑
n=0

f (n)(0)

n!
xn =

∞∑
n=0

(−1)n+1(4)−n

n
xn

=
∞∑

n=0

(−1)n+1

n4n
(x)n

The equation

ρ = lim
n→∞

∣∣∣ (−1)n+2xn+1

(n+1)4n+1

∣∣∣∣∣∣ (−1)n+1xn

n4n

∣∣∣ = lim
n→∞

n

4(n + 1)
|x| = |x|

4

and ρ < 1 gives that |x| < 4. Moreover, at x = 4 the series diverges and at x = −4 it converges.
Hence the interval of convergence is (−4, 4].
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